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Preface

One major area in the theory of statistical signal processing is reduced-rank es-
timation where optimal linear estimators are approximated in low-dimensional
subspaces, e. g., in order to reduce the noise in overmodeled problems, en-
hance the performance in case of estimated statistics, and/or save computa-
tional complexity in the design of the estimator which requires the solution of
linear equation systems. This book provides a comprehensive overview over
reduced-rank filters where the main emphasis is put on matrix-valued filters
whose design requires the solution of linear systems with multiple right-hand
sides. In particular, the multistage matrix Wiener filter, i. e., a reduced-rank
Wiener filter based on the multistage decomposition, is derived in its most
general form.

In numerical mathematics, iterative block Krylov methods are very popu-
lar techniques for solving systems of linear equations with multiple right-hand
sides, especially if the systems are large and sparse. Besides presenting a de-
tailed overview of the most important block Krylov methods in Chapter 3,
which may also serve as an introduction to the topic, their connection to the
multistage matrix Wiener filter is revealed in this book. Especially, the reader
will learn the restrictions of the multistage matrix Wiener filter which are
necessary in order to end up in a block Krylov method. This relationship
is of great theoretical importance because it connects two different fields of
mathematics, viz., statistical signal processing and numerical linear algebra.

This book mainly addresses readers who are interested in the theory of
reduced-rank signal processing and block Krylov methods. However, it in-
cludes also practical issues like efficient algorithms for direct implementation
or the exact computational complexity in terms of the required number of
floating point operations. If the reader is not interested in these practical
aspects, Sections 2.2, 4.3, and 4.4 of this book can be skipped.

Finally, the book covers additionally the application of the proposed lin-
ear estimators to a detection problem occurring at the receiver of a digital
communication system. An iterative (Turbo) multiuser detector is consid-
ered where users are separated via spread spectrum techniques. Besides using
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Monte Carlo simulations, the communication system is investigated in terms
of the expected iterative estimation error based on extrinsic information trans-
fer charts. It should be mentioned that the extrinsic information transfer char-
acteristics that are shown in these charts, are calculated in a semianalytical
way as derived in Section 6.1.2.

This text has been written at the Associate Institute for Signal Processing,
Munich University of Technology, Germany, where I was working as a research
engineer towards my doctoral degree. I would like to express my deep gratitude
to Prof. Wolfgang Utschick who supervised me at the institute. I appreciate his
helpful advice and steady support, as well as the numerous discussions which
had a great impact on this book. Besides, I thank Prof. Michael L. Honig
of the Northwestern University, USA, and Prof. Joachim Hagenauer of the
Institute for Communications Engineering, Munich University of Technology,
both members of my dissertation committee, for reviewing this manuscript. I
also thank Prof. Michael D. Zoltowski of Purdue University, USA, for giving
me the opportunity to stay at Purdue University in winter 2000/2001 and
summer 2004. In fact, he initiated my research on the multistage Wiener filter
and Krylov methods. Further, I would like to thank Prof. Josef A. Nossek of
the Institute for Circuit Theory and Signal Processing, Munich University of
Technology, for his support.

Finally, many thanks to all the excellent students which I had the chance
to supervise at the Munich University of Technology. Their research results
deeply influenced this book. Moreover, I thank all my colleagues at the insti-
tute for the nice atmosphere and the inspiring discussions.

Munich, March 2007 Guido Dietl
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Theory: Linear Estimation in Krylov Subspaces
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Introduction

The basic problem in estimation theory (e. g., [150, 210]), also known as param-
eter estimation, is to recover an unknown signal from a perturbed observation
thereof. In the Bayesian framework where the unknown signal is assumed to
be random, one of the most popular approach is to design the estimator such
that the Mean Square Error (MSE) between its output and the unknown
signal is minimized, resulting in the Minimum MSE (MMSE) estimator. Be-
sides non-linear MMSE estimators like, e. g., the Conditional Mean Estimator
(CME) (cf., e. g., [210, 188]), the Wiener Filter (WF) is a linear MMSE es-
timator, i. e., its output is a linear transformation of the observation. If both
the unknown signal and the observation are multivariate non-stationary ran-
dom sequences, the WF is time-varying and matrix-valued, therefore, in the
following denoted as the Matrix WF (MWF) (e. g., [210]). The design of this
time-variant MWF requires the solution of a system of linear equations with
multiple right-hand sides, the so-called Wiener–Hopf equation, for each time
index which is computationally cumbersome especially if the dimension of the
observation is very large. There are two fundamental approaches for reduc-
ing this computational burden: the first one is to apply methods of numerical
linear algebra (e. g., [237]) to solve the Wiener–Hopf equation in a compu-
tationally efficient way whereas the second approach exploits the theory of
statistical signal processing (e. g., [210]) to decrease computational complex-
ity by approximating the estimation problem itself.

First, we briefly discuss the methods of numerical linear algebra. Numer-
ical mathematics distinguish between two different types of algorithms for
solving systems of linear equations: direct and iterative methods (see Ta-
ble 1.1). Contrary to direct methods which do not provide a solution until
all steps of the algorithm are processed, iterative methods yield an approxi-
mate solution at each iteration step which improves from step to step. The
most famous direct method is Gaussian elimination1 [74] or the Gauss–Jordan

1 Note that the principle of Gaussian elimination has been already mentioned in
the Chinese book Jiuzhang Suanshu (Chinese, The Nine Chapters on the Math-
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algorithm2 [142, 35] both based on the LU factorization (e. g., [94]), i. e., the
factorization of the system matrix in a lower and an upper triangular matrix.
If the system matrix is Hermitian and positive definite as in the case of the

Wiener–Hopf equation, the lower and upper triangular matrix are Hermitian
versions of each other and the LU factorization can be reformulated as the
computationally cheaper Cholesky factorization [11, 72, 236, 18]. Two of the
first iterative methods are the Gauss–Seidel [76, 220] and the Jacobi [138, 139]
algorithm which iteratively update the single entries in the solution assum-
ing that the remaining entries are the values from previous iteration steps.
Compared to these methods which need an infinite number of iterations to
converge to the optimum solution, iterative Krylov methods [204] produce, at
least in exact arithmetics, the solution in a finite number of steps. The most
general Krylov method is the Generalized Minimal RESidual (GMRES) al-
gorithm [205] which approximates the exact solution in the Krylov subspace
formed by the system matrix and the right-hand side, via the minimization
of the residual norm. In each iteration step, the dimension of the Krylov sub-
space is increased. Whereas the GMRES method can be applied to arbitrarily
invertible system matrices, the first Krylov methods, i. e., the Conjugate Gra-
dient (CG) [117] and the Lanczos algorithm [156, 157] both being mathemat-
ically identical, have been derived for Hermitian and positive definite system
matrices. Precisely speaking, in [156], the Lanczos algorithm has been also ap-
plied to non-Hermitian matrices by using the method of bi-orthogonalization
but the Arnoldi algorithm [4] is the computationally more efficient procedure
for arbitrarily invertible system matrices. The extension of Krylov methods
to systems of linear equations with multiple right-hand sides result in the
block Krylov methods like, e. g., the block Arnoldi algorithm [208, 207], the
block Lanczos algorithm [93], and the Block Conjugate Gradient (BCG) al-
gorithm [175]. For the interested reader, a detailed overview over iterative
methods for solving systems of linear equations can be found in [267].

Table 1.1. Different algorithms for solving systems of linear equations with system
matrix A

Direct methods Iterative Krylov methods
A �= AH Gaussian elimination Generalized Minimal RESidual

(LU factorization) (GMRES), Arnoldi, etc.
A = AH Cholesky factorization Conjugate Gradient (CG, A

(A positive definite) positive definite), Lanczos

ematical Art) and in the commentary on this book given by Liu Hui in the year
263 [144].

2 Gaussian elimination and the Gauss–Jordan algorithm differ only in the economy
of data storage [133].
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Second, in the theory of statistical signal processing, reduced-rank estima-
tion, i. e., the estimation of the unknown signal based on a subspace approx-
imation of the observation, decreases computational complexity by reducing
the size and the structure of the Wiener–Hopf equation. In fact, if the com-
putation of the subspace basis and the solution of the reduced-size Wiener–
Hopf equation is computationally cheaper than solving the original system
of linear equations, the resulting-reduced rank method is a candidate for a
low-complexity estimator. Note that besides the complexity issue, reduced-
rank methods enhance the robustness against estimation errors of second or-
der statistics due to low sample support. First reduced-rank approaches were
based on the approximation of the linear MMSE estimator in eigensubspaces
spanned by eigenvectors of the system matrix of the Wiener–Hopf equation.
One of them is the Principal Component (PC) method [132] which chooses the
subspace spanned by the eigenvectors corresponding to the largest eigenval-
ues, i. e., the reduced-dimension eigensubspace with the largest signal energy.
Nevertheless, in the case of a mixture of signals, the PC procedure does not
distinguish between the signal of interest and the interference signal. Hence,
the performance of the algorithm degrades drastically in interference domi-
nated scenarios. This drawback of the PC algorithm lead to the invention of
the Cross-Spectral (CS) method [85] which selects the eigenvectors such that
the MSE over all eigensubspace based methods with the same rank is minimal.
To do so, it considers additionally the cross-covariance between the observa-
tion and the unknown signal, thus, being more robust against strong interfer-
ence. A third reduced-rank method is based on a multistage decomposition of
the MMSE estimator whose origin lies in the Generalized Sidelobe Canceler
(GSC) [3, 98]. The resulting reduced-rank MultiStage WF (MSWF) [89], or
MultiStage MWF [88, 34] if the unknown signal is multivariate, is no longer

based on eigensubspaces but on a subspace whose first basis vectors are the
columns of the right-hand side matrix of the Wiener–Hopf equation.

Michael L. Honig showed in [130] that a special version of the MSWF
is the approximation of the WF in a Krylov subspace. This fundamental ob-
servation connects the methods of numerical linear algebra with the theory
of reduced-rank signal processing. Due to the excellent performance of these
special MSWF versions, it follows that Krylov methods which are basically
used for solving very large and sparse systems of linear equations [204], are
good candidates for solving the Wiener–Hopf equation as well. It remains to
discuss the relationship between the general MSWF and Krylov methods as
well as the connection between the MSMWF and block Krylov methods which
involves a multitude of new problems.

Whereas estimation theory deals with the recovery of a continuous-valued
parameter, detection theory (e. g., [151, 210]) solves the problem of estimating
a signal with a finite set of possible values also known as hypothesis testing.
One example of hypothesis testing is the receiver of a digital communication
system detecting the binary digits (bits) of a data source where only the per-
turbed observation thereof after the transmission over the channel is available.
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Note that the mapping of the detector from the observation to the estimated
bit which is one of the two possible binary values is clearly non-linear. How-
ever, a detector can be designed based on a linear estimator or equalizer fol-
lowed by a non-linear operation like, e. g., a hard decision device or a soft-input
hard-output decoder. Recently, iterative or Turbo receivers [61] have been intro-
duced where the non-linear soft-input soft-output decoder which follows after
linear estimation is used to compute a priori information about the transmit-
ted bits. This a priori knowledge can be exploited by the linear estimator to
improve the quality of its output. After further decoding, the procedure can
be repeated for several iterations until the decoder delivers also the detected
data bits. Since the use of the a priori information leads to a non-zero mean
and non-stationary signal model, the linear estimator has to be designed as a
time-varying filter which is not strictly linear but affine. If the communication
system under consideration has multiple antennas, multiple users which are
separated based on long signatures, and channels of high orders, the design
of the linear estimator is computationally cumbersome. In such cases, low-
complexity solutions based on either numerical linear algebra or statistical
signal processing as described above play an important role.

1.1 Overview and Contributions

Chapter 2: Efficient Matrix Wiener Filter Implementations

Section 2.1 briefly reviews the Matrix Wiener Filter (MWF) (e. g., [210])
for estimating a non-zero mean and non-stationary signal vector sequence
based on an observation vector sequence by minimizing the Mean Square Error
(MSE) of the Euclidean norm between its output and the unknown signal vec-
tor sequence. Before presenting suboptimal reduced-complexity approaches in
Section 2.3, Section 2.2 introduces the Cholesky factorization [11, 72, 236, 18]
as a computationally cheap direct method to solve the Wiener–Hopf equa-
tion. Again, the Cholesky method exploits the fact that the system matrix
of the Wiener–Hopf equation, i. e., the auto-covariance matrix of the observa-
tion vector, is Hermitian and positive definite.3 Besides, we derive an optimal
reduced-complexity method which can be applied to scenarios where the auto-
covariance matrix of the observation vector has a specific time-dependent sub-
matrix structure as in the Turbo system of Chapter 5. The resulting algorithm
is a generalization of the reduced-complexity method in [240] from a single-
user single-antenna to a multiple-user multiple-antenna system. The computa-
tional complexities of the Cholesky based and the reduced-complexity MWF
are compared based on the exact number of required FLoating point OPera-
tions (FLOPs). Finally, in Section 2.3, subspace approximations of the MWF,
3 In this book, we exclude the special case where the system matrix of the Wiener–

Hopf equation is rank-deficient and therefore no longer positive definite but
semidefinite.
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i. e., reduced-rank MWFs, are investigated as alternative low-complexity meth-
ods. Compared to the Cholesky factorization and its derivatives, reduced-rank
MWFs are no longer optimal even if performed in exact arithmetics. Sec-
tion 2.3 concludes with the brief review of the eigensubspace based reduced-
rank MWFs, i. e., the Principal Component (PC) [132] and the MSE optimal
Cross-Spectral (CS) [85] method.

Chapter 3: Block Krylov Methods

Iterative Krylov methods [204] are used in numerical linear algebra to solve sys-
tems of linear equations as well as eigenvalue problems. If the system of linear
equations has several right-hand sides, the most important algorithms are the
block Arnoldi [208, 207], the block Lanczos [93], and the Block Conjugate Gra-
dient (BCG) [175] algorithm. This chapter derives these block Krylov methods
in Sections 3.2, 3.3, and 3.4, and investigate their properties. The block Krylov
methods iteratively improve the approximation of the exact solution from step
to step. The rate of convergence, i. e., the number of iterations which are nec-
essary to get a sufficient approximation of the exact solution, is derived for the
BCG algorithm in Subsection 3.4.2. Compared to the same result as published
in [175], the derivation presented in Subsection 3.4.2 is more elegant. More-
over, we analyze in Subsection 3.4.3 the regularizing characteristic of the BCG
procedure, i. e., the fact that it produces an improved solution if stopped be-
fore convergence in cases where the system matrix and/or the right-hand sides
are perturbed. For example, this is the case when these algorithms are applied
to the Wiener–Hopf equation where second order statistics are not perfectly
known due to estimation errors. We investigate the regularizing effect of the
BCG algorithm by deriving its filter factor representation [110, 43]. So far,
filter factors have been only presented (e. g., [110]) for the Conjugate Gradient
(CG) algorithm [117], i. e., the special case of the BCG method for solving a
system of linear equations with one right-hand side. Note that filter factors
are a well-known tool in the theory of ill-posed and ill-conditioned problems to
describe regularization [110]. Eventually, special versions of the block Lanczos
as well as the BCG algorithm are derived where the solution matrix is com-
puted columnwise instead of blockwise in order to achieve more flexibility in
stopping the iterations. The resulting block Lanczos–Ruhe algorithm [200] and
the dimension-flexible BCG method [101] (see Subsections 3.3.2 and 3.4.4) can
be used to approximate the exact solution in Krylov subspaces with dimen-
sions which are no longer restricted to integer multiples of the dimension of
the unknown signal vector.

Chapter 4: Reduced-Rank Matrix Wiener Filters in Krylov
Subspaces

The original MultiStage MWF (MSMWF) [88, 34, 45] is a reduced-rank ap-
proximation of the MWF based on orthonormal correlator matrices, so-called
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blocking matrices, and quadratic MWFs of reduced size. In Section 4.1, we
derive the MSMWF in its most general form where the orthonormal corre-
lator matrices have been replaced by arbitrary bases of the corresponding
correlated subspaces. Here, a correlated subspace is the subspace spanned by
the columns of the correlator matrix. Besides, Section 4.1 includes a discus-
sion of the MSMWF’s fundamental properties. The general derivation of the
MSMWF makes it possible to properly investigate its relationship to the
Krylov subspace in Section 4.2. In fact, it reveals the restrictions on the
MSMWF which are necessary to end up in one of the block Krylov methods
(cf. Subsections 4.2.2 and 4.2.3). Whereas the connection between the Mul-
tiStage Wiener Filter (MSWF) [89] and Krylov subspaces has been already
discussed in [128], the relationship between the MSMWF and the Krylov sub-
space goes back to [45]. After summarizing the resulting Krylov subspace
based MSMWF implementations in Section 4.3, Section 4.4 concludes the
chapter by revealing their computational efficiency to the reduced-complexity
methods of Chapter 2 with respect to the required number of FLOPs.

Chapter 5: System Model for Iterative Multiuser Detection

This chapter defines the system model of a Multiple-Access (MA) communi-
cation system with iterative multiuser detection (cf., e. g., [254, 127]) which is
used in Chapter 6 in order to analyze the performance of the algorithms
proposed in the previous chapters. In an iterative detection scenario, the
transmitter of each user consists of an encoder, interleaver, and mapper (cf.
Section 5.1). Here, the MA scheme is realized using Direct Sequence Code Di-
vision Multiple-Access (DS-CDMA), i. e., the symbol streams of the different
users are spread using Orthogonal Variable Spreading Factor (OVSF) codes as
reviewed in Subsection 5.1.4. After the transmission over a frequency-selective
channel as described in Section 5.2, the spread signals of the different users are
received by multiple antennas. Then, the observation signal is processed by an
iterative or Turbo receiver [61] exchanging soft information between linear es-
timator and decoder. Section 5.3 explains how the linear estimators of the pre-
vious chapters can be used as linear equalizers in the Turbo receiver, i. e., how
they exploit the a priori information obtained from the soft-input soft-output
decoder and how they transform the estimate at the output of the equalizer
to an extrinsic information which is needed by the soft-input soft-output de-
coder to compute the a priori information required by the linear estimator
at the next Turbo iteration (cf. [254, 240, 49]). Besides, the decoder provides
the detected data bits after the last Turbo step. The a priori information is
used to adapt the signal model for the linear estimator design. To do so, the
transmitted signal must be assumed to be non-zero mean and non-stationary
and the resulting estimator is time-varying. Note that the time-varying
statistics can be also approximated via a time-average approach leading to
further low-complexity solutions if applied to the already mentioned reduced-
complexity algorithms except from the one which exploits the time-dependent
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structure of the auto-covariance matrix. Finally, Subsection 5.3.4 reveals the
relationship of the proposed equalizers to iterative soft interference cancella-
tion [254, 198] or parallel decision feedback detection [62, 127].

Chapter 6: System Performance

The final chapter analyzes the performance of the coded multiuser DS-CDMA
system as introduced in Chapter 5. Besides the comparison of the different
equalizers in Section 6.3 based on the Bit Error Rate (BER) which is obtained
via Monte Carlo simulations, we investigate their performance in Section 6.2
using EXtrinsic Information Transfer (EXIT) charts [19] which are briefly re-
viewed in Section 6.1. Contrary to the simulated calculation of the equalizer’s
EXIT characteristic, Subsection 6.1.2 proposes a method for their semiana-
lytical computation which is a generalization of the contributions in [195].
Moreover, Section 6.2 answers the question when rank-reduction is preferable
to order-reduction of the equalizer filter in order to obtain computationally
cheap implementations by introducing complexity–performance charts. Even-
tually, the regularizing property of the MSMWF’s BCG implementation as
discussed in Subsection 3.4.3 are investigated when the channel is not per-
fectly known at the receiver but estimated based on the Least Squares (LS)
method (cf., e. g., [188, 53]).

1.2 Notation

Contrary to mathematical operators which are written based on the standard
text font, mathematical symbols are denoted by italic letters where vectors are
additionally lower case bold and matrices capital bold. Random variables are
written using sans serif font and their realizations with the same font but with
serifs. Finally, we use calligraphic letters for subspaces and the blackboard
notation for sets.

Table 1.2 summarizes frequently used operators and Table 1.3 frequently
used symbols. Besides, the matrix

S(ν,m,n) =
[
0m×ν Im 0m×(n−ν)

]
∈ {0, 1}m×(m+n), (1.1)

is used to select m rows of a matrix beginning from the (ν + 1)th row by
applying it to the matrix from the left-hand side. Analogous, if its transpose is
applied to a matrix from the right-hand side,m columns are selected beginning
from the (ν+1)th column. Besides, the matrix S(ν,m,n) can be used to describe
convolutional matrices.

An alternative access to submatrices is given by the notation [A]m:n,i:j

which denotes the (n − m + 1) × (j − i + 1) submatrix of A including the
elements of A from the (m+ 1)th to the (n+ 1)th row and from the (i+ 1)th
to the (j + 1)th column. Further, if we want access to a single row or column
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Table 1.2. Frequently used operators

Operator Description
�, � two general operations defined in a field

�, � modulo 2 addition and modulo 2 multiplication
+, · common addition and multiplication
⊕ direct sum of subspaces
� elementwise division
⊗ Kronecker product
∗ convolution
E{·} expectation
(·)◦ zero-mean part of a random sequence
Re{·} real part
Im{·} imaginary part
|·| absolute value
(·)∗ complex conjugate
(·)T transpose
(·)H Hermitian, i. e., conjugate transpose
(·)−1 inverse
(·)† Moore–Penrose pseudoinverse√· square root or general square root matrix
⊕√· positive semidefinite square root matrix
tr{·} trace of a matrix
rank{·} rank of a matrix
range{·} range space of a matrix
null{·} null space of a matrix
vec{·} vectorization of a matrix by stacking its columns
diag{·} diagonal matrix with the scalar arguments or

the elements of the vector argument on the diagonal
bdiag{·} block diagonal matrix with the matrix arguments

on the diagonal
�·	 closest integer being larger than or equal to the argument

·� closest integer being smaller than or equal to the argument
O(·) Landau symbol
‖·‖ general norm of a vector or matrix
‖·‖2 Euclidean norm of a vector or

induced 2-norm of a matrix
‖·‖F Hilbert–Schmidt or Frobenius norm of a matrix
‖·‖A A-norm of a matrix

of a matrix, respectively, we use the abbreviation ‘n’ instead of writing ‘n : n’.
Note that ‘:’ is the abbreviation for ‘0 : z’ where z is the maximum value of
the index under consideration. Eventually, [a]m:n denotes the (n − m + 1)-
dimensional subvector of a including the (m+ 1)th to the (n+ 1)th element.

The probability P(d = d) denotes the likelihood that a realization of the
discrete random variable d ∈ C is equal to d ∈ C and px(x) is the prob-
ability density function of the continuous random variable x ∈ C. The soft
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Table 1.3. Frequently used symbols

Symbol Description
:= definition
⊥ S orthogonal subspace complement of S
PS projector matrix projecting on subspace S
(̂·) estimated value
(̃·) detected value
δi,j Kronecker delta
δ[n] unit impulse
In n× n identity matrix
ei ith column of the n× n identity matrix4

1n n-dimensional all-ones vector
0n×m n×m zero matrix
0n n-dimensional zero vector
C set of complex numbers
R set of real numbers
R0,+ set of non-negative real numbers
R+ set of positive real numbers
Z set of integers
N0 set of non-negative integers
N set of positive integers

information of a binary random variable b ∈ {0, 1} is represented by the
Log-Likelihood Ratio (LLR) [107]

l = ln
P (b = 0)
P (b = 1)

∈ R. (1.2)

Table 1.4 depicts the first and second order statistical moments of the scalar
random sequences x [n] ∈ C and y [n] ∈ C, and the vector random sequences
u[n] ∈ C

� and v [n] ∈ C
m at time index n. Note that the cross-correlations

and cross-covariances are functions of the index n and the latency time
ν. Since we choose a fixed ν throughout this book, an additional index is
omitted in the given notation. Besides, here, the auto-correlations and auto-
covariances denote the values of the corresponding auto-correlation and auto-
covariance functions evaluated at zero, i. e., for a zero-shift. For example,
the auto-correlation rx [n] of x [n] is equal to the auto-correlation function
rx [n, ν] = E{x [n]x∗[n− ν]} at ν = 0, i. e., rx [n] = rx [n, 0]. The same holds for
cx [n], Ru [n], and Cu [n].

4 The dimension of the unit vector ei is defined implicitly via the context.
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Table 1.4. Statistical moments at time index n

Moment Description
mx [n] = E{x [n]} mean of x [n]
mu [n] = E{u[n]} mean of u[n]

rx [n] = E{|x [n]|2} auto-correlation of x [n]
cx [n] = rx [n]− |mx [n]|2 auto-covariance or variance

of x [n]

σx [n] =
√

cx [n] standard deviation of x [n]
Ru [n] = E{u[n]uH[n]} auto-correlation matrix of u[n]
Cu [n] = Ru [n]−mu [n]mH

u [n] auto-covariance matrix of u[n]

rx,y [n] = E{x [n]y∗[n− ν]} cross-correlation between
x [n] and y [n]

cx,y [n] = rx,y [n]−mx [n]m∗y [n− ν] cross-covariance between
x [n] and y [n]

ru,x [n] = E{u[n]x∗[n− ν]} cross-correlation vector
between u[n] and x [n]

cu,x [n] = ru,x [n]−mu [n]m∗x [n− ν] cross-covariance vector
between u[n] and x [n]

Ru,v [n] = E{u[n]vH[n− ν]} cross-correlation matrix
between u[n] and v [n]

Cu,v [n] = Ru,v [n]−mu [n]mH
v [n− ν] cross-covariance matrix

between u[n] and v [n]
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Introduction

The basic problem in estimation theory (e. g., [150, 210]), also known as param-
eter estimation, is to recover an unknown signal from a perturbed observation
thereof. In the Bayesian framework where the unknown signal is assumed to
be random, one of the most popular approach is to design the estimator such
that the Mean Square Error (MSE) between its output and the unknown
signal is minimized, resulting in the Minimum MSE (MMSE) estimator. Be-
sides non-linear MMSE estimators like, e. g., the Conditional Mean Estimator
(CME) (cf., e. g., [210, 188]), the Wiener Filter (WF) is a linear MMSE es-
timator, i. e., its output is a linear transformation of the observation. If both
the unknown signal and the observation are multivariate non-stationary ran-
dom sequences, the WF is time-varying and matrix-valued, therefore, in the
following denoted as the Matrix WF (MWF) (e. g., [210]). The design of this
time-variant MWF requires the solution of a system of linear equations with
multiple right-hand sides, the so-called Wiener–Hopf equation, for each time
index which is computationally cumbersome especially if the dimension of the
observation is very large. There are two fundamental approaches for reduc-
ing this computational burden: the first one is to apply methods of numerical
linear algebra (e. g., [237]) to solve the Wiener–Hopf equation in a compu-
tationally efficient way whereas the second approach exploits the theory of
statistical signal processing (e. g., [210]) to decrease computational complex-
ity by approximating the estimation problem itself.

First, we briefly discuss the methods of numerical linear algebra. Numer-
ical mathematics distinguish between two different types of algorithms for
solving systems of linear equations: direct and iterative methods (see Ta-
ble 1.1). Contrary to direct methods which do not provide a solution until
all steps of the algorithm are processed, iterative methods yield an approxi-
mate solution at each iteration step which improves from step to step. The
most famous direct method is Gaussian elimination1 [74] or the Gauss–Jordan

1 Note that the principle of Gaussian elimination has been already mentioned in
the Chinese book Jiuzhang Suanshu (Chinese, The Nine Chapters on the Math-
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algorithm2 [142, 35] both based on the LU factorization (e. g., [94]), i. e., the
factorization of the system matrix in a lower and an upper triangular matrix.
If the system matrix is Hermitian and positive definite as in the case of the

Wiener–Hopf equation, the lower and upper triangular matrix are Hermitian
versions of each other and the LU factorization can be reformulated as the
computationally cheaper Cholesky factorization [11, 72, 236, 18]. Two of the
first iterative methods are the Gauss–Seidel [76, 220] and the Jacobi [138, 139]
algorithm which iteratively update the single entries in the solution assum-
ing that the remaining entries are the values from previous iteration steps.
Compared to these methods which need an infinite number of iterations to
converge to the optimum solution, iterative Krylov methods [204] produce, at
least in exact arithmetics, the solution in a finite number of steps. The most
general Krylov method is the Generalized Minimal RESidual (GMRES) al-
gorithm [205] which approximates the exact solution in the Krylov subspace
formed by the system matrix and the right-hand side, via the minimization
of the residual norm. In each iteration step, the dimension of the Krylov sub-
space is increased. Whereas the GMRES method can be applied to arbitrarily
invertible system matrices, the first Krylov methods, i. e., the Conjugate Gra-
dient (CG) [117] and the Lanczos algorithm [156, 157] both being mathemat-
ically identical, have been derived for Hermitian and positive definite system
matrices. Precisely speaking, in [156], the Lanczos algorithm has been also ap-
plied to non-Hermitian matrices by using the method of bi-orthogonalization
but the Arnoldi algorithm [4] is the computationally more efficient procedure
for arbitrarily invertible system matrices. The extension of Krylov methods
to systems of linear equations with multiple right-hand sides result in the
block Krylov methods like, e. g., the block Arnoldi algorithm [208, 207], the
block Lanczos algorithm [93], and the Block Conjugate Gradient (BCG) al-
gorithm [175]. For the interested reader, a detailed overview over iterative
methods for solving systems of linear equations can be found in [267].

Table 1.1. Different algorithms for solving systems of linear equations with system
matrix A

Direct methods Iterative Krylov methods
A �= AH Gaussian elimination Generalized Minimal RESidual

(LU factorization) (GMRES), Arnoldi, etc.
A = AH Cholesky factorization Conjugate Gradient (CG, A

(A positive definite) positive definite), Lanczos

ematical Art) and in the commentary on this book given by Liu Hui in the year
263 [144].

2 Gaussian elimination and the Gauss–Jordan algorithm differ only in the economy
of data storage [133].
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Second, in the theory of statistical signal processing, reduced-rank estima-
tion, i. e., the estimation of the unknown signal based on a subspace approx-
imation of the observation, decreases computational complexity by reducing
the size and the structure of the Wiener–Hopf equation. In fact, if the com-
putation of the subspace basis and the solution of the reduced-size Wiener–
Hopf equation is computationally cheaper than solving the original system
of linear equations, the resulting-reduced rank method is a candidate for a
low-complexity estimator. Note that besides the complexity issue, reduced-
rank methods enhance the robustness against estimation errors of second or-
der statistics due to low sample support. First reduced-rank approaches were
based on the approximation of the linear MMSE estimator in eigensubspaces
spanned by eigenvectors of the system matrix of the Wiener–Hopf equation.
One of them is the Principal Component (PC) method [132] which chooses the
subspace spanned by the eigenvectors corresponding to the largest eigenval-
ues, i. e., the reduced-dimension eigensubspace with the largest signal energy.
Nevertheless, in the case of a mixture of signals, the PC procedure does not
distinguish between the signal of interest and the interference signal. Hence,
the performance of the algorithm degrades drastically in interference domi-
nated scenarios. This drawback of the PC algorithm lead to the invention of
the Cross-Spectral (CS) method [85] which selects the eigenvectors such that
the MSE over all eigensubspace based methods with the same rank is minimal.
To do so, it considers additionally the cross-covariance between the observa-
tion and the unknown signal, thus, being more robust against strong interfer-
ence. A third reduced-rank method is based on a multistage decomposition of
the MMSE estimator whose origin lies in the Generalized Sidelobe Canceler
(GSC) [3, 98]. The resulting reduced-rank MultiStage WF (MSWF) [89], or
MultiStage MWF [88, 34] if the unknown signal is multivariate, is no longer

based on eigensubspaces but on a subspace whose first basis vectors are the
columns of the right-hand side matrix of the Wiener–Hopf equation.

Michael L. Honig showed in [130] that a special version of the MSWF
is the approximation of the WF in a Krylov subspace. This fundamental ob-
servation connects the methods of numerical linear algebra with the theory
of reduced-rank signal processing. Due to the excellent performance of these
special MSWF versions, it follows that Krylov methods which are basically
used for solving very large and sparse systems of linear equations [204], are
good candidates for solving the Wiener–Hopf equation as well. It remains to
discuss the relationship between the general MSWF and Krylov methods as
well as the connection between the MSMWF and block Krylov methods which
involves a multitude of new problems.

Whereas estimation theory deals with the recovery of a continuous-valued
parameter, detection theory (e. g., [151, 210]) solves the problem of estimating
a signal with a finite set of possible values also known as hypothesis testing.
One example of hypothesis testing is the receiver of a digital communication
system detecting the binary digits (bits) of a data source where only the per-
turbed observation thereof after the transmission over the channel is available.
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Note that the mapping of the detector from the observation to the estimated
bit which is one of the two possible binary values is clearly non-linear. How-
ever, a detector can be designed based on a linear estimator or equalizer fol-
lowed by a non-linear operation like, e. g., a hard decision device or a soft-input
hard-output decoder. Recently, iterative or Turbo receivers [61] have been intro-
duced where the non-linear soft-input soft-output decoder which follows after
linear estimation is used to compute a priori information about the transmit-
ted bits. This a priori knowledge can be exploited by the linear estimator to
improve the quality of its output. After further decoding, the procedure can
be repeated for several iterations until the decoder delivers also the detected
data bits. Since the use of the a priori information leads to a non-zero mean
and non-stationary signal model, the linear estimator has to be designed as a
time-varying filter which is not strictly linear but affine. If the communication
system under consideration has multiple antennas, multiple users which are
separated based on long signatures, and channels of high orders, the design
of the linear estimator is computationally cumbersome. In such cases, low-
complexity solutions based on either numerical linear algebra or statistical
signal processing as described above play an important role.

1.1 Overview and Contributions

Chapter 2: Efficient Matrix Wiener Filter Implementations

Section 2.1 briefly reviews the Matrix Wiener Filter (MWF) (e. g., [210])
for estimating a non-zero mean and non-stationary signal vector sequence
based on an observation vector sequence by minimizing the Mean Square Error
(MSE) of the Euclidean norm between its output and the unknown signal vec-
tor sequence. Before presenting suboptimal reduced-complexity approaches in
Section 2.3, Section 2.2 introduces the Cholesky factorization [11, 72, 236, 18]
as a computationally cheap direct method to solve the Wiener–Hopf equa-
tion. Again, the Cholesky method exploits the fact that the system matrix
of the Wiener–Hopf equation, i. e., the auto-covariance matrix of the observa-
tion vector, is Hermitian and positive definite.3 Besides, we derive an optimal
reduced-complexity method which can be applied to scenarios where the auto-
covariance matrix of the observation vector has a specific time-dependent sub-
matrix structure as in the Turbo system of Chapter 5. The resulting algorithm
is a generalization of the reduced-complexity method in [240] from a single-
user single-antenna to a multiple-user multiple-antenna system. The computa-
tional complexities of the Cholesky based and the reduced-complexity MWF
are compared based on the exact number of required FLoating point OPera-
tions (FLOPs). Finally, in Section 2.3, subspace approximations of the MWF,
3 In this book, we exclude the special case where the system matrix of the Wiener–

Hopf equation is rank-deficient and therefore no longer positive definite but
semidefinite.
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i. e., reduced-rank MWFs, are investigated as alternative low-complexity meth-
ods. Compared to the Cholesky factorization and its derivatives, reduced-rank
MWFs are no longer optimal even if performed in exact arithmetics. Sec-
tion 2.3 concludes with the brief review of the eigensubspace based reduced-
rank MWFs, i. e., the Principal Component (PC) [132] and the MSE optimal
Cross-Spectral (CS) [85] method.

Chapter 3: Block Krylov Methods

Iterative Krylov methods [204] are used in numerical linear algebra to solve sys-
tems of linear equations as well as eigenvalue problems. If the system of linear
equations has several right-hand sides, the most important algorithms are the
block Arnoldi [208, 207], the block Lanczos [93], and the Block Conjugate Gra-
dient (BCG) [175] algorithm. This chapter derives these block Krylov methods
in Sections 3.2, 3.3, and 3.4, and investigate their properties. The block Krylov
methods iteratively improve the approximation of the exact solution from step
to step. The rate of convergence, i. e., the number of iterations which are nec-
essary to get a sufficient approximation of the exact solution, is derived for the
BCG algorithm in Subsection 3.4.2. Compared to the same result as published
in [175], the derivation presented in Subsection 3.4.2 is more elegant. More-
over, we analyze in Subsection 3.4.3 the regularizing characteristic of the BCG
procedure, i. e., the fact that it produces an improved solution if stopped be-
fore convergence in cases where the system matrix and/or the right-hand sides
are perturbed. For example, this is the case when these algorithms are applied
to the Wiener–Hopf equation where second order statistics are not perfectly
known due to estimation errors. We investigate the regularizing effect of the
BCG algorithm by deriving its filter factor representation [110, 43]. So far,
filter factors have been only presented (e. g., [110]) for the Conjugate Gradient
(CG) algorithm [117], i. e., the special case of the BCG method for solving a
system of linear equations with one right-hand side. Note that filter factors
are a well-known tool in the theory of ill-posed and ill-conditioned problems to
describe regularization [110]. Eventually, special versions of the block Lanczos
as well as the BCG algorithm are derived where the solution matrix is com-
puted columnwise instead of blockwise in order to achieve more flexibility in
stopping the iterations. The resulting block Lanczos–Ruhe algorithm [200] and
the dimension-flexible BCG method [101] (see Subsections 3.3.2 and 3.4.4) can
be used to approximate the exact solution in Krylov subspaces with dimen-
sions which are no longer restricted to integer multiples of the dimension of
the unknown signal vector.

Chapter 4: Reduced-Rank Matrix Wiener Filters in Krylov
Subspaces

The original MultiStage MWF (MSMWF) [88, 34, 45] is a reduced-rank ap-
proximation of the MWF based on orthonormal correlator matrices, so-called
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blocking matrices, and quadratic MWFs of reduced size. In Section 4.1, we
derive the MSMWF in its most general form where the orthonormal corre-
lator matrices have been replaced by arbitrary bases of the corresponding
correlated subspaces. Here, a correlated subspace is the subspace spanned by
the columns of the correlator matrix. Besides, Section 4.1 includes a discus-
sion of the MSMWF’s fundamental properties. The general derivation of the
MSMWF makes it possible to properly investigate its relationship to the
Krylov subspace in Section 4.2. In fact, it reveals the restrictions on the
MSMWF which are necessary to end up in one of the block Krylov methods
(cf. Subsections 4.2.2 and 4.2.3). Whereas the connection between the Mul-
tiStage Wiener Filter (MSWF) [89] and Krylov subspaces has been already
discussed in [128], the relationship between the MSMWF and the Krylov sub-
space goes back to [45]. After summarizing the resulting Krylov subspace
based MSMWF implementations in Section 4.3, Section 4.4 concludes the
chapter by revealing their computational efficiency to the reduced-complexity
methods of Chapter 2 with respect to the required number of FLOPs.

Chapter 5: System Model for Iterative Multiuser Detection

This chapter defines the system model of a Multiple-Access (MA) communi-
cation system with iterative multiuser detection (cf., e. g., [254, 127]) which is
used in Chapter 6 in order to analyze the performance of the algorithms
proposed in the previous chapters. In an iterative detection scenario, the
transmitter of each user consists of an encoder, interleaver, and mapper (cf.
Section 5.1). Here, the MA scheme is realized using Direct Sequence Code Di-
vision Multiple-Access (DS-CDMA), i. e., the symbol streams of the different
users are spread using Orthogonal Variable Spreading Factor (OVSF) codes as
reviewed in Subsection 5.1.4. After the transmission over a frequency-selective
channel as described in Section 5.2, the spread signals of the different users are
received by multiple antennas. Then, the observation signal is processed by an
iterative or Turbo receiver [61] exchanging soft information between linear es-
timator and decoder. Section 5.3 explains how the linear estimators of the pre-
vious chapters can be used as linear equalizers in the Turbo receiver, i. e., how
they exploit the a priori information obtained from the soft-input soft-output
decoder and how they transform the estimate at the output of the equalizer
to an extrinsic information which is needed by the soft-input soft-output de-
coder to compute the a priori information required by the linear estimator
at the next Turbo iteration (cf. [254, 240, 49]). Besides, the decoder provides
the detected data bits after the last Turbo step. The a priori information is
used to adapt the signal model for the linear estimator design. To do so, the
transmitted signal must be assumed to be non-zero mean and non-stationary
and the resulting estimator is time-varying. Note that the time-varying
statistics can be also approximated via a time-average approach leading to
further low-complexity solutions if applied to the already mentioned reduced-
complexity algorithms except from the one which exploits the time-dependent
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structure of the auto-covariance matrix. Finally, Subsection 5.3.4 reveals the
relationship of the proposed equalizers to iterative soft interference cancella-
tion [254, 198] or parallel decision feedback detection [62, 127].

Chapter 6: System Performance

The final chapter analyzes the performance of the coded multiuser DS-CDMA
system as introduced in Chapter 5. Besides the comparison of the different
equalizers in Section 6.3 based on the Bit Error Rate (BER) which is obtained
via Monte Carlo simulations, we investigate their performance in Section 6.2
using EXtrinsic Information Transfer (EXIT) charts [19] which are briefly re-
viewed in Section 6.1. Contrary to the simulated calculation of the equalizer’s
EXIT characteristic, Subsection 6.1.2 proposes a method for their semiana-
lytical computation which is a generalization of the contributions in [195].
Moreover, Section 6.2 answers the question when rank-reduction is preferable
to order-reduction of the equalizer filter in order to obtain computationally
cheap implementations by introducing complexity–performance charts. Even-
tually, the regularizing property of the MSMWF’s BCG implementation as
discussed in Subsection 3.4.3 are investigated when the channel is not per-
fectly known at the receiver but estimated based on the Least Squares (LS)
method (cf., e. g., [188, 53]).

1.2 Notation

Contrary to mathematical operators which are written based on the standard
text font, mathematical symbols are denoted by italic letters where vectors are
additionally lower case bold and matrices capital bold. Random variables are
written using sans serif font and their realizations with the same font but with
serifs. Finally, we use calligraphic letters for subspaces and the blackboard
notation for sets.

Table 1.2 summarizes frequently used operators and Table 1.3 frequently
used symbols. Besides, the matrix

S(ν,m,n) =
[
0m×ν Im 0m×(n−ν)

]
∈ {0, 1}m×(m+n), (1.1)

is used to select m rows of a matrix beginning from the (ν + 1)th row by
applying it to the matrix from the left-hand side. Analogous, if its transpose is
applied to a matrix from the right-hand side,m columns are selected beginning
from the (ν+1)th column. Besides, the matrix S(ν,m,n) can be used to describe
convolutional matrices.

An alternative access to submatrices is given by the notation [A]m:n,i:j

which denotes the (n − m + 1) × (j − i + 1) submatrix of A including the
elements of A from the (m+ 1)th to the (n+ 1)th row and from the (i+ 1)th
to the (j + 1)th column. Further, if we want access to a single row or column
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Table 1.2. Frequently used operators

Operator Description
�, � two general operations defined in a field

�, � modulo 2 addition and modulo 2 multiplication
+, · common addition and multiplication
⊕ direct sum of subspaces
� elementwise division
⊗ Kronecker product
∗ convolution
E{·} expectation
(·)◦ zero-mean part of a random sequence
Re{·} real part
Im{·} imaginary part
|·| absolute value
(·)∗ complex conjugate
(·)T transpose
(·)H Hermitian, i. e., conjugate transpose
(·)−1 inverse
(·)† Moore–Penrose pseudoinverse√· square root or general square root matrix
⊕√· positive semidefinite square root matrix
tr{·} trace of a matrix
rank{·} rank of a matrix
range{·} range space of a matrix
null{·} null space of a matrix
vec{·} vectorization of a matrix by stacking its columns
diag{·} diagonal matrix with the scalar arguments or

the elements of the vector argument on the diagonal
bdiag{·} block diagonal matrix with the matrix arguments

on the diagonal
�·	 closest integer being larger than or equal to the argument

·� closest integer being smaller than or equal to the argument
O(·) Landau symbol
‖·‖ general norm of a vector or matrix
‖·‖2 Euclidean norm of a vector or

induced 2-norm of a matrix
‖·‖F Hilbert–Schmidt or Frobenius norm of a matrix
‖·‖A A-norm of a matrix

of a matrix, respectively, we use the abbreviation ‘n’ instead of writing ‘n : n’.
Note that ‘:’ is the abbreviation for ‘0 : z’ where z is the maximum value of
the index under consideration. Eventually, [a]m:n denotes the (n − m + 1)-
dimensional subvector of a including the (m+ 1)th to the (n+ 1)th element.

The probability P(d = d) denotes the likelihood that a realization of the
discrete random variable d ∈ C is equal to d ∈ C and px(x) is the prob-
ability density function of the continuous random variable x ∈ C. The soft



1.2 Notation 9

Table 1.3. Frequently used symbols

Symbol Description
:= definition
⊥ S orthogonal subspace complement of S
PS projector matrix projecting on subspace S
(̂·) estimated value
(̃·) detected value
δi,j Kronecker delta
δ[n] unit impulse
In n× n identity matrix
ei ith column of the n× n identity matrix4

1n n-dimensional all-ones vector
0n×m n×m zero matrix
0n n-dimensional zero vector
C set of complex numbers
R set of real numbers
R0,+ set of non-negative real numbers
R+ set of positive real numbers
Z set of integers
N0 set of non-negative integers
N set of positive integers

information of a binary random variable b ∈ {0, 1} is represented by the
Log-Likelihood Ratio (LLR) [107]

l = ln
P (b = 0)
P (b = 1)

∈ R. (1.2)

Table 1.4 depicts the first and second order statistical moments of the scalar
random sequences x [n] ∈ C and y [n] ∈ C, and the vector random sequences
u[n] ∈ C

� and v [n] ∈ C
m at time index n. Note that the cross-correlations

and cross-covariances are functions of the index n and the latency time
ν. Since we choose a fixed ν throughout this book, an additional index is
omitted in the given notation. Besides, here, the auto-correlations and auto-
covariances denote the values of the corresponding auto-correlation and auto-
covariance functions evaluated at zero, i. e., for a zero-shift. For example,
the auto-correlation rx [n] of x [n] is equal to the auto-correlation function
rx [n, ν] = E{x [n]x∗[n− ν]} at ν = 0, i. e., rx [n] = rx [n, 0]. The same holds for
cx [n], Ru [n], and Cu [n].

4 The dimension of the unit vector ei is defined implicitly via the context.
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Table 1.4. Statistical moments at time index n

Moment Description
mx [n] = E{x [n]} mean of x [n]
mu [n] = E{u[n]} mean of u[n]

rx [n] = E{|x [n]|2} auto-correlation of x [n]
cx [n] = rx [n]− |mx [n]|2 auto-covariance or variance

of x [n]

σx [n] =
√

cx [n] standard deviation of x [n]
Ru [n] = E{u[n]uH[n]} auto-correlation matrix of u[n]
Cu [n] = Ru [n]−mu [n]mH

u [n] auto-covariance matrix of u[n]

rx,y [n] = E{x [n]y∗[n− ν]} cross-correlation between
x [n] and y [n]

cx,y [n] = rx,y [n]−mx [n]m∗y [n− ν] cross-covariance between
x [n] and y [n]

ru,x [n] = E{u[n]x∗[n− ν]} cross-correlation vector
between u[n] and x [n]

cu,x [n] = ru,x [n]−mu [n]m∗x [n− ν] cross-covariance vector
between u[n] and x [n]

Ru,v [n] = E{u[n]vH[n− ν]} cross-correlation matrix
between u[n] and v [n]

Cu,v [n] = Ru,v [n]−mu [n]mH
v [n− ν] cross-covariance matrix

between u[n] and v [n]



2

Efficient Matrix Wiener Filter Implementations

Norbert Wiener published in 1949 his book [259] about linear prediction and
filtering of stationary time series, i. e., random sequences and processes. The
linear predictor or extrapolator estimates the continuation of a time series re-
alization based on the observation thereof up to a specific time instance, by
minimizing the Mean Square Error (MSE) between the estimate and the exact
value. Contrary to that, the linear filtering problem considers the Minimum
MSE (MMSE) estimation of the time series realization at an arbitrary time in-
dex where the observation thereof is additionally randomly perturbed. Accord-
ing to [259], Wiener developed this theory in the years 1940 and 1941. Note
that Andrey N. Kolmogorov presented similar results already in 1939 [152]
and 1941 [153]. However, his theory has been restricted to interpolation and
extrapolation of stationary random sequences, i. e., time-discrete time series.
The consideration of filtering a time series realization out of a perturbed ob-
servation thereof, as well as the time-continuous case is missing in his work.
Thus, the optimal linear filter with respect to the MSE criterion is usually
denoted as the Wiener Filter (WF) (see, e. g., [143] or [210]).

For time-continuous time series, deriving the WF results in an integral
equation which has been firstly solved by Norbert Wiener and Eberhard
F. F. Hopf in 1931 [260]. In today’s literature (see, e. g., [210]), not only this
integral equation is denoted as the Wiener–Hopf equation but also the system
of linear equations which is obtained by deriving the WF for time-discrete
time series with a finite number of observation samples which is the focus of
this book. Note that from an analytical point of view, the latter problem is
trivial compared to the original integral equation solved by Norbert Wiener
and Eberhard F. F. Hopf. However, solving the finite time-discrete Wiener–
Hopf equation can be also very challenging if we are interested in numerically
cheap and stable algorithms.

In this chapter, we apply the Wiener theory to non-stationary sequences
which are not necessarily zero-mean. Compared to time series where the non-
stationarity obeys a deterministic model as investigated in [109, 10], we as-
sume their first and second order statistics to be known at any time instance.
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The main focus of this chapter is the derivation of efficient WF algorithms.
Therefore, we briefly review an algorithm based on the computationally cheap
Cholesky factorization [11, 94] which exploits the fact that the system matrix
of the Wiener–Hopf equation is Hermitian and positive definite, as well as
an algorithm which can be used if the system matrix has a specific time-
variant structure. As an alternative reduced-complexity approach, we present
reduced-rank signal processing by approximating the WF in certain subspaces
of the observation space. One of these subspaces has been described by Harold
Hotelling who introduced in 1933 the Principal Component (PC) method [132]
which transforms a random vector with correlated elements into a reduced-
dimension random vector with uncorrelated entries based on an eigensub-
space approximation. Note that although Harold Hotelling introduced the
main ideas approximately ten years earlier, this procedure is usually denoted
as the Karhunen–Loève Transform (KLT) [147, 164] which has been published
by Kari Karhunen and Michel Loève in the years 1945 and 1946. Neverthe-
less, their contribution considers not only vectors of random variables but also
random processes.

One of the first applications of the KLT to the filtering problem has been
published in the year 1971 [137]. There, the author assumes a circulant sys-
tem matrix such that the Fast Fourier Transform (FFT) [75, 38, 114, 37] can
be used for eigen decomposition (see, e. g., [131]). However, in [137], no rank
reduction is considered, i. e., the complexity reduction is solely based on the
application of the computationally efficient FFT. The MUltiple SIgnal Clas-
sification (MUSIC) algorithm [214] introduced by Ralph O. Schmidt in 1979,
can be seen as one of the first reduced-rank signal processing technique where
the eigen decomposition is used to identify the signal and noise subspace which
are needed for parameter estimation. Finally, the origin of reduced-rank filter-
ing as introduced in Section 2.3, can be found in the contributions of Donald
W. Tufts et al. [242, 241].

2.1 Matrix Wiener Filter

In this chapter, we discuss the fundamental problem of estimating a signal
x[n] ∈ C

M , M ∈ N, based on the observation y[n] ∈ C
N , N ∈ N, N ≥ M ,

which is a perturbed transformation of x[n]. One of the main ideas of Bayes
parameter estimation (e. g., [150, 210]) which lies in our focus, is to model
the unknown perturbance as well as the desired signal x[n] as realizations
of random sequences with known statistics. As a consequence, the known
observation signal y[n] is also a realization of a random sequence. In the
following, the realizations x[n] and y[n] correspond to the random sequences
x [n] ∈ C

M and y [n] ∈ C
N , respectively. If we choose the optimization criterion

or Bayes risk to be the Mean Square Error (MSE) between the estimate
and the desired signal, the optimal non-linear filter, i. e., the Minimum MSE
(MMSE) estimator is the well-known Conditional Mean Estimator (CME)
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(cf., e. g., [210, 188])

x̂CME[n] = E {x [n]|y [n] = y[n]} . (2.1)

Although Bayes parameter estimation is based on non-linear filters in general
(cf. the CME as an example), we restrict ourselves to the linear case where
the CME reduces to the linear MMSE estimator or Matrix Wiener Filter
(MWF) (see, e. g., [210]). We refer the reader who is interested in non-linear
estimation techniques, to one of the books [188, 150, 210, 226]. Note that
in the following derivation of the MWF, the random sequences are neither
restricted to be stationary nor are they assumed to be zero-mean.

The MWF given by the matrix W [n] ∈ C
N×M and the vector a[n] ∈ C

M

computes the estimate

x̂ [n] = W H[n]y [n] + a[n] ∈ C
M , (2.2)

of the vector random sequence x [n] based on the observed vector random
sequence y [n].1 The MWF is designed to minimize the MSE ξn(W ′,a′) =
E{‖ε′[n]‖2

2} where ε′[n] = x [n]− x̂ ′[n] ∈ C
M is the error between the estimate

x̂ ′[n] = W ′,Hy [n] + a′ ∈ C
M and the unknown signal x [n],2 over all linear

filters W ′ ∈ C
N×M and a′ ∈ C

M at each time index n (cf. Figure 2.1).3
Mathematically speaking,

(W [n],a[n]) = argmin
(W ′,a′)∈CN×M×CM

ξn (W ′,a′) , (2.3)

where

ξn (W ′,a′) = E
{∥
∥x [n] − W ′,Hy [n] − a′

∥
∥2

2

}

= tr
{
Rx [n] − RH

y ,x [n]W ′ − mx [n]a′,H

− W ′,HRy ,x [n] + W ′,HRy [n]W ′ + W ′,Hmy [n]a′,H

−a′mH
x [n] + a′mH

y [n]W ′ + a′a′,H
}
.

(2.4)

By partially differentiating ξn (W ′,a′) with respect to W ′,∗ and a′,∗, we
get the following systems of linear equations:

1 Note that we apply the MWF W [n] using the Hermitian operator in order to
simplify the considerations in the remainder of this book.

2 The optimal estimate x̂ [n] with the error [n] = x [n] − x̂ [n] ∈ C
M is obtained

by applying the optimal filter coefficients W [n] and a[n] whereas x̂ ′[n] and ′[n]
denote the estimate and the error, respectively, obtained by applying arbitrary
filter coefficients W ′ and a′.

3 Note that the considered filters are not strictly linear but affine due to the shift
a′. However, we denote them as linear filters because affine filters can always be
mapped to linear filters by an adequate coordinate translation without changing
the filter coefficients W ′.
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W H[n]

a[n]

E
{‖·‖22

}

x [n]

[n]
y [n] ξn,min

M

MN

x̂ [n]

Fig. 2.1. Matrix Wiener Filter (MWF)

∂ξn (W ′,a′)
∂W ′,∗

∣
∣
∣
∣W ′=W [n]

a′=a[n]

= Ry [n]W [n] + my [n]aH[n] − Ry ,x [n]

!= 0N×M , (2.5)
∂ξn (W ′,a′)

∂a′,∗

∣
∣
∣
∣W ′=W [n]

a′=a[n]

= a[n] + W H[n]my [n] − mx [n] != 0M . (2.6)

If we solve Equation (2.6) with respect to a[n] and plug the result into Equa-
tion (2.5), the solution of the optimization defined in Equation (2.3), computes
as

W [n] = C−1
y [n]Cy ,x [n],

a[n] = mx [n] − W H[n]my [n],
(2.7)

with the auto-covariance matrix Cy [n] = Ry [n] − my [n]mH
y [n] ∈ C

N×N and
the cross-covariance matrix Cy ,x [n] = Ry ,x [n] − my [n]mH

x [n] ∈ C
N×M . Note

that the first line of Equation (2.7) is the solution of the Wiener–Hopf equation
Cy [n]W [n] = Cy ,x [n]. Finally, with the auto-covariance matrix C [n] = R [n]
of the estimation error ε[n] = x [n] − x̂ [n] ∈ C

M ,4 the MMSE can be written
as

ξn,min = ξn (W [n],a[n]) = tr {C [n]}
= tr

{
Cx [n] − CH

y ,x [n]C−1
y [n]Cy ,x [n]

}
.

(2.8)

If we recall Equation (2.2) and replace W [n] and a[n] by the expressions
given in Equation (2.7), we get

x̂ [n] = CH
y ,x [n]C−1

y [n] (y [n] − my [n]) + mx [n], (2.9)

which gives a good insight in the MWF when applied to non-zero-mean ran-
dom sequences. First, the sequence y [n] is transformed to the zero-mean se-
quence y◦[n] = y [n] − my [n] before estimating the zero-mean random se-
quence x◦[n] = x [n] − mx [n] by applying the MWF W [n] with the output

4 Note that the estimation error [n] is zero-mean because m [n] = mx [n]−mx̂ [n] =
mx [n]−W H[n]my [n]− a[n] = 0M (cf. Equation 2.7).
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x̂◦[n] = W H[n]y◦[n]. To get finally an estimate of the non-zero-mean se-
quence x [n], the mean mx [n] has to be added, i. e., x̂ [n] = x̂◦[n] + mx [n].
Again, ε◦[n] = x◦[n] − x̂◦[n] = ε[n]. Note for later that

Cy ,x [n] = Ry ,x [n] − my [n]mH
x [n]

= Cy◦,x [n] = Ry◦,x [n]
= Cy◦,x◦ [n] = Ry◦,x◦ [n], (2.10)

Cy [n] = Cy◦ [n] = Ry◦ [n]. (2.11)

It remains to mention that the time-dependency of the filter coefficients
W [n] and a[n] is necessary due to the assumption of non-stationary random
sequences. However, at each time index n, the MWF can also be seen as an
estimator for a set of random variables. If we consider the special case of
stationary random sequences, the filter coefficients are independent of n and
can be written as W [n] = W and a[n] = a.

Note that we consider a MWF which estimates an M -dimensional sig-
nal x [n]. If M = 1, the cross-covariance matrix Cy ,x [n] shrinks to a cross-
covariance vector and we end up with the Vector Wiener Filter (VWF) which
produces a scalar output. Considering Equation (2.7), it is obvious that es-
timating each element of x [n] with M parallel VWFs produces the same es-
timate x̂ [n] as a MWF since the auto-covariance matrix Cy [n] is the same
and the cross-covariance vectors of the VWFs are the columns of the cross-
covariance matrix Cy ,x [n].5

It remains to point out that the highest computational complexity
when computing the MWF, arises from solving the Wiener–Hopf equation
Cy [n]W [n] = Cy ,x [n]. Hence, in the sequel of this chapter, we present meth-
ods to reduce this computational burden. The computational cost required to
calculate a[n] is no longer considered in the following investigations since it
is equal for all presented methods.

2.2 Reduced-Complexity Matrix Wiener Filters

In this section, we investigate different methods to reduce the computational
complexity of the MWF without loss of optimality. Here, we measure the
computational complexity in terms of FLoating point OPerations (FLOPs)
where an addition, subtraction, multiplication, division, or root extraction is
counted as one FLOP, no matter if operating on real or complex values. Note
that the number of FLOPs is a theoretical complexity measure which is widely
used in numerical mathematics. In practical implementations however, the
5 Throughout this book, the term VWF denotes a MWF with M = 1 if it is part

of a filter bank estimating a vector signal with M > 1. If the VWF is used alone
to estimate a single scalar signal, we denote it simply as the Wiener Filter (WF).
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exact computational burden can differ from the number of FLOPs depending
on the given processor architecture. For instance, a root extraction or division
can be computationally much more intense than an addition. Anyway, since we
want to present general results without any restriction to specific processors,
we choose the number of FLOPs as the complexity measure.

The following reduced-complexity methods are all based on exploitations
of special structures in the auto-covariance matrix, i. e., the system matrix of
the Wiener–Hopf equation. Whereas Subsection 2.2.1 exploits the fact that
the auto-covariance matrix is Hermitian and positive definite, Subsection 2.2.2
considers a special time-dependency of its submatrix structure. Besides these
two given special structures, there exists auto-covariance matrices with fur-
ther structural restrictions which can be used to get other reduced-complexity
implementations. One example thereof is the Toeplitz or block Toeplitz struc-
ture [94] which can be exploited by using the computationally cheap Fast
Fourier Transform (FFT) [75, 38, 114, 37] for the solution of the correspond-
ing system of linear equations. The resulting method for Toeplitz matrices
has been introduced by William F. Trench in 1964 and is today known as
the Trench algorithm [238]. Extensions to the block Toeplitz case have been
presented in [2, 255]. Since the system matrices in the application of Part II
have neither Toeplitz nor block Toeplitz structure, the associated algorithms
are no longer discussed here.

2.2.1 Implementation Based on Cholesky Factorization

Since we assume the Hermitian auto-covariance matrix Cy [n] ∈ C
N×N to be

positive definite,6 the Cholesky Factorization (CF) [11, 18, 94] can be used to
solve the Wiener–Hopf equation Cy [n]W [n] = Cy ,x [n] ∈ C

N×M at each time
index n. Due to simplicity, we omit the time index n in the following of this
subsection although the matrices under consideration are still time-varying.
The procedure to compute the MWF W ∈ C

N×M is as follows (cf., e. g., [94]):

1. Cholesky Factorization (CF):
Compute the lower triangular matrix L ∈ C

N×N such that Cy = LLH.
2. Forward Substitution (FS):

Solve the system LV = Cy ,x ∈ C
N×M of linear equations according to

V ∈ C
N×M .

3. Backward Substitution (BS):
Solve the system LHW = V of linear equations with respect to W .

6 Again, the special case where the auto-covariance matrix is rank-deficient and
therefore no longer positive definite but semidefinite, is excluded in the consider-
ations of this book because it has no practical relevance. In the perturbed linear
system model of Chapter 5, we will see that this special case corresponds to the
marginal case where the perturbance has variance zero.
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The CF computes the decomposition Cy = LLH in an iterative manner.
For its derivation, we firstly partition the auto-covariance matrix Cy according
to

Cy =
[
d0,0 dH

1,0

d1,0 D1,1

]
, (2.12)

where d0,0 ∈ R+, d1,0 ∈ C
N−1, and the Hermitian and positive definite matrix

D1,1 ∈ C
(N−1)×(N−1),7 and the lower triangular matrix L according to

L =
[
�0,0 0T

N−1

l1,0 L1,1

]
, (2.13)

where �0,0 ∈ R+, l1,0 ∈ C
N−1, and L1,1 ∈ C

(N−1)×(N−1) which is a lower
triangular matrix of reduced dimension. If we apply the partitioned matrices
to Cy = LLH, we get

[
d0,0 dH

1,0

d1,0 D1,1

]
=
[
�20,0 �0,0l

H
1,0

�0,0l1,0 l1,0l
H
1,0 + L1,1L

H
1,1

]
, (2.14)

which can be rewritten in the following three fundamental equations:

�0,0 =
√
d0,0, (2.15)

l1,0 = d1,0/�0,0, (2.16)
L1,1L

H
1,1 = D1,1 − l1,0l

H
1,0. (2.17)

With Equations (2.15) and (2.16), we already computed the first column of
the lower triangular matrix L. The remaining Equation (2.17) defines the
CF of the Hermitian and positive definite (N − 1) × (N − 1) matrix D1,1 −
l1,0l

H
1,0 =: D1. The principal idea of the Cholesky algorithm is to apply again

the procedure explained above in order to compute the CF D1 = L1,1L
H
1,1.

For i ∈ {1, 2, . . . , N − 2}, N > 2, the Hermitian and positive definite matrix
Di ∈ C

(N−i)×(N−i) and the lower triangular matrix Li,i ∈ C
(N−i)×(N−i) are

partitioned according to

Di =
[
di,i dH

i+1,i

di+1,i Di+1,i+1

]
, Li,i =

[
�i,i 0T

N−i−1

li+1,i Li+1,i+1

]
, (2.18)

where di,i, �i,i ∈ R+, di+1,i, li+1,i ∈ C
N−i−1, and Di+1,i+1,Li+1,i+1 ∈

C
(N−i−1)×(N−i−1). The application to the CF Di = Li,iL

H
i,i yields the fol-

lowing three equations:
7 The reason why d0,0 is positive real-valued and D1,1 is Hermitian and positive

definite, is as follows: Any principal submatrix A′ ∈ C
m×m, i. e., a submatrix

in the main diagonal, of a Hermitian and positive definite matrix A ∈ C
n×n,

n ≥ m, is again Hermitian and positive definite. This can be easily verified by
replacing x ∈ C

n in xHAx > 0 by [0T, x′,T,0T]T with x′ ∈ C
m, such that

xHAx = x′,HA′x′ > 0.
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�i,i =
√
di,i, (2.19)

li+1,i = di+1,i/�i,i, (2.20)
Li+1,i+1L

H
i+1,i+1 = Di+1,i+1 − li+1,il

H
i+1,i =: Di+1. (2.21)

Hence, with Equations (2.19) and (2.20), we calculated the (i+1)th column of
L and Equation (2.21) defines the CF of the Hermitian and positive definite
(N−i−1)×(N−i−1) matrix Di+1 = Li+1,i+1L

H
i+1,i+1. In other words, at each

step i, one additional column of the lower triangular matrix L is computed and
the CF problem is reduced by one dimension. Finally, at the last step, i. e., for
i = N − 1, the reduced-dimension CF is DN−1 = LN−1,N−1L

H
N−1,N−1 where

both DN−1 and LN−1,N−1 are real-valued scalars. With dN−1 = DN−1 ∈ R+

and �N−1,N−1 = LN−1,N−1 ∈ R+, we get the remaining element in the last
column of L, i. e.,

�N−1,N−1 =
√
dN−1. (2.22)

Algorithm 2.1. summarizes Equations (2.15), (2.19), (2.22) in Line 3, Equa-
tions (2.16) and (2.20) in Line 5, and Equations (2.17) and (2.21) in the for-
loop from Line 6 to 8. The computationally efficient for-loop implementation
of Equations (2.17) and (2.21) exploits the Hermitian property of Di+1 by
computing only the lower triangular part8 thereof. Besides, at the end of each
step i ∈ {0, 1, . . . , N−1}, the lower triangular part of the matrix Di+1 is stored
in the matrix Li+1,i+1, i. e., the part of L which has not yet been computed.
This memory efficient procedure is initiated by storing the lower triangular
part of the auto-covariance matrix Cy in L (Line 1 of Algorithm 2.1.). Note
that [A]n:m,i:j denotes the (m−n+1)×(j−i+1) submatrix of A including the
elements of A from the (n+ 1)th to the (m+ 1)th row and from the (i+ 1)th
to the (j + 1)th column. Further, if we want access to a single row or column
of a matrix, respectively, we use the abbreviation ‘n’ instead of writing ‘n : n’.
Thus, �i,i = [L]i,i, li+1,i = [L]i+1:N−1,i, and Li+1,i+1 = [L]i+1:N−1,i+1:N−1.

Algorithm 2.1. Cholesky Factorization (CF)
Choose L as the lower triangular part of Cy .

2: for i = 0, 1, . . . , N − 1 do
[L]i,i =

√
[L]i,i 〈1〉

4: if i < N − 1 then
[L]i+1:N−1,i ← [L]i+1:N−1,i / [L]i,i 〈N − i− 1〉

6: for j = i + 1, i + 2, . . . , N − 1 do
[L]j:N−1,j ← [L]j:N−1,j − [L]∗j,i[L]j:N−1,i 〈2(N − j)〉

8: end for
end if

10: end for

8 Here, the lower triangular part of a matrix includes its main diagonal.
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By the way, Algorithm 2.1. is the outer product version [94] of the CF which
is one of its computationally cheapest implementations. In Algorithm 2.1., the
number in angle brackets are the FLOPs required to calculate the correspond-
ing line of the algorithm. After summing up, the number of FLOPs required
to perform Algorithm 2.1. is

ζCF(N) =
N−2∑

i=0
N>1

⎛

⎝N − i+
N−1∑

j=i+1

2(N − j)

⎞

⎠+ 1

=
1
3
N3 +

1
2
N2 +

1
6
N.

(2.23)

The next step is FS, i. e., to compute the solution of the system LV = Cy ,x
of linear equations. For i ∈ {0, 1, . . . , N − 1}, the (i + 1)th row [L]i,:V =
[Cy ,x ]i,: of the system can be written as

[Cy ,x ]i,: = [L]i,0:i[V ]0:i,: (2.24)

=

{
[L]0,0[V ]0,:, i = 0,
[L]i,i[V ]i,: + [L]i,0:i−1[V ]0:i−1,:, i ∈ {1, 2, . . . , N − 1}, N > 1,

if we exploit the lower triangular structure of L, i. e., the fact that the elements
of the (i + 1)th row with an index higher than i are zero, and where we
separated [L]i,i[V ]i,: from the given sum. Note that ‘:’ is the abbreviation for
‘0 : z’ where z is the maximum value of the index under consideration. If we
solve Equation (2.24) according to [V ]i,:, we end up with Algorithm 2.2..

Algorithm 2.2. Forward Substitution (FS)
[V ]0,: ← [Cy ,x ]0,:/[L]0,0 〈M〉

2: for i = 1, 2, . . . , N − 1 ∧ N > 1 do
[V ]i,: ← ([Cy,x ]i,: − [L]i,0:i−1[V ]0:i−1,:) /[L]i,i 〈M(2i + 1)〉

4: end for

For the following complexity investigation, note that the scalar product of
two m-dimensional vectors requires m multiplications and m − 1 additions,
thus, 2m − 1 FLOPs. Consequently, the matrix-matrix product of an n ×m
matrix by an m × p matrix has a computational complexity of np(2m − 1)
FLOPs. Thus, Algorithm 2.2. needs M(2i + 1) FLOPs at each step i which
results in the total computational complexity of

ζFS(N,M) = M +
N−1∑

i=1
N>1

M(2i+ 1) = MN2 FLOPs. (2.25)

Finally, the system LHW = V of linear equations is solved based on BS.
The (i+ 1)th column of LHW = V can be written as
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[V ]i,: =
[
LH
]
i,:

W =
[
LH
]
i,i:N−1

[W ]i:N−1,: (2.26)

=

{
[L]i,i[W ]i,: + [L]Hi+1:N−1,i[W ]i+1:N−1,:, i ∈ {0, 1, . . . , N−2}, N >1
[L]N−1,N−1[W ]N−1,:, i = N − 1,

exploiting the upper triangular structure of the matrix LH, i. e., the fact that
the non-zero elements in its (i + 1)th row have an index greater or equal to
i. Remember that [LH]i,i = [L]i,i ∈ R+ and [LH]i,i+1:N−1 = [L]Hi+1:N−1,i.
Solving Equation (2.26) with respect to [W ]i,: yields the fundamental line of
Algorithm 2.3..

Algorithm 2.3. Backward Substitution (BS)
[W ]N−1,: ← [V ]N−1,:/[L]N−1,N−1 〈M〉

2: for i = N − 2, N − 3, . . . , 0 ∧ N > 1 do
[W ]i,: ←

(
[V ]i,: − [L]Hi+1:N−1,i[W ]i+1:N−1,:

)
/[L]i,i 〈M(2(N − i)− 1)〉

4: end for

The resulting number of FLOPs required to perform Algorithm 2.3. is

ζBS(N,M) = M +
0∑

i=N−2
N>1

M(2(N − i) − 1) =
N−1∑

i=1
N>1

M(2i+ 1) = MN2, (2.27)

i. e., FS and BS have the same computational complexity.
If we combine Algorithm 2.1., 2.2., and 2.3., we end up with a method for

calculating the MWF and the resulting total number of FLOPs ζMWF(N,M)
computes as

ζMWF(N,M) = ζCF(N) + ζFS(N,M) + ζBS(N,M)

=
1
3
N3 +

(
2M +

1
2

)
N2 +

1
6
N,

(2.28)

which is of cubic order if N → ∞. Note that this computational burden occurs
at each time index n if the MWF is time-variant. Remember that this is the
case in our considerations although we omitted the index n due to simplicity.

2.2.2 Exploitation of Structured Time-Dependency

In this subsection, we consider the case where the time-dependency of the
auto-covariance matrix Cy [n] is only restricted to some submatrices thereof.
By exploiting the structured time-dependency, we will reduce computational
complexity by approximately one order at each time index n.
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We assume that the auto-covariance matrices Cy [i] and their inverses
C−1

y [i] at time indices i = n− 1 and i = n are partitioned according to

Cy [i] =
[

D[i] E[i]
EH[i] F [i]

]
, C−1

y [i] =
[

D̄[i] Ē[i]
ĒH[i] F̄ [i]

]
, i ∈ {n− 1, n}, (2.29)

where D[n], F [n−1], D̄[n], and F̄ [n−1] are M×M matrices, E[n], EH[n−1],
Ē[n], and ĒH[n − 1] are M × (N −M) matrices, and F [n], D[n − 1], F̄ [n],
and D̄[n− 1] are (N −M) × (N −M) matrices. Note that the definitions in
Equation (2.29) for i ∈ {n−1, n} is a compact notation for two types of decom-
positions with matrices of different sizes which is visualized exemplarily for
the auto-covariance matrix in Figure 2.2. The inverses of the auto-covariance
matrix Cy [i] for i ∈ {n− 1, n} have the same structure as given in Figure 2.2
but the submatrices are denoted by an additional bar.

D[n−1] E[n−1]

EH [n−1] F [n−1]

N

N

M

M
(a) i = n− 1

D[n] E[n]

EH [n] F [n]

N

N

M

M
(b) i = n

Fig. 2.2. Structure of the auto-covariance matrix Cy [i] for i ∈ {n− 1, n}

The following Reduced-Complexity (RC) implementation of the time-
variant MWF W [n] which is an extension of the RC method presented in [240],
is based on the assumption that the previous auto-covariance matrix Cy [n−1]
and the current auto-covariance matrix Cy [n] are related to each other via

F [n] = D[n− 1]. (2.30)

In Chapter 5, we will see that this relation occurs in common system models
used for mobile communications. We reduce computational complexity by
avoiding the explicit inversion of Cy [n] at each time step. Precisely speaking,
we exploit the relation in Equation (2.30) in order compute C−1

y [n], viz.,
D̄[n], Ē[n], and F̄ [n], using the block elements of Cy [n] and the blocks of the
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already computed inverse C−1
y [n−1] from the previous time index. According

to Appendix A.1, we get the following dependencies:9

D̄[n] =
(
D[n] − E[n]F−1[n]EH[n]

)−1
, (2.31)

Ē[n] = −D̄[n]E[n]F−1[n], (2.32)
F̄ [n] = F−1[n] − F−1[n]EH[n]Ē[n]. (2.33)

Furthermore, the inverse of F [n] can be expressed by the Schur complement
(cf. Appendix A.1) of D̄[n− 1] in C−1

y [n− 1], i. e.,

F−1[n] = D−1[n− 1] = D̄[n− 1] − Ē[n− 1]F̄−1[n− 1]ĒH[n− 1]. (2.34)

Equations (2.31), (2.32), (2.33), and (2.34) are summarized in Algo-
rithm 2.4. which computes efficiently the inverse of the auto-covariance matrix
based on its inverse from the previous time step. Note that we use the following
abbreviations:

D̄′ := D̄[n− 1] ∈ C
(N−M)×(N−M), D̄ := D̄[n] ∈ C

M×M , (2.35)
Ē′ := Ē[n− 1] ∈ C

(N−M)×M , Ē := Ē[n] ∈ C
M×(N−M), (2.36)

F̄ ′ := F̄ [n− 1] ∈ C
M×M , F̄ := F̄ [n] ∈ C

(N−M)×(N−M), (2.37)
D := D[n] ∈ C

M×M , (2.38)
E := E[n] ∈ C

M×(N−M), (2.39)
F := F [n] ∈ C

(N−M)×(N−M), (2.40)

The matrix V ∈ C
M×(N−M) in Line 7 of Algorithm 2.4. has been introduced

to further increase computational efficiency.
It remains to investigate the computational complexity of Algorithm 2.4..

Again, the number of FLOPs for each line are given in angle brackets. Apart
from the already given complexity of a matrix-matrix product (cf. Subsec-
tion 2.2.1), we use the number of FLOPs of the following fundamental oper-
ations:

• The Cholesky factorization of a Hermitian and positive definite n × n
matrix requires ζCF(n) = n3/3 + n2/2 + n/6 FLOPs (cf. Equation 2.23 of
Subsection 2.2.1).

• The inversion of a lower triangular n×n matrix requires ζLTI(n) = n3/3+
2n/3 FLOPs (cf. Equation B.4 of Appendix B.1).

• The product of a lower triangular n×n matrix by an arbitrary n×m matrix
requires m

∑n−1
i=0 (2(n− i) − 1) = mn2 FLOPs since the calculation of the

(i+ 1)-th row of the result involves the computation of m scalar products
between two (n− i)-dimensional vectors for all i ∈ {0, 1, . . . , n− 1}.

9 The solution can be easily derived by rewriting the identities Cy [i]C
−1
y [i] = IN ,

i ∈ {n, n − 1}, into eight equations using the block structures defined in Equa-
tion (2.29).
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Algorithm 2.4. Reduced-Complexity (RC) MWF exploiting time-
dependency

D̄′ ← [C−1
y [n− 1]]0:N−M−1,0:N−M−1

2: Ē ′ ← [C−1
y [n− 1]]0:N−M−1,N−M :N−1

F̄ ′ ← [C−1
y [n− 1]]N−M :N−1,N−M :N−1

4: D ← [Cy [n]]0:M−1,0:M−1

E ← [Cy [n]]0:M−1,M :N−1

6: F−1 ← D̄′ − Ē′F̄ ′,−1Ē ′,H 〈2M3/3 + M2/2 + 5M/6 + M(N −M)(N + 1)〉
V ← EF−1 〈M(N −M)(2(N −M)− 1)〉

8: D̄ ← (D − V EH
)−1 〈ζHI(M) + M(M + 1)(N −M)〉

Ē ← −D̄V 〈M(2M − 1)(N −M)〉
10: F̄ ← F−1 − V HĒ 〈M(N −M)(N −M + 1)〉

C−1
y [n]←

[
D̄ Ē
ĒH F̄

]

12: W [n]← C−1
y [n]Cy,x [n] 〈MN(2N − 1)〉

• The Hermitian product of an n×m andm×nmatrix requires (2m−1)n(n+
1)/2 FLOPs where we exploit the fact that only the lower triangular part
of the result has to be computed.10

• The subtraction of two Hermitian n×n matrices requires n(n+1)/2 FLOPs
for the same reason as above.

• The inversion of a Hermitian and positive definite n × n matrix requires
ζHI(n) = n3 + n2 + n FLOPs (cf. Equation B.7 of Appendix B.1).

Note that Line 6 of Algorithm 2.4. is computed in the following computational
efficient way: After the Cholesky factorization of F̄ ′ = LLH ∈ C

M×M accord-
ing to Algorithm 2.1., the resulting lower triangular matrix L ∈ C

M×M is in-
verted using Algorithm B.1., and finally, the Gramian matrix Ē′F̄ ′,−1Ē′,H ∈
C

(N−M)×(N−M) is generated by multiplying the Hermitian of the product
L−1Ē′,H ∈ C

M×(N−M) to itself and exploiting the Hermitian structure of
the result. Besides, it should be mentioned that Lines 8 and 9 could also be
computed by solving the system (D−V EH)Ē = −V ∈ C

M×(N−M) of linear
equations according to Ē ∈ C

M×(N−M) based on the Cholesky method as
described in the previous subsection. However, for N > 2M2/3−M/2 + 5/6,
i. e., for large N , the direct inversion as performed in Line 8 is computationally
cheaper (cf. the end of Appendix B.1).

Finally, after summing up, the RC MWF implementation in Algorithm 2.4.
has a total computational complexity of

ζRCMWF(N,M) = 6MN2 − 4M2N +
5
3
M3 +

1
2
M2 +

11
6
M

+
1
S

(
N3 +N2 +N

)
,

(2.41)

10 Instead of computing all n2 elements of the Hermitian n×n matrix, it suffices to
compute the n(n + 1)/2 elements of its lower triangular part.



26 2 Efficient Matrix Wiener Filter Implementations

if it is applied to estimate a signal of length S. The term with the S-fraction is
due to the fact that the inverse of the N×N auto-covariance matrix Cy [n−1]
which requires ζHI(N) = N3 +N2 +N FLOPs (cf. Appendix B.1), has to be
computed explicitly at the beginning of the signal estimation process since no
inverse of the previous auto-covariance matrix is available there. Thus, only
for long signals, i. e., large S, the third order term in Equation (2.41) can be
neglected and the order of computational complexity for N → ∞ is two, i. e.,
one smaller than the complexity order of the MWF implementation based on
the CF as presented in Subsection 2.2.1.

2.3 Reduced-Rank Matrix Wiener Filters

In the preceding subsection, we discussed RC implementations of the MWF
which still perform optimally in the MSE sense. Now, we follow the idea to
approximate the MWF with a performance still very close to the optimal lin-
ear matrix filter but where the calculation of the filter coefficients is computa-
tionally more efficient. In the sequel, we concentrate on MWF approximations
based on reduced-rank signal processing as introduced in [242, 241, 213, 52].
Besides the computational efficiency of reduced-rank signal processing, it can
even increase the performance of the filter if the estimation of the associated
statistics has a low sample support, i. e., it has errors since the number of
available training samples is too small. This quality of noise reduction is es-
pecially apparent if the dimension of the signal subspace is smaller than the
dimension of the observation space which is often denoted as an overmodeled
problem (cf., e. g., [85]). Note that due to the bias–variance trade-off [213],
the filter performance degrades again if its rank is chosen to be smaller than
the optimal rank.

The basic idea of reduced-rank filtering as depicted in Figure 2.3, is
to approximate the MWF W [n] and a[n] in a D-dimensional subspace
T (D)[n] ∈ G(N,D) where G(N,D) denotes the (N,D)-Grassmann manifold
(cf., e. g., [13]), i. e., the set of all D-dimensional subspaces in C

N . To do so,
we firstly prefilter the N -dimensional observed vector random sequence y [n]
by the matrix T (D)[n] ∈ C

N×D, D ∈ {1, 2, . . . , N}, with

range
{

T (D)[n]
}

= T (D)[n] ∈ G(N,D), (2.42)

leading to the reduced-dimension vector random sequence

y (D)[n] = T (D),H[n]y [n] ∈ C
D. (2.43)

In other words, we apply a coordinate transform where the elements of y (D)[n]
are the coordinates of the observed vector random sequence y [n] according to
the basis defined by the columns of the prefilter matrix T (D)[n]. The second
step is to apply the reduced-dimension MWF G(D)[n] ∈ C

D×M and a(D)[n] ∈
C
M to y (D)[n] in order to get the estimate
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x̂(D)[n] = G(D),H[n]y (D)[n] + a(D)[n] ∈ C
M , (2.44)

of the unknown signal x [n] ∈ C
M , with the error ε(D)[n] = x [n] − x̂ (D)[n] ∈

C
M . Note that G(D)[n] is a reduced-dimension MWF since its dimension is

by a factor of N/D smaller than the dimension of the optimal MWF W [n] ∈
C
N×M .

W (D),H[n]

G(D),H[n]

T (D),H[n]

a(D)[n]

E
{‖·‖22

}

x [n]

y [n]
(D)[n]

ξ
(D)
n

M

MN D

x̂(D)[n]y (D)[n]

Fig. 2.3. Reduced-rank MWF

Using the MSE criterion as defined in Equation (2.4), the reduced-
dimension MWF is the solution of the optimization

(
G(D)[n],a(D)[n]

)
= argmin

(G′,a′)∈CD×M×CM

ξn

(
T (D)[n]G′,a′

)
. (2.45)

With a similar derivation as given in Section 2.1, the reduced-dimension MWF
computes as

G(D)[n] = C−1
y(D) [n]Cy(D),x [n]

=
(
T (D),H[n]Cy [n]T (D)[n]

)−1

T (D),H[n]Cy ,x [n], (2.46)

a(D)[n] = mx [n] − G(D),H[n]T (D),H[n]my [n]. (2.47)

If we combine the prefilter matrix T (D)[n] and the reduced-dimension
MWF G(D)[n] (cf. Figure 2.3), we obtain the reduced-rank MWF W (D)[n] =
T (D)[n]G(D)[n] ∈ C

N×M which has the same dimension as the optimal MWF
W [n] ∈ C

N×M . With Equations (2.46) and (2.47), the reduced-rank MWF
can finally be written as

W (D)[n] = T (D)[n]
(
T (D),H[n]Cy [n]T (D)[n]

)−1

T (D),H[n]Cy ,x [n],

a(D)[n] = mx [n] − W (D),H[n]my [n],
(2.48)

and achieves the MMSE

ξ(D)
n = ξn

(
W (D)[n],a(D)[n]

)
= tr {C (D) [n]}

= tr
{

Cx [n] − CH
y ,x [n]T (D)[n]C−1

y(D) [n]T (D),H[n]Cy ,x [n]
}
.

(2.49)
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The solution W (D)[n] and a(D)[n] is called reduced-rank MWF (see,
e. g., [85]) since it is based on a reduced-rank signal model [213]. However,
some publications [233, 211, 135, 210, 64] refer the reduced-rank MWF to a
rank-deficient approximation of the MWF which is included in our definition
as the special case where D < M .

Note that in general, x̂(D)[n] is unequal to the estimate x [n] if D < N .
However, in the special case where the prefilter subspace T (D)[n] is equal
to the subspace spanned by the columns of W [n], the reduced-rank MWF is
equal to the full-rank or optimal MWF. Since finding such a subspace requires
the same computational complexity as calculating the MWF itself, this special
case has no practical relevance.

Proposition 2.1. The reduced-rank MWF W (D)[n] and a(D)[n], thus, also
the estimate x̂(D)[n], is invariant with respect to the basis T (D)[n] spanning the
subspace T (D)[n]. Hence, the performance of the reduced-rank MWF depends
solely on the subspace T (D)[n] and not on the basis thereof.

Proof. Proposition 2.1 can be easily verified by replacing T (D)[n] by an al-
ternative basis of T (D)[n]. With T (D),′[n] = T (D)[n]Ψ where the matrix
Ψ ∈ C

M×M is non-singular, i. e., range{T (D),′[n]} = T (D)[n], the resulting
reduced-rank MWF W (D),′[n] computes as (cf. Equation 2.48)

W (D),′[n] = T (D)[n]Ψ
(
ΨHT (D),H[n]Cy [n]T (D)[n]Ψ

)−1

ΨHT (D),H[n]Cy ,x [n]

= T (D)[n]
(
T (D),H[n]Cy [n]T (D)[n]

)−1

T (D),H[n]Cy ,x [n]

= W (D)[n]. (2.50)

This proves the invariance of the reduced-rank MWF according to the basis
of T (D)[n]. Furthermore, it shows that the reduced-rank MWF is the MMSE
approximation of the MWF in the D-dimensional subspace T (D)[n] spanned
by the columns of the prefilter matrix T (D)[n]. ��

It remains to explain why the reduced-rank MWF is computation-
ally efficient. All reduced-rank MWFs which are considered here, choose
the prefilter matrix such that the structure of the auto-covariance ma-
trix of the transformed vector random sequence y (D)[n], i. e., Cy(D) [n] =
T (D),H[n]Cy [n]T (D)[n] ∈ C

D×D, is such that the computational com-
plexity involved in solving the reduced-dimension Wiener–Hopf equation
(T (D),H[n]Cy [n]T (D)[n])G(D)[n] = T (D),H[n]Cy ,x [n] (cf. Equation 2.46) can
be neglected compared to the computational complexity of the prefilter cal-
culation. If the latter computational complexity is smaller than the one of the
optimal MWF implementations as presented in Section 2.2, the reduced-rank
MWF can be used as an computationally efficient approximation thereof.

Before we consider the approximation of the MWF in the Krylov subspace
composed by the auto-covariance matrix Cy [n] and the cross-covariance ma-
trix Cy ,x [n] (see Chapter 3) in Chapter 4, we restrict ourselves in the next
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two subsections on the approximation of the MWF in eigensubspaces, i. e.,
the columns of the prefilter matrix T (D)[n] are D eigenvectors of the auto-
covariance matrix Cy [n].

2.3.1 Principal Component Method

The Principal Component (PC) method [132, 242, 241] chooses the columns
of the prefilter matrix T (D)[n] ∈ C

N×D such that the elements of the trans-
formed observation vector random sequence y (D)[n] ∈ C

D are uncorrelated,
i. e., its auto-covariance matrix Cy(D) [n] = T (D),H[n]Cy [n]T (D)[n] ∈ C

D×D is
diagonal, and where the limited degrees of freedom are used to preserve as
much energy as possible. Due to the diagonal structure of the transformed
auto-covariance matrix Cy(D) [n], the reduced-dimension MWF decomposes
into D scalar WFs whose computational complexity can be neglected com-
pared to the calculation of the prefilter matrix. The PC prefiltering is equal
to a reduced-dimension Karhunen–Loève Transform (KLT) [147, 164] of the
observed vector random sequence y [n] ∈ C

N .
For problems of finite dimension, the KLT can be computed based on the

eigen decomposition (see, e. g., [131]) of the auto-covariance matrix Cy [n] ∈
C
N×N . Recalling that Cy [n] is Hermitian and positive definite, we define

Cy [n] =
N−1∑

i=0

λi[n]ui[n]uH
i [n], (2.51)

with the orthonormal eigenvectors ui[n] ∈ C
N , i. e., uH

i [n]uj [n] = δi,j , i, j ∈
{0, 1, . . . , N−1}, corresponding to the real-valued eigenvalues λ0[n] ≥ λ1[n] ≥
. . . ≥ λN−1[n] > 0. Here, δi,j denotes the Kronecker delta being one for i = j
and zero otherwise.

In order to preserve as much signal energy as possible, the PC prefilter
matrix T

(D)
PC [n] is composed by the D eigenvectors corresponding to the D

largest eigenvalues, i. e.,

T
(D)
PC [n] =

[
u0[n] u1[n] · · · uD−1[n]

]
∈ C

N×D. (2.52)

Hence, the transformed auto-covariance matrix computes as

Cy(D)
PC

[n] = T
(D),H
PC [n]Cy [n]T (D)

PC [n] = Λ(D)[n] ∈ R
D×D
0,+ , (2.53)

where Λ(D)[n] = diag{λ0[n], λ1[n], . . . , λD−1[n]}. If we replace the prefilter
matrix in Equation (2.48) by T

(D)
PC [n], we get the PC based rank D MWF

with the filter coefficients W
(D)
PC [n] ∈ C

N×M and a
(D)
PC [n] ∈ C

M , achieving the
MMSE
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ξ
(D)
n,PC = ξn

(
W

(D)
PC [n],a(D)

PC [n]
)

= tr
{

Cx [n] − CH
y ,x [n]T (D)

PC [n]Λ(D),−1[n]T (D),H
PC [n]Cy ,x [n]

}

= tr {Cx [n]} −
D−1∑

i=0

∥
∥CH

y ,x [n]ui[n]
∥
∥2

2

λi[n]
.

(2.54)

Since only the N -dimensional eigenvectors corresponding to the D princi-
pal eigenvalues must be computed and the inversion of the diagonal matrix
Λ(D)[n] is computational negligible, the PC based rank D MWF has a com-
putational complexity of O(DN2) where ‘O(·)’ denotes the Landau symbol.
Note that the D principal eigenvectors of a Hermitian matrix can be computed
using the Lanczos algorithm (cf. Section 3.3) which is used to firstly tridiag-
onalize the auto-covariance matrix because the complexity of computing the
eigenvectors of a tridiagonal matrix has an negligible order (see, e. g., [237]).
The investigation of the exact number of FLOPs required to calculate the PC
based rank D MWF is not considered here since we will see in the application
of Part II that the eigensubspace based MWFs have no practical relevance
because they perform much worse than the Krylov subspace based MWFs
introduced in Chapter 4.

Note that the parallel application of reduced-rank VWFs based on
the PC method yields again the same estimate as the application of the
reduced-rank MWF W

(D)
PC [n] and a

(D)
PC [n] because the prefilter matrix T

(D)
PC [n]

does not depend on cross-covariance information and therefore, the term
T

(D)
PC [n](T (D),H

PC [n]Cy [n]T (D)
PC [n])−1T

(D),H
PC [n] in Equation (2.48) is identical for

the equalization of each element of x [n].

2.3.2 Cross-Spectral Method

Whereas the principles of the Cross-Spectral (CS) method has been intro-
duced by Kent A. Byerly et al. [24] in 1989, the notation is due to J. Scott
Goldstein et al. [85, 86, 87]. As the PC method, the CS approach is based
on the KLT of the observed vector random sequence y [n] ∈ C

N . Remember
that the PC based reduced-rank MWF is an approximation of the MWF in
the D-dimensional eigensubspace with the largest signal energy no matter if
the energy belongs to the signal of interest or to an interference signal. Thus,
in systems with strong interferers, the performance of the PC based MWF
degrades drastically. The CS method solves this main problem of the PC ap-
proach by choosing the columns of its prefilter matrix T

(D)
CS [n] ∈ C

N×D to
be the D eigenvectors achieving the smallest MSE of all eigensubspace based
reduced-rank MWFs.

To do so, we define the CS metric ϑi[n] ∈ R0,+ corresponding to the
eigenvector ui[n] ∈ C

N , i ∈ {0, 1, . . . , N − 1}, as its contribution to minimize
the MSE (cf. Equation 2.54), i. e.,
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ϑi[n] =

∥
∥CH

y ,x [n]ui[n]
∥
∥2

2

λi[n]
. (2.55)

If we choose the D eigenvectors with the largest CS metric to be the columns
of the CS prefilter matrix T

(D)
CS [n], i. e.,

T
(D)
CS [n] = [ui[n]]i∈S, S = argmax

S
′⊂{0,1,...,N−1}
|S′|=D

∑

i∈S′
ϑi[n], (2.56)

the resulting CS based rank D MWF with the filter coefficients W
(D)
CS [n] ∈

C
N×M and a

(D)
CS [n] ∈ C

M (cf. Equation 2.48) achieves the MMSE (see also
Equation 2.54)

ξ
(D)
n,CS = ξn

(
W

(D)
CS [n],a(D)

CS [n]
)

= tr {Cx [n]} −
∑

i∈S

∥
∥CH

y ,x [n]ui[n]
∥
∥2

2

λi[n]
, (2.57)

i. e., the smallest MSE which can be achieved by an approximation of the
MWF in a D-dimensional eigensubspace. |S| denotes the cardinality of the set
S and [ai]i∈S is a matrix with the columns ai, i ∈ S.

Note that we have to compute all eigenvectors in order to determine the
corresponding CS metrics which are needed to choose finally the D eigen-
vectors with the largest sum of metrics. Thus, the complexity order of the
CS method is cubic, i. e., there is no reduction in computational complexity
compared to the optimal MWF as derived in Subsection 2.2.1. Due to this
reason, we present the CS based reduced-rank MWF only as a bound for the
best-possible MWF approximation in an eigensubspace.

Although the CS method is not computationally efficient, it remains the su-
periority of reduced-rank processing compared to full-rank processing in case
of estimation errors of statistics due to low sample support (cf., e. g., [87]). In
such scenarios, it has been observed that compared to the PC based approach,
the rank of the CS based MWF approximation can even be chosen smaller
than the dimension of the signal subspace, i. e., the CS based eigensubspace
seems to be a compressed version of the signal subspace.

Here, the prefilter matrix T
(D)
CS [n] depends on the cross-covariance infor-

mation and hence, the term T
(D)
CS [n](T (D),H

CS [n]Cy [n]T (D)
CS [n])−1T

(D),H
CS [n] in

Equation (2.48) would be different if we estimate each element of x [n] sepa-
rately. Thus, the CS based reduced-rank MWF is different from the parallel
application of M reduced-rank VWFs.
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Block Krylov Methods

The era of Krylov subspace methods [92, 206, 252] started with the invention of
the iterative Lanczos algorithm [156] in 1950 for solving eigenvalue problems
(see, e. g., [131]) of symmetric as well as non-symmetric matrices.1 Cornelius
Lanczos proposed a recursive method based on polynomial expansion where
the combination of previous vectors of the Krylov subspace is chosen such
that the norm of the resulting vector is minimized. For the application to
non-symmetric matrices, Lanczos used bi-orthogonalization. One year later,
Walter E. Arnoldi simplified this procedure in [4] by finding a way to avoid
bi-orthogonalization and obtained the computationally more efficient Arnoldi
algorithm for non-symmetric matrices.

The first Krylov subspace method for solving systems of linear equations
with one right-hand side was the Conjugate Gradient (CG) algorithm [117]
introduced by Magnus R. Hestenes and Eduard Stiefel in 1952.2 Besides the
derivation of the CG method for symmetric and positive definite systems,
Hestenes and Stiefel noted that the application to symmetric positive semidefi-
nite matrices can lead to Least Squares (LS) solutions based on pseudoinverses
(see also [115]). Moreover, they presented a special type of the CG algorithm
for the solution of over-determined systems of linear equations, i. e., the sys-
tem matrices need to be no longer square. At the same time, Lanczos [157]
published independently an algorithm for arbitrary square matrices which is
mathematically identical to the CG method if the matrix is restricted to be

1 Unless otherwise stated, the considered matrices are assumed to be square.
2 According to the article [116] written by Magnus R. Hestenes, he and Eduard

Stiefel developed the CG algorithm independently. Stiefel was visiting the Insti-
tute for Numerical Analysis (INA) of the University of California, Los Angeles
(UCLA), USA, due to a conference in 1951, where he got a copy of an INA report
which Hestenes wrote on the CG method. He recognized that the algorithm which
he invented in Zurich, Switzerland, is exactly the same and visited Hestenes in
his office to tell him, “This is my talk.” Hestenes invited Stiefel to stay for one
semester at UCLA and INA where they wrote together their famous paper [117].
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symmetric and positive definite. Thus, Hestenes, Stiefel, and Lanczos must be
seen as the inventors of the CG algorithm.

Note that the Krylov subspace methods for solving systems of linear equa-
tions were firstly seen as direct methods like, e. g., Gaussian elimination [74]
(cf. Chapter 1), since they produce, at least in exact arithmetics, the solution
in a finite number of steps.3 However, already Hestenes and Stiefel mentioned
the iterative behavior of the CG procedure since the norm of the residual
decreases from step to step, hence, leading to good approximations if stopped
before convergence. It took a long time until researchers rediscovered and ex-
ploited the potential of the CG algorithm as an iterative method. In 1972,
John K. Reid [197] was the first one of these researchers who compared the
CG algorithm with iterative methods and showed its superiority.

Although direct methods can be implemented exploiting the sparsity of
linear systems in a clever way by avoiding computations with zero-elements
as well as zero-element storage, iterative methods based on Krylov subspaces
have less computational complexity and need a smaller amount of computer
storage if the sparse system is very large (see, e. g., [252]). Moreover, compared
to most of the classical iterative algorithms like, e. g., the Gauss–Seidel algo-
rithm [76, 220] (cf. Chapter 1), Krylov based iterative methods do not suffer
from convergence problems and the right selection of iteration parameters.

The second half of the 20th century, mathematicians researched on CG
like algorithms for solving symmetric and non-positive definite as well as non-
symmetric systems of linear equations. The first attempt in the direction of
solving non-symmetric systems was based on bi-orthogonalization, similar to
the idea of Lanczos in [156], yielding the Bi-CG algorithm [69] published by
Roger Fletcher in 1976. There followed many algorithms like, e. g., the Bi-
CG STABilized (Bi-CGSTAB) algorithm [251] developed by Henk A. van der
Vorst, which is a combination of the Bi-CG method with residual steps of
order one. Probably the most popular method is the Generalized Minimal
RESidual (GMRES) algorithm [205] introduced by Yousef Saad and Martin
H. Schultz in 1986. The GMRES method minimizes the residual norm over all
vectors of the Krylov subspace, thus, behaving numerically more stable with
less computational complexity compared to equivalent methods. Another very
important procedure is the LSQR algorithm [182] invented by Christopher
C. Paige and Michael A. Saunders in 1982 in order to solve numerically ef-
ficient LS problems based on normal equations. Note that there exists much
more Krylov subspace algorithms for non-symmetric as well as symmetric and
non-positive definite systems which are not listed in this book due to its con-
centration on symmetric (or Hermitian) and positive definite problems. If the
reader is interested in solving non-symmetric or symmetric and non-positive
definite systems, it is recommended to read the surveys [92, 206, 252] or the
books [204, 237].

3 Alston S. Householder, e. g., discusses the CG algorithm in the chapter “Direct
Methods of Inversion” of his book [133].
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So far, we only discussed methods for solving systems of linear equations
with one right-hand side. However, the main focus of this chapter lies in block
Krylov methods [204, 252] which have been developed in the last decades for
solving systems with multiple right-hand sides as well as computing eigen-
values in a more efficient way. Note that we assume that all right-hand sides
are a priori known. Thus, methods like the augmented CG algorithm [66]
which computes the columns of the solution matrix consecutively are not dis-
cussed here. Before deriving the most important block Krylov methods and
discussing their properties, the following section repeats the main principles
of block Krylov methods in general and lists the application areas of the most
important ones.

3.1 Principles and Application Areas

Similar to Krylov methods, the main application areas of block Krylov algo-
rithms are solving systems of linear equations with multiple right-hand sides
and eigenvalue problems. Although these problems can be also solved with
Krylov methods, we will see in the next sections that using block versions
reduces computational complexity while maintaining the same level of system
performance. The most important block Krylov methods are summarized in
Table 3.1 where we distinguish between problems with Hermitian matrices,
i. e., A = AH, and the non-Hermitian case, i. e., A 	= AH. Throughout this
chapter, A is a square matrix.

Table 3.1. Application areas of block Krylov methods

System of linear equations Eigenvalue problem
AX = B AU = UΛ

A �= AH Block Generalized Minimal Block Arnoldi
RESidual (BGMRES) et al.

A = AH Block Conjugate Gradient Block Lanczos
(BCG, A positive definite)

The Block Conjugate Gradient (BCG) algorithm [175] for Hermitian
and positive definite matrices and the Block Generalized Minimal RESidual
(BGMRES) algorithm [223, 224, 203] for non-Hermitian as well as Hermi-
tian and non-positive definite matrices are the most popular block Krylov
procedures for solving systems of linear equations, e. g., AX = B with NM
unknowns and M right-hand sides, i. e., A ∈ C

N×N and X,B ∈ C
N×M ,
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N,M ∈ N. Note that we assume that N is a multiple integer of M , i. e.,
N = LM , L ∈ N.4

The fundamental idea of block Krylov methods is to approximate each
column of the solution X of the linear system AX = B in the D-dimensional
Krylov subspace

K(D) (A,B) = range
{[

B AB · · · Ad−1B
]}

⊆ C
N , (3.1)

where the dimension D is a multiple integer of M , i. e., D = dM , d ∈
{1, 2, . . . , L}. Hence, we approximate X by the matrix polynomial

X ≈ Xd = BΨ0 + ABΨ1 + A2BΨ2 + . . .+ Ad−1BΨd−1

=
d−1∑

�=0

A�BΨ� ∈ C
N×M ,

(3.2)

with the polynomial coefficients BΨ� ∈ C
N×M and the quadratic matrices

Ψ� ∈ C
M×M , � ∈ {0, 1, . . . , d− 1}.5 For the latter polynomial approximation,

the initial guess of the solution is assumed to be X0 = 0N×M (cf. Section 3.4).
Note that in the special case where M = 1, B reduces to the vector b ∈
C
N , Ψ� to the scalars ψ� ∈ C, and D = d. Thus, the matrix polynomial in

Equation (3.2) may be written as Ψ (D−1)(A)b ∈ C
N where

Ψ (D−1)(A) := ψ0IN + ψ1A + ψ2A
2 + . . .+ ψD−1A

D−1

=
D−1∑

�=0

ψ�A
� ∈ C

N×N .
(3.3)

In the case where A is Hermitian and positive definite, the scalars ψ� are
real-valued, i. e., ψ� ∈ R. See Appendix B.2 for a detailed derivation.

If we define B := [b0, b1, . . . , bM−1], it follows for j ∈ {0, 1, . . . ,M − 1}:

Xdej+1 =
M−1∑

k=0

Ψ
(d−1)
k,j (A)bk =

M−1∑

k=0

d−1∑

�=0

ψk,j,�A
�bk. (3.4)

Note that due to the combination of the polynomials Ψ (d−1)
k,j (A) (cf. Equa-

tion 3.4) which depend not only on the right-hand side bk but also on the
current column j + 1 of Xd under consideration, the maximal polynomial
degree of d − 1 is sufficient to obtain an approximation for each column of
X in a D-dimensional subspace of C

N where D = dM . Hence, the optimal

4 The matrix B may always be filled with zero columns such that this restriction
is true.

5 Clearly, the quadratic matrices Ψ� depend on d. However, due to simplicity, we
introduce only an additional index in the cases where a missing index leads to
confusion.
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solution is obtained for d = L = N/M . Other strategies are to approximate
each column j + 1 of the optimal solution X in a D-dimensional subspace of
C
N considering only the right-hand side bj , i. e.,

Xej+1 ≈ XDej+1 = Ψ
(D−1)
j (A)bj =

D−1∑

�=0

ψj,�A
�bj , (3.5)

or by approximating X in a DM -dimensional subspace of C
N×M , i. e.,

X ≈ XD = Ψ (D−1)(A)B =
D−1∑

�=0

ψ�A
�B. (3.6)

In both cases, we need a maximal polynomial degree of D−1 = N−1 in order
to achieve the optimal solution X. In other words, the latter two strategies
do not exploit the subspace in an efficient way, thus, leading to methods
which achieve the same performance as the approximation in K(D)(A,B)
only with an increase in computational complexity. Since we are interested
in computationally cheap approaches, we concentrate in this book on the
approximation method presented in Equation (3.4).

The block Lanczos algorithm [93, 175] as well as its derivatives [200, 201],
and the block Arnoldi algorithm [208, 207, 219], respectively, are methods for
the computation of eigenvalues of Hermitian and non-Hermitian matrices, re-
spectively. Compared to the Lanczos or Arnoldi procedure, the block versions
compute several eigenvalues at once which results in improved rates of con-
vergence. All (block) Krylov procedures are used as a preprocessing step for
the eigen decomposition (see, e. g., [131]) A = UΛU−1 with the diagonal
matrix Λ ∈ C

N×N of eigenvalues. Whereas the Lanczos or Arnoldi algorithm
transform the matrix A ∈ C

N×N to a matrix with tridiagonal6 or Hessenberg
structure7, the block variants produce a (2M+1)-diagonal or band Hessenberg
structure8, respectively. Note that good eigenvalue approximations of matri-
ces with such structures can be found in less steps than by directly computing
the eigenvalues of the original matrix A (cf., e. g., [204]).

In the sequel of this chapter, we review the mentioned block Krylov meth-
ods in more detail. Note that the BGMRES algorithm is no longer considered
since we are mainly interested in systems with Hermitian and positive defi-
nite matrices. See [223, 204] for detailed derivations and investigations of the
BGMRES procedure.

6 An (2n + 1)-diagonal matrix has 2n non-zero subdiagonals besides the main di-
agonal.

7 A Hessenberg matrix is an upper triangular matrix with additional non-zero en-
tries in the first subdiagonal.

8 A band Hessenberg matrix is an upper triangular matrix with additional non-zero
entries in the first M subdiagonals.
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3.2 Block Arnoldi Algorithm

In this section, we consider the block Arnoldi procedure [208, 207, 204] as an
algorithm which computes iteratively an orthonormal basis

Q =
[
Q0 Q1 · · · Qd−1

]
∈ C

N×D with QHQ = ID, (3.7)

of the D-dimensional Krylov subspace

K(D) (A,Q0) = range
{[

Q0 AQ0 · · · Ad−1Q0

]}
⊆ C

N , (3.8)

where A ∈ C
N×N , Q0 ∈ C

N×M has orthonormal columns, and D is a multiple
integer of M , i. e., D = dM , d ∈ {1, 2, . . . L}. Remember that N = LM .

First, we derive the fundamental iteration formula of the block Arnoldi al-
gorithm. Assume that we have already calculated the N×M matrices Q0, Q1,
. . ., and Q�, � ∈ {0, 1, . . . , d− 2}, such that they are mutually orthonormal,9
i. e.,

QH
i Qj =

{
IM , i = j,

0M×M , i 	= j,
i, j ∈ {0, 1, . . . , �}, (3.9)

and form a basis of the (� + 1)M -dimensional Krylov subspace
K((�+1)M)(A,Q0), i. e., the matrix Q� can be expressed by the matrix poly-
nomial Q� =

∑�
i=0 AiQ0Ψi,� ∈ C

N×M (cf. Equation 3.2). Then, we compute
Q�+1 ∈ C

N×M by orthonormalizing a matrix whose columns are elements
of the Krylov subspace K((�+2)M)(A,Q0), with respect to the matrices Q0,
Q1, . . ., and Q�. Although the obvious choice of this matrix is A�+1Q0 (cf.
Equation 3.8), we choose AQ� due to numerical issues. Note that the columns
of AQ� are elements of K((�+2)M)(A,Q0). Orthonormalization of the matrix
AQ� with respect to the matrices Qi, i ∈ {0, 1, . . . , �}, is done blockwise based
on the classical Gram–Schmidt procedure [94, 237, 204], i. e.,

Q�+1H�+1,� = AQ� −
�∑

i=0

QiHi,�. (3.10)

The left-hand side of Equation (3.10) is obtained by QR factorization of its
right-hand side (see Appendix B.3). Thus, the columns of Q�+1 are mutu-
ally orthonormal, i. e., QH

�+1Q�+1 = IM , and H�+1,� is an upper triangular
matrix. Further, the coefficients Hi,� ∈ C

M×M are chosen such that Q�+1 is
orthogonal, i. e.,

QH
i Q�+1H�+1,� = QH

i AQ� −
�∑

j=0

QH
i QjHj,�

!= 0M×M . (3.11)

9 Two matrices are denoted to be orthogonal/orthonormal if each column of the
one matrix is orthogonal/orthonormal to all the columns of the second matrix.
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If we recall that the matrices Q0, Q1, . . ., and Q� are already orthonormal to
each other (cf. Equation 3.9), the coefficients Hi,� to be used by the classical
Gram–Schmidt procedure in Equation (3.10), compute as

Hi,� = QH
i AQ�, i ∈ {0, 1, . . . , �}. (3.12)

Now, we derive an alternative iteration formula to the one in Equa-
tion (3.10) which is more stable in the presence of rounding errors. Replacing
Hi,� in Equation (3.10) using Equation (3.12), yields

Q�+1H�+1,� =

(

IN −
�∑

i=0

QiQ
H
i

)

AQ�. (3.13)

With Equation (3.9) and the definition of the matrices P⊥Qi
:= IN − QiQ

H
i

projecting onto the space orthogonal to the one spanned by the columns of
Qi, we get

IN −
�∑

i=0

QiQ
H
i =

�∏

i=0

(
IN − QiQ

H
i

)
=

�∏

i=0

P⊥Qi
, (3.14)

and Equation (3.13) can be rewritten as

Q�+1H�+1,� =

(
�∏

i=0

P⊥Qi

)

AQ�, (3.15)

which is the fundamental iteration formula of the so-called modified Gram–
Schmidt version [94, 237, 204] of the block Arnoldi algorithm. Again, Q�+1

and H�+1,� are obtained by the QR factorization of the right-hand side of
Equation (3.15).

In exact arithmetics, the two versions of the Gram–Schmidt procedure are
identical. Nevertheless, we prefer the Arnoldi algorithm based on the modified
Gram–Schmidt procedure because it is much more reliable in the presence of
rounding errors [237]. In order to further improve the reliability, one can in-
troduce an additional reorthogonalization step or use Householder reflection
matrices [253, 237] to produce a Hessenberg matrix with a slightly increase
in computational complexity. Although this high reliability is reasonable for
solving eigenvalue problems, the modified Gram–Schmidt with optional re-
orthogonalization is adequate in most cases if we are interested in solving
systems of linear equations.

To end up in a computationally efficient algorithm, we also compute the
right-hand side of Equation (3.15) in an iterative manner. Starting with V0 =
AQ� ∈ C

N×M , we calculate iteratively

Vi+1 = P⊥Qi
Vi = Vi − QiQ

H
i Vi ∈ C

N×M , i ∈ {0, 1, . . . , �}, (3.16)
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ending up with V�+1 = (
∏�
i=0 P⊥Qi

)AQ�. Using Equations (3.9) and (3.12),
we further get

QH
i Vi = QH

i

⎛

⎝
i−1∏

j=0

P⊥Qj

⎞

⎠AQ� = QH
i AQ� = Hi,�, (3.17)

since QH
i P⊥Qj

= QH
i for all j ∈ {0, 1, . . . , i− 1} because QH

i Qj = 0M×M for
i 	= j (cf. Equation 3.9). Finally, we compute the QR factorization of V�+1 in
order to obtain Q�+1 and H�+1,�. This implementation of Equation (3.15) is
summarized in Algorithm 3.1. where Equation (3.17) can be found in Line 5,
the iteration formula of Equation (3.16) in Line 6 with the initial value com-
puted in Line 3, and the QR decomposition in Line 8 (cf. Appendix B.3).
Note that we omitted the index at V since it can be overwritten to reduce
computer storage.

Algorithm 3.1. Block Arnoldi
Choose a matrix Q0 ∈ C

N×M with orthonormal columns.
2: for � = 0, 1, . . . , d− 2 ∧ d > 1 do

V ← AQ�

4: for i = 0, 1, . . . , � do
Hi,� ← QH

i V
6: V ← V −QiHi,�

end for
8: (Q�+1, H�+1,�)← QR(V )

end for
10: Q← [Q0, Q1, . . . , Qd−1]

We conclude this section with the following property of the orthonormal
basis Q of the Krylov subspace K(D)(A,Q0).

Proposition 3.1. The transformed matrix H := QHAQ ∈ C
D×D has band

Hessenberg structure.

Proof. The structure of a band Hessenberg matrix is shown in Figure 3.1.
If we define Hm,�, m, � ∈ {0, 1, . . . , d − 1}, to be the M ×M matrix in the
(m + 1)th block row and the (� + 1)th block column of the D × D matrix
H, i. e., Hm,� = QH

mAQ� ∈ C
M×M if we recall that Q = [Q0,Q1, . . . ,Qd−1],

Proposition 3.1 is proven if the last two cases of the following equation are
true:

QH
mAQ� =

⎧
⎪⎨

⎪⎩

Hm,�, m < �+ 1,
H�+1,� (upper triangular matrix), m = �+ 1,
0M×M , m > �+ 1.

(3.18)

Multiply Equation (3.15) on the left-hand side by QH
m. If m > �, we get
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QH
mQ�+1H�+1,� = QH

mAQ�, (3.19)

since again QH
mP⊥Qi

= QH
m for all i ∈ {0, 1, . . . , �}. Thus, for m = � + 1,

QH
mAQ� = H�+1,� which is an upper triangular matrix due to the QR factor-

ization, and for m > �+ 1, QH
mAQ� = 0M×M , due to Equation (3.9). ��

D

D

M

M

H0,0 H0,1 H0,2 H0,d−1

H1,0 H1,1 H1,2 H1,d−1

H2,1 H2,2 H2,d−1

Hd−1,
d−2

Hd−1,
d−1

. . . . . .

. . .

. . .

. . .

...

Fig. 3.1. Structure of the D×D band Hessenberg matrix H with M subdiagonals

Note that the main purpose of Algorithm 3.1. is to compute Q and not
the band Hessenberg matrix H. However, with a slightly increase in compu-
tational complexity, Algorithm 3.1. can be enhanced to compute also the last
block column of H which is missing so far.

3.3 Block Lanczos Algorithm

3.3.1 Original Version

The block Lanczos algorithm [93, 175, 94, 204] is a simplified block Arnoldi
procedure for the particular case where the matrix A is Hermitian.

Proposition 3.2. If the block Arnoldi algorithm is applied to a Hermitian
matrix A, the generated block matrices Hm,� are such that Hm,� = 0M×M
for m < �− 1 and H�,�+1 = HH

�+1,�.
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Proof. If A is Hermitian, then H = QHAQ is Hermitian, i. e., Hm,� = HH
�,m

and especially, H�,�+1 = HH
�+1,�. Since Hm,� = 0M×M for m > � + 1 due to

Proposition 3.1, Hm,� = 0M×M is also true for m < �− 1. ��

Thus, H is a Hermitian band Hessenberg matrix with bandwidth 2M + 1
as shown in Figure 3.2 if we define Ξ� := H�,� ∈ C

M×M and Υ�+1 := H�,�+1 ∈
C
M×M . Note that if M = 1, the Hermitian band Hessenberg matrix is equal

to a Hermitian tridiagonal matrix.

D

D

2M + 1

Ξ0 Υ1

Υ H
1 Ξ1 Υ2

Υ H
2 Ξ2

Υd−1

Υ H
d−1 Ξd−1

. . .

. . . . . .

Fig. 3.2. Structure of the Hermitian D×D band Hessenberg matrix H with band-
width 2M + 1

As already mentioned, Lanczos [156] suggested an algorithm to transform
a matrix A to a tridiagonal matrix. Besides the derivation of an algorithm
for symmetric matrices, he presented already an extended procedure for the
non-symmetric case based on bi-orthogonalization which was working on two
Krylov subspaces, viz., K(D)(A, q0) and K(D)(AH, q0). Note that the matrix
Q0 ∈ C

N×M reduces to the vector q0 ∈ C
N if M = 1. Arnoldi simplified this

method for non-symmetric matrices by using only K(D)(A, q0) to generate a
Hessenberg matrix instead of a tridiagonal one.

Since Hi,� = 0M×M for i < � − 1 (cf. Proposition 3.2), the fundamental
iteration formula in Equation (3.10) simplifies to

Q�+1H�+1,� = AQ� − Q�H�,� − Q�−1H�−1,�

=
(
IN − Q�Q

H
� − Q�−1Q

H
�−1

)
AQ�,

(3.20)

or to the modified Gram–Schmidt version, i. e.,
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Q�+1H�+1,� = P⊥Q�−1P⊥Q�
AQ�, (3.21)

which are both the fundamental three-term iteration formulas of the block
Lanczos procedure. Again, the left-hand sides are obtained by QR factoriza-
tion of the right-hand sides.

Finally, the block Lanczos method [93] given in Algorithm 3.2. is obtained
by modifying the block Arnoldi procedure given in Algorithm 3.1. in an ade-
quate way. For the same reason as above, the inner for-loop of Algorithm 3.1.
has to be executed only for i ∈ {� − 1, �} and Lines 3 to 7 of Algorithm 3.1.
may be replaced by Lines 5 to 7 of Algorithm 3.2.. Therefore, the amount
of computer storage is reduced tremendously compared to the block Arnoldi
algorithm. Again, Algorithm 3.2. is designed to compute the basis Q. If one
is interested in the Hessenberg matrix H, the given implementation of the
block Lanczos procedure has to be extended by the computation of Ξd−1.

Algorithm 3.2. Block Lanczos
Υ0 ← 0M×M

2: Q−1 ← 0N×M

Choose a matrix Q0 ∈ C
N×M with orthonormal columns.

4: for � = 0, 1, . . . , d− 2 ∧ d > 1 do
V ← AQ� −Q�−1Υ�

6: Ξ� ← QH
� V

V ← V −Q�Ξ�

8: (Q�+1, Υ
H
�+1)← QR(V )

end for
10: Q← [Q0, Q1, . . . , Qd−1]

It is really astonishing that the simple procedure in Algorithm 3.2. guaran-
tees, at least in exact arithmetic, that the matrix Q has orthonormal columns.
Nevertheless, in the presence of rounding errors, the global orthonormality
may be lost after a few iteration steps. Hence, additional reorthogonalization
steps are necessary [94].

Note that in the special case M = 1, the Lanczos algorithm is nothing but
the Stieltjes algorithm [77] for computing a sequence of orthogonal polyno-
mials [204]. Moreover, the characteristic polynomial of the tridiagonal matrix
produced by the Lanczos algorithm minimizes the norm ‖P (A)q0‖2 over the
monic polynomials P (A) (cf., e. g., [202, 237]).10

3.3.2 Dimension-Flexible Ruhe Version

Ruhe derived in [200] a version of the block Lanczos procedure where the
matrix Q ∈ C

N×D is computed columnwise instead of blockwise. First, we
10 Monic polynomials are the polynomials where the coefficient of the term with

maximal degree is one.
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derive this version for the case where D is still an integer multiple of M , i. e.,
D = dM , d ∈ {1, 2, . . . , L}. Then, we observe that the resulting algorithm can
also be used for an arbitrary D ∈ {M,M + 1, . . . , N}.11

LetD = dM . Recall the fundamental iteration formula of the Lanczos algo-
rithm in Equation (3.20). Since Q = [Q0,Q1, . . . ,Qd−1] = [q0, q1, . . . , qdM−1],
we get for � ∈ {0, 1, . . . , d− 2},
[
q(�+1)M q(�+1)M+1 · · · q(�+2)M−1

]
H�+1,�

=A
[
q�M q�M+1 · · · q(�+1)M−1

]

−
[
q�M q�M+1 · · · q(�+1)M−1

]
H�,�

−
[
q(�−1)M q(�−1)M+1 · · · q�M−1

]
H�−1,�.

(3.22)

Now consider the (k+ 1)th column of Equation (3.22), k ∈ {0, 1, . . . ,M − 1},
and remember that H�+1,� is an upper triangular matrix whereas H�−1,� =
HH
�,�−1 is lower triangular. Besides, we define hmM+j,�M+k to be the entry

in the (j + 1)th row and (k + 1)th column, j, k ∈ {0, 1, . . . ,M − 1}, of the
matrix Hm,�, m, � ∈ {0, 1, . . . , d − 1}, and the (mM + j + 1)th row and the
(�M + k + 1)th column of H, respectively. It follows

(�+1)M+k∑

i=(�+1)M

qihi,�M+k = Aq�M+k −
(�+1)M−1∑

i=(�−1)M+k
i∈N0

qihi,�M+k, (3.23)

or

q(�+1)M+kh(�+1)M+k,�M+k = Aq�M+k −
(�+1)M+k−1∑

i=(�−1)M+k
i∈N0

qihi,�M+k, (3.24)

by bringing qihi,�M+k for i ∈ {(�+ 1)M, (�+ 1)M + 1, . . . , (�+ 1)M + k − 1}
on the right-hand side. If we define j+1 := (�+1)M + k and m := �M + k =
j −M + 1, i. e., j ∈ {M − 1,M, . . . ,D − 2} and m ∈ {0, 1, . . . ,D −M − 1},
Equation (3.24) may be rewritten as

qj+1hj+1,m = Aqm −
m+M−1∑

i=m−M
i∈N0

qihi,m ∈ C
N , (3.25)

where hi,m = qH
i Aqm and hj+1,m = qH

j+1Aqm is chosen to ensure that
‖qj+1‖2 = 1. Note that Equation (3.25) is the fundamental iteration formula
of the block Lanczos–Ruhe algorithm [200, 204].

Starting with the orthonormal vectors q0, q1, . . ., and qM−1, all elements
of C

N , the block Lanczos–Ruhe algorithm multiplies in a first step q0 by A

11 Note that N can be also chosen as an arbitrary integer as long as N ≥M .
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on the left-hand side and orthonormalizes the resulting vector with respect to
the vectors q0, q1, . . ., and qM−1 based on a Gram–Schmidt procedure. The
resulting vector is defined to be qM . In the second step, the vector qM+1 is
obtained by orthonormalizing Aq1 with respect to all available vectors, viz.,
q0, q1, . . ., qM−1, and qM . At the (m + 1)th step, the vector qm+M is the
part of Aqm orthonormal to the last at most 2M vectors qi, i ∈ {m−M,m−
M + 1, . . . ,m + M − 1} ∩ N0. This procedure is repeated until the vector
qD−1 is obtained. The resulting block Lanczos–Ruhe method is depicted in
Algorithm 3.3.. Note that we exploit the fact that A is Hermitian in Lines 6
to 10 in order to reduce computational complexity. There, we compute hi,m
only for i ≥ m and use the already computed hm,i to get hi,m = h∗m,i in the
cases where i < m.

Algorithm 3.3. Block Lanczos–Ruhe
Choose a matrix [q0, q1, . . . , qM−1] ∈ C

N×M with orthonormal columns.
2: for j = M − 1, M, . . . , D − 2 ∧ D > M do

m← j −M + 1
4: v ← Aqm

for i = j − 2M + 1, j − 2M + 2, . . . , j ∧ i ∈ N0 do
6: if i < m then

hi,m ← h∗m,i

8: else
hi,m ← qH

i v
10: end if

v ← v − qihi,m

12: end for
hj+1,m ← ‖v‖2

14: qj+1 ← v/hj+1,m

end for
16: Q← [q0, q1, . . . , qD−1]

Note that compared to the block Arnoldi or Lanczos procedure (cf. Al-
gorithm 3.1. and 3.2.), the dimension D of the Krylov subspace is no longer
restricted to be an integer multiple of M (cf. Proposition 3.3), resulting in
a more flexible iterative solver for systems of linear equations. Nevertheless,
it gives up the potential of a parallel implementation since the vectors qj+1,
j ∈ {M − 1,M, . . . ,D − 2} are computed sequentially.

Proposition 3.3. For an arbitrary D ∈ {M,M + 1, . . . , N}, the columns of
the matrix Q = [q0, q1, . . . , qD−1] of the block Lanczos–Ruhe algorithm form
an orthonormal basis of the sum of Krylov subspaces

K(D)
Ruhe (A, q0, q1, . . . , qM−1) :=

μ−1∑

k=0

K(d) (A, qk)+
M−1∑

k=μ
μ<M

K(d−1) (A, qk) , (3.26)
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where d = 
D/M� ∈ {1, 2, . . . , 
N/M�} and μ = D−(d−1)M ∈ {1, 2, . . . ,M}.

Proof. See Appendix B.4. ��

It remains to mention that all reviewed algorithms, viz., the block Arnoldi,
Lanczos, and Lanczos–Ruhe algorithm, can be extended to solve the system
of linear equations AX = B. In this case, the initial matrix Q0 ∈ C

N×M

has to be chosen to be an orthonormal basis of the subspace range{B},12

e. g., by QR factorization (Q0,H0,−1) = QR(B) (cf. Appendix B.3) or by
Q0 = B(BHB)−1/2. Hence, K(D)(A,B) = K(D)(A,Q0) since the polynomial
coefficients BΨ�, � ∈ {0, 1, . . . , d− 1}, of the matrix polynomial representing
an element of the Krylov subspace (cf. Equation 3.2) can be replaced by
BH−1

0,−1Ψ
′
� = Q0Ψ

′
� where Ψ� = H−1

0,−1Ψ
′
�, or by B(BHB)−1/2Ψ ′� = Q0Ψ

′
�

where Ψ� = (BHB)−1/2Ψ ′�, respectively. Nevertheless, the block Krylov
method usually used for solving systems of linear equations with multiple
right-hand sides where A is Hermitian, is the Block Conjugate Gradient
(BCG) algorithm [175, 204] which is discussed in the next section.

3.4 Block Conjugate Gradient Algorithm

3.4.1 Original Version

The Block Conjugate Gradient (BCG) algorithm [175, 204] is an iterative
method to solve the system AX = B of linear equations which we already
discussed in the introduction of this chapter. Again, A ∈ C

N×N , X,B ∈
C
N×M , N = LM , and L ∈ N.

The first step in the derivation of the BCG algorithm is to interpret the
solution of the system of linear equations as a solution of the optimization
problem

X = argmin
X′∈CN×M

εF/A (X ′) . (3.27)

Here, the cost function can be the squared Frobenius norm (cf. Appendix A.2)
of the residuum matrix R′ = B − AX ′ ∈ C

N×M , given by

εF (X ′) = ‖R′‖2
F = ‖B − AX ′‖2

F

= tr
{
X ′,HAHAX ′ − X ′,HAHB − BHAX ′ + BHB

}
,

(3.28)

also used for the derivation of the Block Generalized Minimal RESidual
(BGMRES) algorithm [223, 224, 203]. However, if A is Hermitian and positive
definite, the A-norm exists (cf. Appendix A.2) and minimizing the squared
Frobenius norm over all X ′ is equal to minimizing the squared A-norm of the
error matrix E′ = X − X ′ ∈ C

N×M written as

12 Again, we assume the initial value of the approximation of X to be X0 = 0N×M .
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εA (X ′) = ‖E′‖2
A = ‖X − X ′‖2

A

= tr
{
X ′,HAX ′ − X ′,HB − BHX ′ + XHB

}
,

(3.29)

since both minima compute as X = A†B = (AHA)−1AHB = A−1B. The
matrix A† is the left-hand side Moore–Penrose pseudoinverse [167, 168, 184,
97] of A. In the sequel of this section, we restrict ourselves to Hermitian and
positive definite matrices A and use the A-norm of the error matrix E′ as
the cost function of the optimization.

In a further step, we solve the optimization in an iterative manner. Start-
ing from an initial approximation X0 ∈ C

N×M , the new approximate so-
lution X�+1 ∈ C

N×M , � ∈ {0, 1, . . . , L − 1}, at iteration step � + 1 is ob-
tained by improving the previous approximation X� ∈ C

N×M based on an
M -dimensional search in the subspace spanned by the columns of the direction
matrix D� ∈ C

N×M , i. e.,

X�+1 = X� + D�Φ�. (3.30)

The optimal step size matrix Φ� ∈ C
M×M is obtained by minimizing the

chosen cost function εA(X ′) where X ′ = X� + D�Φ, i. e.,

Φ� = argmin
Φ∈CM×M

εA (X� + D�Φ) . (3.31)

Partially differentiating εA(X� + D�Φ) according to Φ∗, and setting each
element of the result equal to zero, yields the optimal step size matrix

Φ� =
(
DH
� AD�

)−1
DH
� (B − AX�) =

(
DH
� AD�

)−1
DH
� R�, (3.32)

with the residuum matrix R� = B − AX� ∈ C
N×M . Note that the repeated

application of the update formula in Equation (3.30) to Xi for i ∈ {0, 1, . . . , �},
yields

X�+1 = X0 +
�∑

i=0

DiΦi. (3.33)

As we will see, the BCG algorithm is a special case of a Block Conjugate
Direction (BCD) method,13 i. e., an algorithm where each column of one di-
rection matrix is A-conjugate14 to all columns of all the remaining direction
matrices. It holds for i, j ∈ {0, 1, . . . , �} that

DH
i ADj = 0M×M for all i 	= j. (3.34)

In the following, we denote search direction matrices with this property as
A-conjugate or A-orthogonal. This special choice of search direction matrices
13 The first algorithm based on conjugate directions has been presented in [72] which

denoted the authors as the method of orthogonal vectors.
14 Two vectors x and y are A-conjugate or A-orthogonal if xHAy = 0.
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makes BCD methods, and therefore, the BCG algorithm, so powerful because
it splits the (�+1)M -dimensional optimization problem at iteration step �+1,
into � + 1 times M -dimensional optimization problems without losing opti-
mality. This fundamental characteristic of BCD algorithms can be formulated
more detailed as the following proposition.

Proposition 3.4. The fact that the search direction matrices are mutually A-
conjugate ensures that the choice of Φ� given by Equation (3.32) minimizes
the cost function εA(X ′) not only in the subspace spanned by the columns of
the direction matrix D� (cf. Equation 3.30), but also in the whole subspace
spanned by the columns of the direction matrices D0, D1, . . ., and D�. In
other words, with X� according to Equation (3.33), it holds

εA (X�+1) = min
Φ∈CM×M

εA (X� + D�Φ) = min
(F ′

0,F
′
1,...,F

′
�)

F ′
i∈C

M×M

εA

(

X0 +
�∑

i=0

DiF
′
i

)

. (3.35)

Proof. We prove Proposition 3.4 by computing the optimal weights

(F0,F1, . . . ,F�) = argmin
(F ′

0,F
′
1,...,F

′
�)

F ′
i∈C

M×M

εA

(

X0 +
�∑

i=0

DiF
′
i

)

, (3.36)

of the right-hand side of Equation (3.35), and showing that they are identical
to Φi, i ∈ {0, 1, . . . , �}, given by Equation (3.32).

With the definition of the cost function in Equation (3.29), we get

εA

(

X0 +
�∑

i=0

DiF
′
i

)

= tr

{

XH
0 AX0 + XH

0 A

�∑

i=0

DiF
′
i +

�∑

i=0

F ′,Hi DH
i AX0

+

(
�∑

i=0

F ′,Hi DH
i

)

A

(
�∑

i=0

DiF
′
i

)

−XH
0 B−BHX0

−
�∑

i=0

F ′,Hi DH
i B−BH

�∑

i=0

DiF
′
i+XHB

}

. (3.37)

Due to the A-conjugacy of the search direction matrices (cf. Equation 3.34),
all the summands with the term DH

i ADj , i, j ∈ {0, 1, . . . , �}, i 	= j, vanish
and Equation (3.37) simplifies to

εA

(

X0 +
�∑

i=0

DiF
′
i

)

= tr
{
XH

0 AX0 − XH
0 B − BHX0 + XHB

+
�∑

i=1

(
F ′,Hi DH

i ADiF
′
i − F ′,Hi DH

i B − BHDiF
′
i

+XH
0 ADiF

′
i+F ′,Hi DH

i AX0

)}
. (3.38)
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By partially differentiating with respect to F ′,∗i , i ∈ {0, 1, . . . , �}, and setting
the result equal to 0M×M for F ′i = Fi, we get the following system of linear
equations:

∂εA

(
X0 +

∑�
i=0 DiF

′
i

)

F ′,∗i

∣
∣
∣
∣
∣
∣
F ′

i =Fi

= DH
i ADiFi − DH

i (B − AX0)

!= 0M×M , (3.39)

with the solutions

Fi =
(
DH
i ADi

)−1
DH
i R0, i ∈ {0, 1, . . . , �}. (3.40)

Consequently, Fi = Φi for all i ∈ {0, 1, . . . , �} (cf. Equation 3.32) if we can
show that DH

i R0 = DH
i Ri. Use the definition of the residuum matrix and

Equation (3.33) to get

DH
i Ri = DH

i B − DH
i A

⎛

⎝X0+
i−1∑

j=0

DjΦj

⎞

⎠ = DH
i (B − AX0)

= DH
i R0,

(3.41)

where we exploited again the fact that the search direction matrices are mu-
tually A-conjugate. ��

Based on Proposition 3.4, we can also conclude that iterative BCD meth-
ods compute the exact solution X in less than or equal to L = N/M steps be-
cause at the final step, the solution obtained from the iterative M -dimensional
optimizations is identical to the solution of the optimization problem in the
whole C

N which is clearly XL = X = A−1B.15

Now, since we have seen that the A-conjugate search direction matrices
simplify tremendously the iterative solving of a system of linear equations,
the following question remains: How can we generate the A-conjugate search
direction matrices in an efficient way?

For this aim, we choose arbitrary N ×M matrices J0, J1, . . ., and JL−1,
L = N/M , whose columns are linearly independent, i. e., the matrix J =
[J0,J1, . . . ,JL−1] ∈ C

N×N has full rank. Besides, we assume that we have
already computed the mutually A-conjugate search direction matrices D0,
D1, . . ., and D� based on the matrices J0, J1, . . ., and J� starting with
D0 = J0. For the next iteration step, we are interested in the search direction
matrix D�+1 which has to be A-conjugate to all previous search direction
matrices. The conjugate Gram–Schmidt procedure similar to the one used in
15 Note that if A = Ā + αIN is Hermitian and positive definite and Ā has rank

r, then the optimum is even achieved after at most �r/M	 + 1 steps (cf. [94],
Theorem 10.2.5).
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Section 3.2,16 can be used to A-orthogonalize J�+1 ∈ C
N×M with respect to

the previous search direction matrices. We obtain

D�+1 = J�+1 +
�∑

i=0

DiΘi,�, (3.42)

where Θi,� ∈ C
M×M is chosen such that D�+1 is A-conjugate to all previous

search direction matrices, i. e., it holds for i ∈ {0, 1, . . . , �}:

DH
i AD�+1 = DH

i AJ�+1 +
�∑

j=0

DH
i ADjΘj,�

!= 0M×M . (3.43)

Remembering the fact that the previous search direction matrices Dj , j ∈
{0, 1, . . . , �}, are already A-orthogonal, all the summands over j except for
j = i vanish, and the matrix Θi,� computes finally as

Θi,� = −
(
DH
i ADi

)−1
DH
i AJ�+1. (3.44)

Before simplifying Equation (3.42) by choosing the matrices Ji, i ∈
{0, 1, . . . , � + 1}, in a special way, we list the additional properties of the
BCD method defined by Equations (3.30), (3.32), (3.42), and (3.44), besides
the main characteristic of A-conjugate search direction matrices ensured by
the recursion formula in Equation (3.42) with the special choice of Θi,� in
Equation (3.44).

Proposition 3.5. The A-conjugate search direction matrices D0, D1, . . .,
and D�+1, generated using Equations (3.42) and (3.44), the matrices J0, J1,
. . ., and J�, and the residuum matrix R�+1 satisfy the following relations:

DH
j R�+1 = 0M×M , j < �+ 1, (3.45)

JH
j R�+1 = 0M×M , j < �+ 1, (3.46)

JH
�+1R�+1 = DH

�+1R�+1. (3.47)

Proof. For the proof of Equation (3.45), we define the error matrix E�+1 at
the (�+ 1)th iteration step to be

E�+1 = X −X�+1 = X0 +
L−1∑

i=0

DiΦi−X0 −
�∑

i=0

DiΦi =
L−1∑

i=�+1

DiΦi, (3.48)

16 Compared to the Gram–Schmidt procedure used in Section 3.2 for orthogonaliza-
tion, the conjugate Gram–Schmidt method is used for A-orthogonalization. Note
that the sign before the sum in Equation (3.42) can be changed without loss of
generality if the matrix coefficients Θi,� are adjusted accordingly.
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where we used Equation (3.33) to replace X�+1 as well as X = XL. Thus,
the residuum matrix R�+1 can be written as

R�+1 = B − AX�+1 = A (X − X�+1) = AE�+1, (3.49)

and we get for j ∈ {0, 1, . . . , �}:

DH
j R�+1 = DH

j AE�+1 =
L−1∑

i=�+1

DH
j ADiΦi = 0M×M , (3.50)

due to the mutual A-conjugacy of the search direction matrices. Note that
i > j for all summands. Thus, Equation (3.45) of Proposition 3.5 is verified.

In order to verify the last two Equations (3.46) and (3.47), we take Equa-
tion (3.42) Hermitian, replace �+1 by j, and multiply R�+1 on the right-hand
side. We get

DH
j R�+1 = JH

j R�+1 +
j−1∑

i=0

ΘH
i,j−1D

H
i R�+1. (3.51)

It holds finally due to Equation (3.45) that

JH
j R�+1 =

{
0M×M , j < �+ 1,
DH
j R�+1, j = �+ 1,

(3.52)

which proves the remaining equations of Proposition 3.5. ��

In the following, we present the BCG algorithm as a computationally more
efficient BCD method. The crucial idea is to choose the basis J such that
most of the summands in Equation (3.42) vanish. At iteration step �+ 1, the
BCG algorithm sets J�+1 = R�+1 beginning with J0 = R0 = B − AX0.
First, this choice makes the residuum matrices mutually orthogonal due to
Equation (3.45), i. e.,

RH
j R�+1 = 0M×M for all j < �+ 1. (3.53)

Thus, as far as the residuum matrix is unequal to 0M×M which is only the
case when the exact solution is reached, the columns of the residuum matrices
are linearly independent. Remember that this was a necessary requirement of
the basis J .

In order to show an even more important consequence of using the
residuum matrix R�+1 as J�+1 for the conjugate Gram–Schmidt procedure
in Equation (3.42), we firstly reformulate the residuum matrix R�+1 as fol-
lows:

R�+1 = B − AX�+1 = B − A (X� + D�Φ�) = R� − AD�Φ�, (3.54)

by using the update formula in Equation (3.30). Then, if we replace � by i
and multiply its Hermitian on the left-hand side on R�+1, we get
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RH
i+1R�+1 = RH

i R�+1 − ΦH
i DH

i AR�+1. (3.55)

With Equation (3.53) and the fact that J�+1 = R�+1, it holds for i < � + 1
that

DH
i AJ�+1 =

{
−ΦH,−1

� RH
�+1R�+1, i = �,

0M×M , i < �,
(3.56)

and the matrices Θi,� in Equation (3.44) compute as

Θi,� =

{(
ΦH
� DH

� AD�

)−1
RH
�+1R�+1, i = �,

0M×M , i < �,
(3.57)

i. e., they vanish for i < �. Hence, we can rewrite Equations (3.42) and (3.44)
as

D�+1 = R�+1 + D�Θ�, (3.58)

and
Θ� := Θ�,� =

(
ΦH
� DH

� AD�

)−1
RH
�+1R�+1, (3.59)

respectively, which is computationally more efficient since only the A-
conjugacy to D� has to be constructed. Note that this simplification is not
possible for non-Hermitian matrices A. Thus, there exists no BCG-like algo-
rithm for non-Hermitian matrices [249, 68].

Proposition 3.6. Each column of the approximation X�+1−X0 of X−X0 at
iteration step �+ 1 lies in the subspace spanned by the columns of the search
direction matrices D0, D1, . . ., and D� which is identical to the subspace
spanned by the columns of the residuum matrices R0, R1, . . ., and R� as well
as the Krylov subspace K((�+1)M)(A,D0) = K((�+1)M)(A,R0).

Proof. The fact that each column of X�+1 −X0 lies in the subspace spanned
by the columns of the search direction matrices, i. e.,

X�+1 − X0 = range
{[

D0 D1 · · · D�

]}
, (3.60)

is already proven since X�+1 can be expressed as a linear combination of
the columns of the search direction matrices D0, D1, . . ., and D� (cf. Equa-
tion 3.33).

It remains to show that the subspace spanned by the columns of the search
direction matrices is identical to the subspace spanned by the columns of the
residuum matrices which has to be the Krylov subspace, i. e.,

range
{[

D0 D1 · · · D�

]}
= range

{[
R0 R1 · · · R�

]}
(3.61)

= K((�+1)M) (A,D0) = K((�+1)M) (A,R0) .

First of all, K((�+1)M)(A,D0) = K((�+1)M)(A,R0) since D0 = J0 = R0 =
B − AX0. Further on, we prove by induction on �. Consider the case � = 0.
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Clearly, range{D0} = range{R0} = K(M)(A,R0) by using again D0 = R0.
Now, assume that Equation (3.61) holds for � = i, i. e., with the polynomial
representation defined in Equation (3.2),

Di =
i∑

�=0

A�R0Ψ�,i and Ri =
i∑

�=0

A�R0Ψ
′
�,i. (3.62)

Then, use Equations (3.54) and (3.58) to get

Ri+1 =
i∑

�=0

A�R0Ψ
′
�,i − A

i∑

�=0

A�R0Ψ�,iΦi =:
i+1∑

�=0

A�R0Ψ
′
�,i+1, (3.63)

Di+1 =
i+1∑

�=0

A�R0Ψ
′
�,i+1 +

i∑

�=0

A�R0Ψ�,iΦi =:
i+1∑

�=0

A�R0Ψ�,i+1, (3.64)

which shows that Equation (3.61) holds also for � = i + 1 and the proof of
Proposition 3.6 is completed. ��

The fact that the columns of the search direction matrices as well as the
columns of the residuum matrices lie in a Krylov subspace is actually the
reason why the new residuum matrix R�+1 has to be only A-orthogonalized
with respect to the search direction matrix D�. Krylov subspaces have the
property that AK(�M)(A,R0) is included in K((�+1)M)(A,R0).17 Therefore,
since R�+1 is orthogonal to K((�+1)M)(A,R0) due to Equation (3.53), it is
already A-orthogonal to a matrix build up by linearly independent elements
of K(�M)(A,R0). That is the reason why the matrices Θi,� in Equation (3.42)
vanish for i < � which results in the computationally efficient Equation (3.58).
Note that only the BCG algorithm with J�+1 = R�+1 approximates each
column of X − X0 in a Krylov subspace. This is not true for BCD methods
in general.

Before presenting the BCG algorithm, we further simplify some of its equa-
tions. With Equation (3.47) and the fact that J�+1 = R�+1, Equation (3.32)
may be rewritten as

Φ� =
(
DH
� AD�

)−1
RH
� R�. (3.65)

Plugging Equation (3.65) in Equation (3.59), yields

Θ� =
(
RH
� R�

)−1
RH
�+1R�+1. (3.66)

Finally, Equations (3.30), (3.54), (3.58), (3.65), and (3.66) are summarized in
Algorithm 3.4. where we adjusted the formulas such that matrix-matrix prod-
ucts which occur several times, are computed only once. Starting from X0,
17 The term AS denotes a vector subspace where the elements are obtained by the

multiplication of the matrix A with each element of the vector subspace S.
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Algorithm 3.4. computes the approximation Xd, d ∈ {1, 2, . . . , L}, of the exact
solution X of the system AX = B of linear equations such that each column
of Xd − X0 lies in the D-dimensional Krylov subspace K(D) (A,B − AX0)
(cf. Proposition 3.6). Remember that the dimension D is restricted to integer
multiples of the number M of right-hand sides, i. e., D = dM . At the last
iteration step, i. e., for � = d − 1, Algorithm 3.4. is stopped after executing
Line 8 since the desired approximation Xd has been already computed and
the matrices Rd, Gd, Θd−1, and Dd are no longer needed.

Algorithm 3.4. Block Conjugate Gradient (BCG)
Choose an arbitrary matrix X0 ∈ C

N×M (e. g., X0 ← 0N×M ).
2: R0 ← B −AX0

G0 ← RH
0 R0

4: D0 ← R0

for � = 0, 1, . . . , d− 1 do
6: V ← AD�

Φ� ← (DH
� V )−1G�

8: X�+1 ← X� + D�Φ�

R�+1 ← R� − V Φ�

10: G�+1 ← RH
�+1R�+1

Θ� ← G−1
� G�+1

12: D�+1 ← R�+1 + D�Θ�

end for

3.4.2 Rate of Convergence

In this subsection, we analyze the convergence of the BCG algorithm by in-
vestigating the behavior of the squared A-norm of the error matrix E�+1 =
X−X�+1 ∈ C

N×M (cf. Equation 3.48) between the exact solution X ∈ C
N×M

and the approximate BCG solution X�+1 ∈ C
N×M , in terms of the number

� + 1 of performed iterations. Note that this error norm, i. e., ‖E�+1‖2
A, is

equal to the cost function εA(X�+1) which is minimized by the BCG method
at the (� + 1)th iteration step (see Equation 3.29 and Proposition 3.4). If
ε�+1,j = E�+1ej+1 ∈ C

N , j ∈ {0, 1, . . . ,M − 1}, denotes the (j + 1)th column
of the error matrix E�+1, its squared A-norm reads as (cf. Appendix A.2)

‖E�+1‖2
A = tr

{
EH
�+1AE�+1

}
=
M−1∑

j=0

εH
�+1,jAε�+1,j

=
M−1∑

j=0

‖ε�+1,j‖2
A .

(3.67)



3.4 Block Conjugate Gradient (BCG) Algorithm 55

In the following, we investigate the squared A-norm of the (j+1)th column of
the error matrix E�+1, i. e., ‖ε�+1,j‖2

A, and use the result to get an expression
for ‖E�+1‖2

A based on Equation (3.67).
From Proposition 3.6, it follows that the approximate solution X�+1 at

the (� + 1)th iteration step of the BCG algorithm, can be expressed by a
polynomial in A ∈ C

N×N of degree �, i. e.,

X�+1 =
�∑

i=0

AiR0Ψi,� + X0. (3.68)

If we choose the origin as the initial BCG approximation of the solution,
i. e., X0 = 0N×M , which we assume in the sequel of this subsection, it holds
R0 = B − AX0 = B ∈ C

N×M , and the (j + 1)th column of X�+1, i. e.,
x�+1,j = X�+1ej+1 ∈ C

N , can be written as (cf. also Equation 3.4)

x�+1,j =
M−1∑

k=0

Ψ
(�)
k,j(A)bk =

M−1∑

k=0

�∑

i=0

ψk,j,i,�A
ibk, (3.69)

where bk = Bek+1 ∈ C
N , k ∈ {0, 1, . . . ,M − 1}, is the (k + 1)th column of

the right-hand side B. With ε0,j = (X −X0)ej+1 = Xej+1 =: xj ∈ C
N , the

(�+ 1)th column of the error matrix E�+1 computes as

ε�+1,j = xj − x�+1,j = ε0,j −
M−1∑

k=0

Ψ
(�)
k,j (A) bk, (3.70)

i. e., all right-hand sides are taken into account in order to achieve the mini-
mum error with respect to the A-norm. As discussed in Section 3.1 (cf. Equa-
tion 3.5), another strategy is to approximate the (j + 1)th column of X,
i. e., xj , considering only the corresponding column bj of the right-hand side.
This is done if we apply the BCG algorithm with M = 1, which is equal
to the Conjugate Gradient (CG) algorithm [117], separately to each system
Axj = bj , j ∈ {0, 1, . . . ,M − 1}, of linear equations with one right-hand
side. The resulting error vector of the (j + 1)th system can be written as (cf.
Equation 3.5)

εCG
�+1,j = ε0,j − Ψ

(�)
j (A) bj ∈ C

N , (3.71)

where ε0,j = εCG
0,j = xj . Clearly, Equation (3.71) is a special case of Equa-

tion (3.70) where Ψ (�)
k,j(A) = 0N×N for k 	= j and Ψ

(�)
j,j (A) = Ψ

(�)
j (A). Thus,

the A-norm of the error vector ε�+1,j of the BCG algorithm is smaller than
or at least equal to the A-norm of the error vector εCG

�+1,j of the CG algorithm
for each j ∈ {0, 1, . . . ,M − 1}. Hence, the squared A-norm of the BCG error
at iteration step �+ 1 can be upper bounded by

‖E�+1‖2
A =

M−1∑

j=0

‖ε�+1,j‖2
A ≤

M−1∑

j=0

∥
∥εCG

�+1,j

∥
∥2

A
=
∥
∥ECG

�+1

∥
∥2

A
, (3.72)
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where we used Equation (3.67) and the definition of the error matrix ECG
�+1 =

[εCG
�+1,0, ε

CG
�+1,1, . . . , ε

CG
�+1,M−1] ∈ C

N×M .
Further on, we investigate ‖εCG

�+1,j‖2
A in more detail. With bj = Axj =

Aε0,j , we get

εCG
�+1,j =

(
IN − Ψ

(�)
j (A) A

)
ε0,j =: P (�+1)

j (A) ε0,j , (3.73)

where P (�+1)
j (A) ∈ C

N×N is a polynomial in A of degree �+1 with P (�+1)
j (0) =

1.18 Let the eigen decomposition (see, e. g., [131]) of the system matrix A be
given by

A =
N−1∑

n=0

λiuiu
H
i = UΛUH, (3.74)

with the unitary matrix

U =
[
u0 u1 · · · uN−1

]
∈ C

N×N , (3.75)

of eigenvectors un ∈ C
N , n ∈ {0, 1, . . . , N − 1}, and the diagonal matrix

Λ = diag {λ0, λ1, . . . , λN−1} ∈ R
N×N
0,+ , (3.76)

comprising the N eigenvalues λ0 ≥ λ1 ≥ · · · ≥ λN−1 > 0. Recall that we
restricted the system matrix A to be Hermitian and positive definite (cf.
Subsection 3.4.1). Then, with the transformation ε0,j = Uξj and the fact
that P (�+1)

j (A) = UP
(�+1)
j (Λ)UH, we obtain from Equation (3.73)

εCG
�+1,j = UP

(�+1)
j (Λ) ξj =

N−1∑

n=0

ξj,nP
(�+1)
j (λn) un, (3.77)

with ξj,n ∈ C being the (n + 1)th element of ξj ∈ C
N . Finally, the squared

error norm ‖εCG
�+1,j‖2

A can be written as

∥
∥εCG

�+1,j

∥
∥2

A
= ξH

j

(
P

(�+1)
j (Λ)

)2

Λξj =
N−1∑

n=0

|ξj,n|2 λn
(
P

(�+1)
j (λn)

)2

, (3.78)

if we remember that diagonal matrices can be permuted arbitrarily. As already
mentioned, the CG algorithm chooses the polynomial function P (�+1)

j (λ) such
that it minimizes the cost function ‖εCG

�+1,j‖2
A over all polynomial functions

P (�+1) : R0,+ → R, λ �→ P (�+1)(λ), with the same degree �+1 and P (�+1)(0) =
1, i. e.,

18 Note that the argument of the polynomial P
(�+1)
j can be either a matrix or a

scalar.
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∥
∥εCG

�+1,j

∥
∥2

A
= min
P (�+1)

N−1∑

n=0

|ξj,n|2 λn
(
P (�+1) (λn)

)2

s. t. P (�+1)(0) = 1.

(3.79)
If we replace |P (�+1) (λn) | by its maximum in [λN−1, λ0], we obtain finally
the upper bound

∥
∥εCG

�+1,j

∥
∥2

A
≤ min
P (�+1)

max
λ∈[λN−1,λ0]

(
P (�+1) (λ)

)2 N−1∑

n=0

|ξj,n|2 λn (3.80)

= min
P (�+1)

max
λ∈[λN−1,λ0]

(
P (�+1) (λ)

)2

‖ε0,j‖2
A s. t. P (�+1)(0) = 1,

where we used ‖ε0,j‖2
A = εH

0,jAε0,j = ξH
j Λξj =

∑N−1
n=0 |ξj,n|2 λn. Note that in

general, the polynomial which fulfills the optimization in Equation (3.80) is
not equal to the CG polynomial P (�+1)

j (λ) obtained from the optimization in
Equation (3.79).

Proposition 3.7. Of all polynomials P (�+1)(λ) of degree � + 1 and
P (�+1)(0) = 1, the polynomial (cf. Figure 3.3)

P̄ (�+1) (λ) =
T (�+1)

(
λ0 + λN−1 − 2λ
λ0 − λN−1

)

T (�+1)

(
λ0 + λN−1

λ0 − λN−1

) , (3.81)

is the best approximation of the polynomial f(λ) = 0 in the region [λN−1, λ0]
with respect to the supremum norm19, i. e.,

P̄ (�+1) = min
P (�+1)

max
λ∈[λN−1,λ0]

∣
∣
∣P (�+1) (λ)

∣
∣
∣ s. t. P (�+1)(0) = 1. (3.82)

Here, T (�+1)(x) denotes the Chebyshev polynomial of the first kind and degree
�+ 1 as defined in Appendix A.3.

Proof. We prove by contradiction similar to the optimality proof of the
Chebyshev polynomials given in [9]. Assume that there exists a polynomial
Q(�+1)(λ) of degree �+1 and Q(�+1)(0) = 1, which approximates f(λ) = 0 for
λ ∈ [λN−1, λ0] better than P̄ (�+1)(λ), i. e.,

max
λ∈[λN−1,λ0]

∣
∣
∣Q(�+1)(λ)

∣
∣
∣ < max

λ∈[λN−1,λ0]

∣
∣
∣P̄ (�+1)(λ)

∣
∣
∣ . (3.83)

Recall that the � + 2 extrema of the Chebyshev polynomial T (�+1)(x) for
x ∈ [−1, 1] lie at xi = cos(iπ/(� + 1)), i ∈ {0, 1, . . . , � + 1}, and alternate
19 The supremum norm of the function f : [a, b] → C, x �→ f(x), is defined as
‖f‖∞ = supx∈[a,b] |f(x)| (cf., e. g., [268]).
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λN−1 λ0

0

1

λ

P̄ (�+1)(λ)

� = 1
� = 2
� = 7

relevant interval

Fig. 3.3. Polynomial approximation P̄ (�+1)(λ) of degree � ∈ {1, 2, 7}

between ±1 for increasing xi, i. e., decreasing i (cf. Equation A.20).20 Thus,
the polynomial P̄ (�+1)(λ) of Equation (3.81) has at

λ′i =
1
2

(
λ0 + λN−1 − (λ0 − λN−1) cos

(
iπ

�+ 1

))
, (3.84)

i ∈ {0, 1, . . . , �+ 1}, the �+ 2 extrema

P̄ (�+1)(λ′i) = (−1)i
(
T (�+1)

(
λ0 + λN−1

λ0 − λN−1

))−1

, (3.85)

in the region [λN−1, λ0]. Hence, for increasing λ = λ′i, i. e., increasing i, the
polynomial P̄ (�+1)(λ) alternates between the positive and negative extrema
�+ 1 times, and we get with Equation (3.83) and the fact that T (�+1)((λ0 +
λN−1)/(λ0 − λN−1)) ∈ R+ (cf. Equation 3.88), that

Q(�+1)(λ) > P̄ (�+1)(λ), for i odd, (3.86)
Q(�+1)(λ) < P̄ (�+1)(λ), for i even. (3.87)

Thus, the polynomial Q(�+1)(λ)− P̄ (�+1)(λ) which is also of degree �+ 1, has
�+ 1 zeros in the region [λN−1, λ0]. Besides, since Q(�+1)(0) = P̄ (�+1)(0) = 1,
the polynomial Q(�+1)(λ) − P̄ (�+1)(λ) has an additional zero at λ = 0 which
disagrees with its degree. Remember that a polynomial of degree � + 1 can
have at most �+1 zeros. Thus, the polynomial Q(�+1)(λ) assumed above, does
not exist and Proposition 3.7 is proven. ��

With the extrema of P̄ (�+1)(λ) given in Equation (3.85), Equation (3.80)
reads as (see also [145, 39, 36, 165])

20 Note that cos(x) is monotonic decreasing in x ∈ [0, π].
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∥
∥εCG

�+1,j

∥
∥2

A
≤
(
T (�+1)

(
λ0 + λN−1

λ0 − λN−1

))−1

‖ε0,j‖2
A

= 2

((√
κ+ 1√
κ− 1

)�+1

+
(√

κ− 1√
κ+ 1

)�+1
)−1

‖ε0,j‖2
A ,

(3.88)

where we applied additionally Equation (A.14). Here, κ = λ0/λN−1 ∈ R+

denotes the condition number of the system matrix A. If we neglect the second
addend in Equation (3.88) because it converges to zero for increasing � + 1,
and recall Equation (3.72), we get finally the upper bound

‖E�+1‖2
A ≤ 2

(√
κ− 1√
κ+ 1

)�+1

‖E0‖2
A , (3.89)

for the squared A norm of the error matrix E�+1 of the BCG algorithm. Thus,
we have shown that the A-norm of the BCG error matrix converges at least
linearly21 to zero with an increasing number of iterations. Note that Diane
P. O’Leary derived in [175] the upper bound of ‖E�+1‖2

A directly based on the
BCG method without using the CG procedure. However, the resulting upper
bound is the same as the one in Equation (3.89). Therefore, with the given
convergence analysis, it cannot be shown that the BCG algorithm converges
faster than the CG method, which has been observed in many applications
(see, e. g., [45]).

The upper bound given by Equation (3.89) matches very well the conver-
gence behavior of the BCG or CG algorithm, respectively, if the eigenvalues of
the system matrix A are distributed homogeneously (cf., e. g., Example 3.8). If
their distribution is uneven, a closer bound can be found based on a product of
suitably chosen Chebyshev polynomials [6]. However, all these upper bounds
do not reveal the superlinear convergence (cf., e. g., [165]) which means that
the rate of convergence increases during the iteration process, of the iterative
(B)CG procedure as often observed in numerical applications. Already in the
early 1950s, proofs for the superlinear convergence of the CG method have
been published for certain linear operators on a Hilbert space (cf., e. g., [149]).
Nevertheless, these proofs do not give a useful estimate of the rate of con-
vergence for a small number of iterations, which is of great interest because
the superlinear convergence behavior of the CG algorithm takes place in early
phases of the iteration process. Paul Concus et al. explained in [36] that the
maximal eigenvalues of the system matrix A are already approximated very
well for a small number of iterations. Roughly speaking, the eigenmodes cor-
responding to the maximal eigenvalues are switched off one by one during
21 A sequence {Xk}∞k=0 converges linearly to X if it converges at least as fast as

the geometric sequence {ctk}∞k=0 for some constant c ≥ 0, i. e., ‖Xk −X‖ ≤ ctk,
where ‖ · ‖ can be an arbitrary matrix norm (cf. Appendix A.2) and t ∈ [0, 1)
denotes the rate of convergence (see, e. g., [165]). Note that linear convergence is
sometimes also denoted as geometric convergence.
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the iteration process leading to a decreasing condition number and therefore,
to an improving rate of convergence. This observation has been quantita-
tively proven in [225]. Using finite precision arithmetic, the convergence of
the Krylov subspace algorithms is delayed but they still produce acceptable
approximations of the solution [227, 96].

Note that the convergence speed of the BCG procedure can be improved
by preconditioning (cf., e. g., [175]), i. e., a method where the system of linear
equations is transformed to a system with a smaller condition number. Al-
though this approach increases computational complexity in general, precon-
ditioning can be implemented very efficiently (see, e. g., [228, 26]) for system
matrices with Toeplitz structure [94] if we exploit the computationally cheap
Fast Fourier Transform (FFT) [75, 38, 114, 37]. Since the system matrices in
the application part of this book (cf. Part II) have no Toeplitz structure, and
due to the fact that the improvement of the approximate solution given by
the preconditioned BCG procedure, is very small if applied to communications
scenarios [59, 100], preconditioning is no longer considered in this book.

3.4.3 Regularizing Effect

As we will see in the simulation results of Chapter 6, stopping the BCG iter-
ations before the algorithm converges, i. e., choosing d < L, reduces not only
computational complexity but also the performance loss in case of errors in
the system matrix A ∈ C

N×N or/and the right-hand side B ∈ C
N×M , respec-

tively. These errors can be due to the limited accuracy of floating or fixed point
arithmetic or due to an estimation process involved in determining A and B.
Decreasing the effect of these errors on the solution is called regularization (see
Appendix A.4). Note that the regularizing effect of the CG algorithm has been
observed very early. Already Cornelius Lanczos mentioned in his paper [156]
published in 1950, that his procedure which is an alternative implementation
of the CG method, suppresses eigenmodes corresponding to small eigenval-
ues if stopped before convergence. Although there has been much progress
(e. g., [108]), the reason why the CG method regularizes the solution is still
an open problem in the theory of ill-posed and ill-conditioned problems [110].
However, the filter factors which have only been derived for the CG method
so far, are a well-known tool to analyze and characterize the quality of the
regularized solution (see Appendix A.4). In this subsection, we investigate the
regularizing effect of the BCG algorithm by deriving the corresponding filter
factor matrix [43].

Let the eigen decomposition of the Hermitian and positive definite system
matrix A = UΛUH be given as defined in Subsection 3.4.2 (cf. Equations 3.74
to 3.76). Then, the exact solution of the system AX = B of linear equations
can be written as

X = A−1B = UΛ−1UHB. (3.90)
From Appendix A.4, we know that the exact solution X ∈ C

N×M can be
regularized by introducing the diagonal filter factor matrix F ∈ R

N×N
0,+ such
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that
Xreg = UFΛ−1UHB ∈ C

N×M . (3.91)
Now, if we find such a filter factor representation of the approximate solution
Xd ∈ C

N×M obtained from the BCG method summarized in Algorithm 3.4.,
we can discuss its intrinsic regularizing effect.

Later on, we will see that the filter factors, i. e., the diagonal elements of
the filter factor matrix, of the BCG algorithm are not only complex-valued
but also different for each column of the right-hand side matrix B, i. e.,

xd,j = UFd,jΛ
−1UHbj , j ∈ {0, 1, . . . ,M − 1}, (3.92)

where Fd,j ∈ C
N×N is diagonal and Fd,j 	= Fd,i for j 	= i ∈ {0, 1, . . . ,M − 1}.

The vector xd,j = Xdej+1 and bj = Bej+1 denotes the (j + 1)th column
of Xd and B, respectively. From Equation (3.92) follows that the inverse
of the system matrix A mapping bj to xd,j , is approximated differently for
each column index j. Note that although the matrix A is assumed to be
Hermitian and positive definite, the approximation of its inverse depending on
the column index j, is generally non-Hermitian because of the complex-valued
filter factors in Fd,j . However, the approximation of the inverse is still a normal
matrix.22 The traditional representation of a regularized solution as given in
Equation (3.91) where the filter factor matrix F is positive real-valued and
independent of the column index j, cannot be derived for the approximate
solution obtained from the BCG procedure. However, if M = 1, i. e., the
system of linear equations under consideration is Ax = b, the BCG algorithm
reduces to the CG method and the traditional filter factor representation of
the approximate solution xD ≈ x (D = dM = d if M = 1) according to
Equation (3.91) exists (cf., e. g., [110]). We define the diagonal filter factor
matrix FD ∈ R

N×N
0,+ of the CG algorithm such that

xD = UFDΛ−1UHb ∈ C
N . (3.93)

In the following, we generalize the filter factor representation of the CG
method to the one of the BCG procedure corresponding to Equation (3.92)
which holds for M ≥ 1.

With the definition of the block diagonal matrix

F̌d = bdiag {Fd,0,Fd,1, . . . ,Fd,M−1} ∈ C
NM×NM , (3.94)

and the vectors x̌d = vec {Xd} ∈ C
NM and b̌ = vec {B} ∈ C

NM (cf. Ap-
pendix A.5), Equation (3.92) can be rewritten as

x̌d = (IM ⊗ U) F̌d
(
IM ⊗ Λ−1UH

)
b̌. (3.95)

Note that the N ×N blocks Fd,j in the diagonal of F̌d are all diagonal, i. e.,
F̌d is a diagonal matrix. In the remainder of this subsection, we derive the
diagonal entries of F̌d.
22 The matrix A is normal if AHA = AAH.
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From Proposition 3.6, it follows that the approximate solution Xd of the
BCG algorithm can be expressed by a polynomial in A of degree d − 1 (cf.
also Equation 3.68), i. e.,

Xd =
d−1∑

�=0

A�R0Ψ� + X0 ∈ C
N×M . (3.96)

Again, if we choose X0 = 0N×M , it holds R0 = B − AX0 = B and Equa-
tion (3.96) reads as (cf. also Equation 3.2)

Xd =
d−1∑

�=0

A�BΨ�. (3.97)

Applying the vec-operation as defined in Appendix A.5, on Equa-
tion (3.97), and exploiting Equations (A.33) and (A.32), yields

x̌d =
d−1∑

�=0

(
ΨT
� ⊗ A�

)
b̌ =

d−1∑

�=0

(
ΨT
� ⊗ IN

)
(IM ⊗ A)� b̌

=
d−1∑

�=0

Ψ̌�Ǎ
�b̌ =: Ψ̌ (d−1)

(
Ǎ
)
b̌,

(3.98)

i. e., the vector x̌d can be expressed by a polynomial Ψ̌ (d−1)(Ǎ) ∈ C
NM×NM

in Ǎ = IM ⊗ A ∈ C
NM×NM of degree d− 1 with the polynomial coefficients

Ψ̌� = ΨT
� ⊗ IN ∈ C

NM×NM .23 With the eigen decomposition defined in
Equation (3.74) and Equation (A.32), we get

Ǎ� = (IM ⊗ A)� = IM ⊗ A� = IM ⊗ UΛ�UH

= (IM ⊗ U)
(
IM ⊗ Λ�

) (
IM ⊗ UH

)

= (IM ⊗ U) (IM ⊗ Λ)�
(
IM ⊗ UH

)
,

(3.99)

and if we exploit additionally that (ΨT
� ⊗ IN )(IM ⊗ U) = ΨT

� ⊗ U = (IM ⊗
U)(ΨT

� ⊗ IN ) due to Equation (A.32), the polynomial Ψ̌ (d−1)(Ǎ) can be
written as

Ψ̌ (d−1)
(
Ǎ
)

= (IM ⊗ U) Ψ̌ (d−1)
(
Λ̌
) (

IM ⊗ UH
)
, (3.100)

where Λ̌ = IM ⊗ Λ is a diagonal positive real-valued NM × NM matrix.
Plugging this result into Equation (3.98) and introducing the identity matrix
Λ̌Λ̌−1, yields

23 Note that Ψ̌ (d−1)(Ǎ) is no polynomial in the sense of Equation (3.3) since the
coefficients Ψ̌� are NM × NM matrices and no scalars. Here, polynomials with
matrix coefficients are represented by bold letters.
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x̌d = (IM ⊗ U) Ψ̌ (d−1)
(
Λ̌
)
Λ̌
(
IM ⊗ Λ−1UH

)
b̌. (3.101)

Here, the term

Ψ̌ (d−1)
(
Λ̌
)
Λ̌ =

d−1∑

�=0

(
ΨT
� ⊗ Λ�

)
(IM ⊗ Λ)

=
d−1∑

�=0

(
ΨT
� ⊗ Λ�+1

)
∈ C

NM×NM ,

(3.102)

is a matrix with the diagonal matrices
∑d−1
�=0 ψ�,j,iΛ

�+1 ∈ C
N×N , i, j ∈

{0, 1, . . . ,M − 1}, at the (i+ 1)th block row and (j + 1)th block column. The
element in the (i+ 1)th row and (j + 1)th column of Ψ� ∈ C

M×M is denoted
as ψ�,i,j ∈ C. Thus, if we compare Equation (3.95) with Equation (3.101), we
see that Ψ̌ (d−1)(Λ̌)Λ̌ is not the desired filter factor matrix F̌d because it is not
diagonal. In other words, each column of Xd depends on all columns of the
right-hand side B and not only on the corresponding column with the same
index. If we transform the right part of Equation (3.101) to the right part
of Equation (3.95) without changing the left-hand side, i. e., the approximate
solution x̌d, we obtain the diagonal filter factor matrix of the BCG algorithm
according to

F̌d = diag
{(

Ψ̌ (d−1)
(
Λ̌
)
Λ̌
(
IM ⊗ Λ−1UH

)
b̌
)

�
((

IM ⊗ Λ−1UH
)
b̌
)}
,

(3.103)

where ‘�’ denotes elementwise division. Note that the diagonal entries of F̌d
are generally complex-valued since the non-diagonal matrix Ψ̌ (d−1)(Λ̌)Λ̌ has
complex-valued elements due to the matrix Ψ� ∈ C

M×M (cf. Equation 3.102),
and because of the complex-valued vector (IM⊗Λ−1UH)b̌. However, the abso-
lute values of the complex-valued filter factors still describe the attenuation of
the small eigenvalues (see Appendix A.4 and Example 3.9) and can therefore
be used to explain the regularizing effect of the BCG algorithm.

Finally, it remains to compute the polynomial Ψ̌ (d−1)(Λ̌) in order to cal-
culate the filter factor matrix F̌d based on Equation (3.103). To do so, we
use the equations of the BCG algorithm derived in Subsection 3.4.1. Let
� ∈ {0, 1, . . . , d − 1}. Replacing R�+1 in Equation (3.58) based on Equa-
tion (3.49), and using the result to replace D� in Equation (3.30), yields

X�+1 = X� + BΦ� − AX�Φ� + D�−1Θ�−1Φ�. (3.104)

Then, if we solve Equation (3.30) with respect to D� and use the result to
replace D�−1 in Equation (3.104), we get finally

X�+1 = X� − AX�Φ� + (X� − X�−1) Φ−1
�−1Θ�−1Φ� + BΦ�. (3.105)
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Hence, we derived an iteration formula which computes the update X�+1

of the BCG algorithm based on the previous updates X� and X�−1. Note
that the iteration is started with the initial values X0 = 0N×M and X−1 =
0N×M . Besides, we see in Equation (3.105) that each iteration involves a
multiplication of the matrix A to the previous update X� which leads to the
polynomial structure given in Equation (3.97).

With the definitions x̌� = vec {X�} ∈ C
NM , Φ̌� = ΦT

� ⊗ IN ∈ C
NM×NM ,

and Θ̌� = ΘT
� ⊗ IN ∈ C

NM×NM , and using Equations (A.32), (A.33),
and (A.34), Equation (3.105) can be rewritten as

x̌�+1 =
(
INM − Φ̌�Ǎ + Φ̌�Θ̌�−1Φ̌

−1
�−1

)
x̌�− Φ̌�Θ̌�−1Φ̌

−1
�−1x̌�−1 + Φ̌�b̌. (3.106)

Replacing x̌� by Ψ̌ (�−1)(Ǎ)b̌ (cf. Equation 3.98) and Ψ̌ (�−1)(Ǎ) based on
Equation (3.100), yields

Ψ̌ (�)
(
Λ̌
)

=
(
INM − Φ̌�Λ̌ + Φ̌�Θ̌�−1Φ̌

−1
�−1

)
Ψ̌ (�−1)

(
Λ̌
)

− Φ̌�Θ̌�−1Φ̌
−1
�−1Ψ̌

(�−2)
(
Λ̌
)

+ Φ̌�,
(3.107)

if we apply again Equation (A.32). Now, the iteration formula in Equa-
tion (3.107) can be used to compute iteratively the required polynomial
Ψ̌ (d−1)

(
Λ̌
)

starting with Ψ̌ (�)
(
Λ̌
)

:= 0NM×NM for � ∈ {−2,−1}.
Before presenting two examples revealing the significance of the filter fac-

tor matrix for the visualization of the regularizing effect of the BCG or CG
procedure, respectively, we briefly derive the filter factor matrix of the CG
method [110], i. e., for the special case where M = 1. With D = d, Ǎ = A,
b̌ = b, and Ψ� = ψ� for M = 1, and the eigen decomposition of A as given
in Equation (3.74), the polynomial representation of the approximate CG
solution xD reads as (cf. Equation 3.98)

xD = Ψ (D−1) (A) b =
D−1∑

�=0

ψ�A
�b = U

(
D−1∑

�=0

ψ�Λ
�+1

)

Λ−1UHb, (3.108)

if the CG algorithm is initialized with x0 = 0N . Note that the polynomial
coefficients ψ� ∈ R since we assumed that A is Hermitian and positive definite
(cf. Appendix B.2). If we compare Equation (3.108) with Equation (3.93), we
see that the diagonal filter factor matrix FD of the CG algorithm is given by

FD = Ψ (D−1) (Λ)Λ =
D−1∑

�=0

ψ�Λ
�+1 ∈ R

N×N . (3.109)

Since M = 1, it holds that Λ̌ = Λ, Φ̌� = φ� ∈ R+, and Θ̌� = θ� ∈ R+ (cf.
Equations 3.65 and 3.66). Thus, according to Equation (3.107), the polynomial
Ψ (D−1)(Λ) ∈ R

N×N required to calculate the filter factor matrix FD, can be
computed iteratively based on the formula
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Ψ (�) (Λ) =
((

φ�θ�−1

φ�−1
+ 1
)

IN − φ�Λ

)
Ψ (�−1) (Λ)

− φ�θ�−1

φ�−1
Ψ (�−2) (Λ) + φ�IN , � ∈ {0, 1, . . . ,D − 1},

(3.110)

initialized with Ψ (�)(Λ) := 0N×N for � ∈ {−2,−1}.

Example 3.8 (Filter factors of the CG algorithm).
Consider the system Ax = b of linear equations with N = 40 and where

A = UΛUH ∈ C
40×40 is constructed based on an arbitrary unitary ma-

trix U ∈ C
40×40 and the diagonal matrix Λ ∈ R

40×40
0,+ with the eigenvalues

λi = 1 − 19 i/780, i ∈ {0, 1, . . . , 39}. Thus, the eigenvalues are linearly de-
creasing from λ0 = 1 to λ39 = 1/20 and the condition number of the system
matrix A is κ = λ0/λ39 = 20 (cf. Equation A.13). Each element of the vector
b ∈ C

40 is a realization of the complex normal distribution NC (0, 1).24 The
filter factors fD,i = eT

i+1FDei+1 ∈ R+ of the CG algorithm solving the given
system of linear equations, are depicted in Figure 3.4 for D ∈ {1, 2, . . . , 10}.
Here, the filter factor matrix FD is computed according to Equations (3.109)
and (3.110).
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Fig. 3.4. Filter factors of the CG algorithm

In Figure 3.4, we observe the most important properties of the CG fil-
ter factor representation. First of all, we see that the influence of the small

24 The probability density function of the complex normal distribution NC(mx , cx)
with mean mx and variance cx reads as px(x) = exp(−|x − mx |2/cx)/(πcx)
(e. g., [183]).
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eigenvalues (large index i) is attenuated by small values of fD,i, if the CG algo-
rithm is stopped before convergence (D � N). This attenuation explains the
intrinsic regularizing effect of the CG algorithm because especially errors in
the small eigenvalues have the highest influence on the quality of the solution
due to their inversion in Equation (3.93). Besides, we see that all filter factors
converge to one if D is chosen sufficiently large. Note that D = 40 which is
not included in Figure 3.4, leads to FD = I40. Last but not least, due to the
linear alignment of the eigenvalues, Figure 3.4 reveals the polynomial behav-
ior of the filter factor matrix FD as stated in Equation (3.109). Stopping the
CG procedure after one iteration, the filter factor matrix reads as F1 = ψ0Λ
resulting in the straight line at D = 1. Increasing the number of iterations
D where the CG method is stopped, increases the order of the polynomial in
Equation (3.109), i. e., at D = 2, the filter factors form a parabola, at D = 3,
a cubic polynomial, etc. Note that these polynomials are very similar to the
polynomials used to approximate the error norm of the CG method derived in
the previous subsection (cf. Figure 3.3), which explains the fact that fD,0 − 1
is alternating between positive and negative values with increasing D.

Example 3.9 (Filter factors of the BCG algorithm).
Consider now the system AX = B of linear equations with M = 5 right-

hand sides and where N = 40. With N ∈ C
40×40 being a matrix whose

elements are realizations of the complex normal distribution NC(0, 1), the
system matrix is defined as A = NNH + I40/10 ∈ C

40×40 and the ma-
trix B = NST

(0,5,35) ∈ C
40×5 with S(0,5,35) = [I5,05×35] ∈ {0, 1}5×40, com-

prises the first M = 5 columns of N . The absolute values of the filter factors
f̌d,i = eT

i+1F̌dei+1 ∈ C of the BCG procedure solving the given system of linear
equations, are depicted in Figure 3.5 for d ∈ {1, 2, . . . , 8} and i ∈ {0, 1, . . . , 39},
i. e., only for the filter factors corresponding to the pair xd,1 and b1 (cf. Equa-
tion 3.92). The filter factor matrix F̌d of the BCG method is computed based
on Equations (3.103) and (3.107).

We see that compared to Figure 3.4, the absolute values of the filter factors
f̌d,i for a fixed number of iterations d where the BCG procedure is stopped,
are no longer polynomials in i nor are they smooth. This is due to the facts
that the eigenvalues are no longer aligned linearly and the filter factors of
the BCG algorithm are a combination of all columns of the right-hand side
B (see Equation 3.103). However, again, the filter factors corresponding to
small eigenvalues (large index i) tend to zero for d� L explaining the intrinsic
regularization of the BCG algorithm, and the filter factor matrix converges
to the identity matrix I40 if d goes to L = N/M = 8.

3.4.4 Dimension-Flexible Version

One problem of the original BCG procedure (cf. Algorithm 3.4.) is that the
dimension D of the Krylov subspace K(D) (A,B − AX0) in which the solution
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Fig. 3.5. Filter factors of the BCG algorithm (j = 1)

of the system AX = B is approximated, has to be an integer multiple of the
number M of right-hand sides. Similar to the Ruhe extension of the Lanczos
algorithm described in Subsection 3.3.2, we derive in the following an efficient
version of the BCG method which calculates an approximation of the exact
solution X in the D-dimensional Krylov subspace K(D) (A,B − AX0) where
D ∈ {M,M − 1, . . . , N} (cf. also [101]). Thus, the resulting algorithm allows
a more flexible selection of the dimension D.

The fundamental idea of the dimension-flexible BCG version is as follows.
The second last update Xd−1, d = 
D/M� ∈ {1, 2, . . . , 
N/M�}, is computed
based on Algorithm 3.4.. Then, the final desired approximation X ′d ∈ C

N×M

is calculated according to

X ′d = Xd−1 + D′d−1Φ
′
d−1, (3.111)

where the direction matrix D′d−1 ∈ C
N×μ is based on μ = D − (d − 1)M ∈

{1, 2, . . . ,M} instead ofM search directions. As in the original BCG algorithm
derived in Subsection 3.4.1, the step size matrix Φ′d−1 ∈ C

μ×M is the solution
of the optimization

Φ′d−1 = argmin
Φ∈Cμ×M

εA

(
Xd−1 + D′d−1Φ

)
, (3.112)

and may be written as

Φ′d−1 =
(
D′,Hd−1AD′d−1

)−1

D′,Hd−1Rd−1. (3.113)

Again, the direction matrix D′d−1 is chosen to be A-conjugate to the pre-
vious direction matrices, i. e., it holds for i ∈ {0, 1, . . . , d− 2}, d > 1:
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DH
i AD′d−1 = 0M×μ. (3.114)

This property is obtained using the iteration formula (cf. Subsection 3.4.1)

D′d−1 = R′d−1 + Dd−2Θ
′
d−2, (3.115)

where R′d−1 = [Rd−1]:,0:μ−1 ∈ C
N×μ with the notation as introduced in

Subsection 2.2.1, comprises the first μ columns of the residuum matrix Rd−1,
and the matrix Θ′d−2 ∈ C

M×μ computes as (cf. Subsection 3.4.1)

Θ′d−2 =
(
RH
d−2Rd−2

)−1
RH
d−1R

′
d−1. (3.116)

Further, multiplying the Hermitian of Equation (3.115) by Rd−1 on the right-
hand side, yields D′,Hd−1Rd−1 = R′,Hd−1Rd−1 if we apply Equation (3.45) of
Proposition 3.5. Hence, Equation (3.113) can also be written as (cf. Equa-
tion 3.32)

Φ′d−1 =
(
D′,Hd−1AD′d−1

)−1

R′,Hd−1Rd−1. (3.117)

Note that the residuum matrix Rd−1 ∈ C
N×M with M columns is needed

in Equation (3.117) to compute Φ′d−1 as well as in Equation (3.116) to get
Θ′d−2. Thus, it is not possible to further simplify the dimension-flexible BCG
algorithm by computing only the first μ columns of Rd−1.

Algorithm 3.5. summarizes the dimension-flexible BCG procedure. For � ∈
{0, 1, . . . , d−3}, d > 2, Algorithm 3.5. is identical to Algorithm 3.4.. However,
at iteration step � = d−2, Equations (3.115) and (3.116) are taken into account
to get an efficient implementation of computing the direction matrix D′d−1

with μ columns (cf. Lines 15 to 18 of Algorithm 3.5.). Besides, the last iteration
based on Equations (3.111) and (3.117) is written outside the for-loop.
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Algorithm 3.5. Dimension-flexible version of the BCG procedure
Choose an arbitrary matrix X0 ∈ C

N×M (e. g., X0 ← 0N×M ).
2: R0 ← B −AX0

G0 = G′0 ← RH
0 R0

4: D0 = D′0 ← R0

for � = 0, 1, . . . , d− 2 ∧ d > 1 do
6: V ← AD�

Φ� ← (DH
� V )−1G�

8: X�+1 ← X� + D�Φ�

R�+1 ← R� − V Φ�

10: if � < d− 2 then
G�+1 ← RH

�+1R�+1

12: Θ� ← G−1
� G�+1

D�+1 ← R�+1 + D�Θ�

14: else
R′d−1 ← [Rd−1]:,0:μ−1

16: G′d−1 ← RH
d−1R

′
d−1

Θ′d−2 ← G−1
d−2G

′
d−1

18: D′d−1 ← R′d−1 + Dd−2Θ
′
d−2

end if
20: end for

Φ′d−1 ← (D′,Hd−1AD′d−1)
−1G′,Hd−1

22: X ′d ← Xd−1 + D′d−1Φ
′
d−1
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Reduced-Rank Matrix Wiener Filters
in Krylov Subspaces

In 1976, Sidney P. Applebaum and Dean J. Chapman [3] presented an adap-
tive beamformer using a sidelobe cancellation technique which solves the Min-
imum Variance Distortionless Response (MVDR) constrained problem (see,
e. g., [40, 25, 155, 244]). A few years later, this sidelobe cancellation structure
has been extended by Lloyd J. Griffiths and Charles W. Jim [98] who de-
noted the result as the Generalized Sidelobe Canceler (GSC). The GSC plays
a fundamental role in the derivation of the MultiStage Wiener Filter (MSWF)
published by J. Scott Goldstein et al. [84, 90, 89, 83] in 1997. To be precise,
the MSWF with two stages is equal to the GSC except from the fact that it
solves the Mean Square Error (MSE) optimization (cf. Section 2.1) instead
of the MVDR constrained problem. Besides, the MSWF with more than two
stages exploits the GSC structure not only once but several times, leading
to the characteristic multistage filter bank. The application of the MSWF to
a multitude of signal processing scenarios revealed its excellent performance,
especially compared to the eigensubspace methods which we introduced in
Section 2.3, viz., the Principal Component (PC) and the Cross-Spectral (CS)
method. Some of these applications are: space-time adaptive radar process-
ing [272, 91, 102], space-time preprocessing for Global Positioning Systems
(GPSs) [173, 174], adaptive interference suppression in Direct Sequence Code
Division Multiple-Access (DS-CDMA) systems [120, 271, 33, 130, 121, 134]
partially also including comparisons to the adaptive Recursive Least Squares
(RLS) [187, 112] and Least Mean Squares (LMS) [257, 258, 112] filter, and low
complexity receivers in space-time coded CDMA systems [229]. A very effi-
cient implementation of the MSWF based on a lattice structure or correlation-
subtraction architecture has been introduced by David C. Ricks and J. Scott
Goldstein [199] in 2000. Note that this lattice structure reveals the fact that
the MSWF can be implemented even without explicitly estimating the auto-
covariance matrix of the observation.

Michael L. Honig and Weimin Xiao proved in [128, 130] that the MSWF
with a special choice of blocking matrices approximates the WF in the Krylov
subspace. Precisely speaking, they showed that the reduced-rank MSWF can
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be seen as a truncated polynomial expansion [67, 169, 221, 222] which ap-
proximates the inverse of the auto-covariance matrix occurring when solving
the Wiener–Hopf equation, by a weighted sum of its powers. By the way, the
main contribution in [128, 130] is the analysis of the reduced-rank MSWF in
a heavy loaded CDMA system exploiting results from random matrix theory
(see, e. g., [171, 250]). Note that random matrix methods have also been used
in [172, 161] to design reduced-rank WFs for MultiUser (MU) detection.

Revealing the connection between the MSWF and the Krylov subspace,
Michael L. Honig and Weimin Xiao paved the way for a multitude of new
MSWF implementations. For instance, Michael Joham et al. [141, 140] derived
a MSWF algorithm based on the Lanczos procedure (cf. Section 3.3). In [56,
42, 57], it has been shown that this Lanczos based MSWF implementation is
identical to the Conjugate Gradient (CG) algorithm (cf. Section 3.4). There
followed many publications (see, e. g., [256, 23, 212]) discussing the resulting
insights and consequences of the relationship between the MSWF and the CG
algorithm.

Applications of the MSWF which arose from its relationship to Krylov
subspace methods include: DS-CDMA interference suppression [264, 129, 125,
32, 265], long-term processing in DS-CDMA systems [48], linear equalization
in Global Systems for Mobile communications (GSM) and its Enhanced Data
rates for GSM Evolution (EDGE) extension [42, 56, 57], Decision Feedback
Equalization (DFE) [230, 270, 51], adaptive decision feedback turbo equal-
ization [124, 231, 49, 55], MVDR beamforming [209], and linear as well as
non-linear transmit signal processing [47, 16]. Again, Krylov subspace meth-
ods have already been applied to signal processing problems before Michael
L. Honig and Weimin Xiao revealed their link to the MSWF. Besides poly-
nomial expansion as mentioned above, another example is the CG algorithm
which has been applied amongst others to: adaptive spectral estimation [29],
solving extreme eigenvalue problems [266], subspace tracking [73, 148], beam-
forming in CDMA systems [31], adaptive filtering [27], and Least Squares (LS)
estimation in oceanography [215].

Before discussing the extension of the multistage decomposition to Matrix
Wiener Filters (MWFs) as introduced in Section 2.1, it remains to mention
the Auxiliary Vector (AV) method [178, 146, 179, 162, 181, 180, 194] whose
derivation is also based on the GSC structure. In fact, some of the AV pub-
lications [146, 181] consider solely the implementation of the GSC method,
thus, being also very related to the MSWF with two stages. Moreover, the
formulation in [179] is similar to the one in [121, 141, 140] apart from the
suboptimal combination of the transformed observation signal which forms
the estimate of the desired signal. In [180], the authors corrected this defi-
ciency by introducing non-orthogonal auxiliary vectors. Finally, it has been
shown in [30] that the AV method is identical to the MSWF, therefore, being
also related to other Krylov subspace methods. Due to this equivalence, the
AV filter will be no longer considered in this book because its investigation is
mainly covered by the detailed discussion of the MSWF.
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The application of the multistage principle to MWFs has been firstly pub-
lished by Goldstein et al. [88] who denoted the result as the MultiStage Matrix
Wiener Filter (MSMWF). An application of the MSMWF for joint MU de-
tection in an DS-CDMA system is given in [34]. Although the relationship of
the MSMWF to block Krylov methods has firstly been studied in [44, 45], there
exist previous publications where block Krylov methods have been applied to
signal processing problems. One of them is the generation of high-resolution
spectrograms based on the Block Conjugate Gradient (BCG) algorithm [269]
(cf. Section 3.4). Again, there followed a couple of other publications about
MSWF implementations based on block Krylov methods considering, e. g.,
reduced-rank equalization of a frequency-selective Multiple-Input Multiple-
Output (MIMO) system by either receive [45, 46] or transmit signal process-
ing [15], robust reduced-rank filtering in a MU Single-Input Multiple-Output
(SIMO) system [58, 43], or adaptive iterative MU decision feedback detec-
tion [127, 232].

Note that in the following section, we present the derivation of a more
general MSMWF than the one given in [88], and discuss the resulting proper-
ties. Besides, we reveal in this chapter the relationship of the MSMWF to the
block Krylov methods as reviewed in Chapter 3. Finally, we use the obtained
insights to present MSMWF algorithms based on block Krylov methods to-
gether with a detailed investigation of their computational complexity.

4.1 Multistage Matrix Wiener Filter

4.1.1 Multistage Decomposition

In this subsection, we derive the multistage decomposition of the MWF
W [n] ∈ C

N×M , N,M ∈ N, and a[n] ∈ C
M (cf. Section 2.1). Compared

to the original MultiStage Matrix Wiener Filter (MSMWF) as introduced by
J. Scott Goldstein et al. [88, 34], we present a generalized version thereof
by removing some unnecessary assumptions and extending it for the appli-
cation to random sequences which are restricted to be neither stationary
nor zero-mean. Again, without loss of generality, let N be a multiple in-
teger of M , i. e., N = LM , L ∈ N.1 Besides, recall from Section 2.1 (cf.
Equation 2.9) that the matrix W [n] of the general MWF, i. e., the combi-
nation of W [n] and a[n], can be interpreted as a MWF which computes the
estimate x̂◦[n] = x̂ [n] − mx [n] = W H[n]y◦[n] ∈ C

M of the zero-mean ver-
sion x◦[n] = x [n] − mx [n] ∈ C

M of the unknown vector random sequence
x [n] ∈ C

M , based on the zero-mean version y◦[n] = y [n]−my [n] ∈ C
N of the

observed vector random sequence y [n] ∈ C
N . Remember that the estimation

error ε◦[n] = x◦[n] − x̂◦[n] = x [n] − x̂ [n] = ε[n] is always zero-mean. The

1 The observation vector y [n] ∈ C
N may always be filled with zeros such that this

restriction is true.
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following derivation of the MSMWF is based on the application of W [n] to
the zero-mean versions of the vector random sequences.

In order to end up with the multistage decomposition, we firstly prefilter
the zero-mean vector random sequence y◦[n] by the full-rank matrix T̄ [n] ∈
C
N×N and get the transformed zero-mean vector random sequence

ȳ◦[n] = T̄ H[n]y◦[n] ∈ C
N . (4.1)

Note that ȳ◦[n] = ȳ [n]−mȳ [n] is the zero-mean version of ȳ [n] ∈ C
N . Then,

we estimate the unknown vector random sequence x◦[n] by applying the MWF
(cf. Section 2.1)

Ḡ[n] = C−1
ȳ [n]Cȳ ,x ∈ C

N×M , (4.2)

to ȳ◦[n] such that the estimate computes as ḠH[n]T̄ H[n]y◦[n]. Here, Cȳ [n] =
T̄ H[n]Cy [n]T̄ [n] denotes the auto-covariance matrix of ȳ◦[n] and Cȳ ,x the
cross-covariance matrix between ȳ◦[n] and x [n]. Remember that the covari-
ance matrices do not depend on the mean (see Equations 2.10 and 2.11),
i. e., we can omit the circle at all random sequences occurring as their sub-
scripts. Due to the fact that rank{T̄ [n]} = N , i. e., the prefilter matrix T̄ [n]
is invertible, its combination with the MWF Ḡ[n] can be written as (cf. also
Proposition 2.1)

T̄ [n]Ḡ[n] = T̄ [n]
(
T̄ H[n]Cy [n]T̄ [n]

)−1
T̄ H[n]Cy ,x

= C−1
y [n]Cy ,x = W [n].

(4.3)

In other words, the calculated estimate of x◦[n] is the same as in the case
without prefiltering, i. e.,

ḠH[n]T̄ H[n]y◦[n] = W H[n]y◦[n] = x̂◦[n]. (4.4)

Hence, Figure 4.1 depicts an exact decomposition of the MWF W [n] where
we also included the transformation to the zero-mean random sequences and
vice versa.

y [n]
y◦[n] x̂◦[n]ȳ◦[n]

T̄ H[n]

ḠH[n]

MN N

x̂ [n]

my [n] mx [n]

Fig. 4.1. Matrix Wiener Filter (MWF) with full-rank prefilter

Next, we rewrite the prefilter as

T̄ [n] =
[
M0[n] B0[n]

]
, (4.5)
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where M0[n] ∈ C
N×M is an arbitrary N ×M matrix with full column-rank,

i. e., rank{M0[n]} = M , and B0[n] ∈ C
N×(N−M) is a matrix with full column-

rank, i. e., rank{B0[n]} = N −M , which is orthogonal2 to M0[n], i. e.,

MH
0 [n]B0[n] = 0M×(N−M) ⇔ null

{
MH

0 [n]
}

= range {B0[n]} . (4.6)

Note that range{M0[n]}⊕ range{B0[n]} = C
N . With Equation (4.5) and the

definitions x◦0 [n] := MH
0 [n]y◦[n] ∈ C

M and y◦0 [n] := BH
0 [n]y◦[n] ∈ C

N−M ,
the transformed observation ȳ◦[n] of Equation (4.1) may be written as

ȳ◦[n] =
[
MH

0 [n]
BH

0 [n]

]
y◦[n] =

[
x◦0 [n]
y◦0 [n]

]
, (4.7)

and the auto-covariance matrix of ȳ◦[n] can be partitioned according to

Cȳ [n] =
[

Cx0 [n] CH
y0,x0 [n]

Cy0,x0 [n] Cy0 [n]

]
∈ C

N×N , (4.8)

where (cf. Equation 4.7)

Cx0 [n] = MH
0 [n]Cy [n]M0[n] ∈ C

M×M and
Cy0 [n] = BH

0 [n]Cy [n]B0[n] ∈ C
(N−M)×(N−M),

(4.9)

are the auto-covariance matrices of x◦0 [n] and y◦0 [n], respectively, and

Cy0,x0 [n] = BH
0 [n]Cy [n]M0[n] ∈ C

(N−M)×M , (4.10)

is the cross-covariance matrix between y◦0 [n] and x◦0 [n]. Again, x◦0 [n] = x0[n]−
mx0 [n] and y◦0 [n] = y0[n] − my0 [n] are the zero-mean versions of x0[n] ∈ C

M

and y0[n] ∈ C
N−M , respectively, and the covariance matrices do not depend

on the mean (cf. Equations 2.10 and 2.11). According to Appendix A.1 (cf.
Equations A.2 and A.5), the inverse of the partitioned matrix Cȳ [n] computes
as

C−1
ȳ [n] =

[
C−1

0
[n] −C−1

0
[n]GH

0 [n]
−G0[n]C−1

0
[n] C−1

y0 [n] + G0[n]C−1
0

[n]GH
0 [n]

]
, (4.11)

where the matrix

G0[n] = C−1
y0 [n]Cy0,x0 ∈ C

(N−M)×M , (4.12)

can be interpreted as a reduced-dimension MWF (cf. Equation 2.7) computing
the estimate
2 As introduced in Chapter 3, two matrices are denoted to be orthogonal if each

column of the one matrix is orthogonal to all the columns of the second matrix.
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x̂◦0 [n] = GH
0 [n]y◦0 [n] ∈ C

M , (4.13)

of the zero-mean vector random sequence x◦0 [n] based on the observation y◦0 [n],
and the matrix

C 0 [n] = Cx0 [n] − CH
y0,x0 [n]C−1

y0 [n]Cy0,x0 [n] ∈ C
M×M , (4.14)

which can be seen as the auto-covariance matrix of the zero-mean estimation
error ε◦0[n] = x◦0 [n] − x̂◦0 [n] = x0[n] − x̂0[n] = ε0[n] ∈ C

M when applying
the MWF G0[n] (cf. Equation 2.8). Note that x̂◦0 [n] = x̂0[n] − mx0 ∈ C

M is
the zero-mean version of x̂0[n] ∈ C

M and C 0 [n] is the Schur complement of
Cx0 [n] (cf. Appendix A.1).

Further, with Equation (4.12) and the cross-covariance matrix (cf. Equa-
tions 4.5 and 4.7)

Cȳ ,x [n] = T̄ H[n]Cy ,x [n] =
[
MH

0 [n]Cy ,x [n]
BH

0 [n]Cy ,x [n]

]
=
[
Cx0,x [n]
Cy0,x [n]

]
∈ C

N×M , (4.15)

between ȳ◦[n] and the unknown signal x◦[n], we get the following decompo-
sition of the MWF Ḡ[n]:

Ḡ[n] =
[

Δ0[n]
−G0[n]Δ0[n] + C−1

y0 [n]Cy0,x [n]

]
, (4.16)

where

Δ0[n] = C−1
0

[n]
(
Cx0,x [n] − GH

0 [n]Cy0,x [n]
)

= C−1
0

[n]C 0,x [n], (4.17)

is a quadratic MWF estimating the unknown signal x◦[n] based on the estima-
tion error ε0[n]. With Equations (4.4), (4.5), and (4.16), the MWF estimate
x̂◦[n] can finally be written as

x̂◦[n] = ΔH
0 [n]

(
MH

0 [n] − GH
0 [n]BH

0 [n]
)
y◦[n]

+ CH
y0,x [n]C−1

y0 [n]BH
0 [n]y◦[n],

(4.18)

whose structure is depicted in Figure 4.2.
To sum up, the MWF W [n] has been decomposed into the prefilters

M0[n] ∈ C
N×M and B0[n] ∈ C

N×(N−M), and the reduced-dimension MWFs
G0[n] ∈ C

(N−M)×M and C−1
y0 [n]Cy0,x [n] ∈ C

(N−M)×M , as well as the
quadratic MWF Δ0[n] ∈ C

M×M . The question remains if there exists a more
efficient decomposition of the MWF W [n]. Considering the reduced-dimension
MWF C−1

y0 [n]Cy0,x [n] = C−1
y0 [n]BH

0 [n]Cy ,x [n], we see that it vanishes if the
blocking matrix B0[n] is chosen to be orthogonal to the cross-covariance ma-
trix Cy ,x [n]. Roughly speaking, the blocking matrix must be chosen such that
its output y◦0 [n] is uncorrelated to the unknown signal x◦[n]. Only in this case,
there is no need for the additional MWF C−1

y0 [n]Cy0,x [n] which estimates x◦[n]
based on the component in y◦0 [n] which is still correlated to x◦[n]. Since B0[n]
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Fig. 4.2. Decomposition of the MWF W [n]

is already orthogonal to the matrix M0[n] (cf. Equation 4.6), choosing the
range space of B0[n] as the null space of CH

y ,x [n] is equal to selecting M0[n]
as an arbitrary basis of range{Cy ,x [n]}, i. e.,

range {M0[n]} = range {Cy ,x [n]} = M0[n] ∈ G(N,M), (4.19)

which is equal to the correlated subspace

M0[n] = argmax
M′∈G(N,M)

tr
{

⊕
√

CH
y ,x [n]PM′Cy ,x [n]

}
, (4.20)

as introduced in Appendix B.5. Equation (4.19) implies that Cy ,x [n] must have
full column-rank, i. e., rank{Cy ,x [n]} = M . From now on, M0[n] is chosen to
fulfill Equation (4.19) which results in the simplified decomposition of the
MWF W [n] as depicted in Figure 4.3. Note that besides the ambiguity of
the blocking matrix B0[n] which can be an arbitrary matrix as long as it
is orthogonal to M0[n], the choice of M0[n] is also not unique because any
basis of M0[n] leads to the same estimate x̂◦[n] as can be easily verified if
we recall Equation (4.4). Since we do not restrict the matrix M0[n] to be one
particular basis of M0[n], the presented MSMWF is a generalization of the
original version introduced by J. Scott Goldstein et al. in [88] where M0[n] has
been chosen such that its columns are orthonormal. With Equations (4.19)
and (4.6), Cy0,x [n] = BH

0 [n]Cy ,x [n] = 0(N−M)×M and the quadratic MWF
Δ0[n] of Equation (4.17) reads as (cf. also Equation 4.15)

Δ0[n] = C−1
0

[n]C 0,x [n] = C−1
0

[n]Cx0,x [n] = C−1
0

[n]MH
0 [n]Cy ,x [n]. (4.21)

Note that the filter block diagram of Figure 4.3 is strongly related to
the Generalized Sidelobe Canceler (GSC) [3, 98], especially if we assume the
vector case, i. e., M = 1. The output vector random sequence x◦0 [n] is still
perturbed by interference because it is only correlated to the desired vec-
tor random sequence x◦[n]. The MWF G0[n] estimates the interference re-
mained in x◦0 [n] from the transformed observation vector random sequence
y◦0 [n] which is uncorrelated to x◦[n] but correlated to x◦0 [n]. After removing
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Fig. 4.3. Simplified decomposition of the MWF W [n]

the interference x̂◦0 [n] from x◦0 [n], the quadratic MWF Δ0[n] is needed to
reconstruct the desired signal vector x◦[n] by minimizing the MSE. Neverthe-
less, the classical GSC has been designed to be the solution of the Minimum
Variance Distortionless Response (MVDR) constrained optimization problem
(see, e. g., [40, 25, 155, 244]) instead of the MMSE solution.

Up to now, without changing its performance (cf. Equation 4.4), theN×M
MWF W [n] has been replaced by the prefilter matrices M0[n] and B0[n],
the (N − M) × M MWF G0[n], and the quadratic M × M MWF Δ0[n].
The fundamental idea of the MSMWF is to repeatedly apply this GSC kind
of decomposition to the reduced-dimension MWFs G�−1[n] ∈ C

(N−�M)×M ,
� ∈ {1, 2, . . . , L− 2}, L > 1, resulting in the structures shown in Figure 4.4.
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� [n]

x◦� [n]
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MM

N−(�+1)M
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ΔH
� [n]

x̂◦�−1[n]

Fig. 4.4. Decomposition of the MWF G�−1[n]

This time, M�[n] ∈ C
(N−�M)×M is an arbitrary matrix with full column-

rank, i. e., rank{M�[n]} = M , and whose columns span the correlated sub-
space

M�[n] = argmax
M′∈G(N−�M,M)

tr
{

⊕
√

CH
y�−1,x�−1

[n]PM′Cy�−1,x�−1 [n]
}
, (4.22)

i. e., the subspace on which the projection of y◦�−1[n] ∈ C
N−�M still implies

the signal which is maximal correlated to x◦�−1[n] ∈ C
M . The output of M�[n]

is denoted as x◦� [n] = MH
� [n]y◦�−1[n] ∈ C

M . According to Appendix B.5,
Equation (4.22) is solved by the subspace spanned by the columns of the cross-
covariance matrix Cy�−1,x�−1 [n] ∈ C

(N−�M)×M between y◦�−1[n] and x◦�−1[n],
i. e.,

range {M�[n]} = range
{
Cy�−1,x�−1 [n]

}
= M�[n]. (4.23)
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Further, the columns of the blocking matrix B�[n] ∈ C
(N−�M)×(N−(�+1)M)

with rank{B�[n]} = N − (� + 1)M , span the orthogonal complement of the
range space of M�[n] in C

(N−�M)×M , i. e.,

MH
� [n]B�[n] = 0M×(N−(�+1)M) ⇔ null

{
MH

� [n]
}

= range {B�[n]} , (4.24)

and range{M�[n]} ⊕ range{B�[n]} = C
N−�M . Roughly speaking, B�[n] is

chosen such that the output vector random sequence y◦� [n] = BH
� [n]y◦�−1[n] ∈

C
N−(�+1)M is uncorrelated to x◦�−1[n]. Next, the reduced-dimension MWF

G�[n] = C−1
y�

[n]Cy�,x�
[n], (4.25)

where

Cy�
[n] = BH

� [n]Cy�−1 [n]B�[n] ∈ C
(N−(�+1)M)×(N−(�+1)M), (4.26)

denotes the auto-covariance matrix of y◦� [n] and

Cy�,x�
[n] = BH

� [n]Cy�−1 [n]M�[n] ∈ C
(N−(�+1)M)×M , (4.27)

the cross-covariance matrix between y◦� [n] and x◦� [n], is designed to compute
the estimate x̂◦� [n] = GH

� [n]y◦� [n] of x◦� [n] using y◦� [n] as the observation. Based
on the resulting estimation error ε�[n] = x◦� [n] − x̂◦� [n] ∈ C

M , the quadratic
M ×M MWF (cf. Equation 4.17)

Δ�[n] = C−1
�

[n]C
�,x�−1 [n] ∈ C

M×M , (4.28)

with the output x̂◦�−1[n] = ΔH
� [n]ε�[n], estimates finally x◦�−1[n]. Here, the

matrices

C
�
[n] = Cx�

[n] − CH
y�,x�

[n]C−1
y�

[n]Cy�,x�
[n] ∈ C

M×M , (4.29)

and
Cx�

[n] = MH
� [n]Cy�−1 [n]M�[n] ∈ C

M×M , (4.30)

are the auto-covariance matrices of ε�[n] and x◦� [n], respectively, and

C
�,x�−1 [n] = Cx�,x�−1 [n] = MH

� [n]Cy�−1,x�−1 [n] ∈ C
M×M , (4.31)

is the cross-covariance matrix between ε�[n] and x◦�−1[n]. Note that
Cy�,x�−1 [n] = BH

� [n]Cy�−1,x�−1 [n] = 0(N−(�+1)M)×M due to Equations (4.23)
and (4.24), thus, C

�,x�−1 [n] = Cx�,x�−1 [n] − GH
� [n]Cy�,x�−1 [n] = Cx�,x�−1 [n].

Finally, the decomposition of the last reduced-dimension MWF GL−2[n] ∈
C
M×M is depicted in Figure 4.5. There, the matrix ML−1[n] ∈ C

M×M spans
the range space of CyL−2,xL−2 [n] ∈ C

M×M , i. e.,
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range {ML−1[n]} = range
{
CyL−2,xL−2 [n]

}
= ML−1[n], (4.32)

obtained from the optimization problem defined in Equation (4.22) where
� = L − 1. The output signal x◦L−1[n] = MH

L−1[n]y◦L−2[n] ∈ C
M which can

be defined as εL−1[n] := x◦L−1[n] ∈ C
M , is taken as the observation for the

quadratic MWF

ΔL−1[n] = C−1
L−1

[n]C
L−1,xL−2 [n] = C−1

xL−1
[n]CxL−1,xL−2 [n]

= C−1
xL−1

[n]MH
L−1[n]CyL−2,xL−2 [n],

(4.33)

estimating x◦L−2[n] ∈ C
M , i. e., the estimate computes as x̂◦L−2[n] =

ΔH
L−1[n]x◦L−1[n] ∈ C

M .

y◦L−2[n]

x◦L−1[n]
= L−1[n]

MH
L−1[n]

ΔH
L−1[n]

MMM

x̂◦L−2[n]

Fig. 4.5. Decomposition of the MWF GL−2[n]

Figure 4.6 presents the resulting full-rank MSMWF, i. e., the multistage
decomposition of the MWF W [n] where we included again the zero-mean
correction in a[n]. Thus, all zero-mean versions of the random sequences
have to be replaced by their originals, viz., x�[n] = x◦� [n] + mx�

[n] ∈ C
M ,

x̂�[n] = x̂◦� [n] + mx�
[n] ∈ C

M , and y�[n] = y◦� [n] + my�
[n] ∈ C

N−(�+1)M ,
� ∈ {0, 1, . . . , L− 1}. The most important property of the full-rank MSMWF
is formulated in Proposition 4.1.

Proposition 4.1. The full-rank MSMWF of Figure 4.6 is identical to the
optimal MWF W [n] and a[n], i. e., they produce the same estimate x̂ [n].
Thus, its performance is invariant to the choices of the filters M�[n], � ∈
{0, 1, . . . , L−1}, and B�[n], � ∈ {0, 1, . . . , L−2}, L > 1, as long as they fulfill
Equations (4.6), (4.19), (4.23), (4.24), and (4.32).

Proof. Proposition 4.1 holds per construction. Since all decompositions of
the reduced-dimension MWFs G�−1[n], � ∈ {1, 2, . . . , L − 1}, as depicted in
Figures 4.4 and 4.5, do not change the performance in analogy to the decom-
position of the MWF W [n] as given in Figure 4.3 (cf. Equations 4.3 and 4.4),
the MSMWF structure is equivalent to the optimal MWF W [n] and a[n] no
matter which specific matrices M�[n] and B�[n] have been chosen. ��
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Fig. 4.6. Full-rank MultiStage Matrix Wiener Filter (MSMWF)

4.1.2 Reduced-Rank Multistage Matrix Wiener Filter

The reduced-rank approximation of the MWF W [n] ∈ C
N×M and a[n] ∈ C

M ,
the rank D MSMWF W

(D)
MSMWF[n] ∈ C

N×M and a
(D)
MSMWF[n] = mx [n] −

W
(D),H
MSMWF[n]my [n] ∈ C

M , is obtained by neglecting the estimate x̂d−1[n] ∈
C
M and approximating the error vector εd−1[n] ∈ C

M by the signal vector
xd−1[n] ∈ C

M . Note that D = dM with d ∈ {1, 2, . . . , L}, i. e., D is restricted
to be an integer multiple of M . Figure 4.7 depicts the resulting structure. We
used the superscript ‘(D)’ to emphasize that the corresponding signals and
filters are different from those of the full-rank representation of the MWF as
depicted in Figure 4.6.
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Fig. 4.7. Rank D MSMWF
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Starting with ε(D)
d−1[n] = xd−1[n], the error vector random sequence between

x�[n] ∈ C
M and the output of the quadratic MWF (cf. Equation 4.28)

Δ
(D)
�+1[n] = C−1

(D)
�+1

[n]C (D)
�+1,x�

[n] ∈ C
M×M , (4.34)

with � ∈ {0, 1, . . . , d− 2}, d > 1, reads as (cf. Figure 4.7)

ε(D)
� [n] = x�[n] − x̂ (D)

� [n] = x�[n] − Δ
(D),H
�+1 [n]ε(D)

�+1[n] ∈ C
M . (4.35)

Thus, the auto-covariance matrix C (D)
�

[n] ∈ C
M×M of ε(D)

� [n] for � ∈
{0, 1, . . . , d−2}, d > 1, originally defined in Equation (4.29), can be rewritten
as

C (D)
�

[n] = Cx�
[n] − CH

(D)
�+1,x�

[n]C−1
(D)
�+1

[n]C (D)
�+1,x�

[n], (4.36)

and for � = d− 1, C (D)
d−1

[n] = Cxd−1 [n] ∈ C
M×M .

Finally, the rank D MSMWF can be computed based on Algorithm 4.1.
where all boxed equations of this and the previous subsection are summa-
rized. The for-loop in Lines 3 to 9 of Algorithm 4.1., also denoted as the
forward recursion (see, e. g., [89]), determines the prefilter matrices M�[n]
and B�[n], � ∈ {0, 1, . . . , d − 2}, d > 1, according to Equations (4.6), (4.19),
(4.23), and (4.24), as well as the second order statistics as presented in Equa-
tions (4.9), (4.10), (4.26), (4.27), and (4.30) which we need for the backward
recursion given in the second for-loop of Algorithm 4.1.. Lines 10 to 13
compute the prefilter Md−1[n] ∈ C

(N−(d−1)M)×M and the quadratic MWF
Δ

(D)
d−1[n] ∈ C

M×M of the last stage (cf. Equations 4.32 and 4.33). Due to the
fact that we neglected x̂d−1[n] in the computation of ε(D)

d−1[n] = xd−1[n] and
with Equation (4.30), the auto-covariance matrix of ε(D)

d−1[n] computes as

C (D)
d−1

[n] = Cxd−1 [n] = MH
d−1[n]Cyd−2 [n]Md−1[n]. (4.37)

Therefore, the last stage of the rank D MSMWF (cf. Figure 4.7) calculated
in Line 14 of Algorithm 4.1. as

G
(D)
d−2[n] = Md−1[n]Δ(D)

d−1[n] ∈ C
(N−(d−1)M)×M , (4.38)

is an approximation of the MWF Gd−2[n] ∈ C
(N−(d−1)M)×M (cf. Equa-

tion 4.25) in the subspace spanned by the columns of Md−1[n]. As already
mentioned, the backward recursion (e. g., [89]) is summarized in the for-loop
from Lines 15 to 20 of Algorithm 4.1. where we used Equations (4.36), (4.31),
(4.28), and (4.21), as well as the decomposition of the MWF approximation

G
(D)
�−1[n] =

(
M�[n] − B�[n]G(D)

� [n]
)

Δ
(D)
� [n] ∈ C

(N−�M)×M , (4.39)
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Algorithm 4.1. Rank D MultiStage Matrix Wiener Filter (MSMWF)
Cy−1,x−1 [n]← Cy,x [n]

2: Cy−1 [n]← Cy [n]
for � = 0, 1, . . . , d− 2 ∧ d > 1 do

4: Choose M�[n] as an arbitrary basis of range{Cy�−1,x�−1 [n]}.
Choose B�[n] as an arbitrary basis of null{MH

� [n]}.
6: Cx� [n]←MH

� [n]Cy�−1 [n]M�[n]

Cy� [n]← BH
� [n]Cy�−1 [n]B�[n]

8: Cy�,x� [n]← BH
� [n]Cy�−1 [n]M�[n]

end for
10: Choose Md−1[n] as an arbitrary basis of range{Cyd−2,xd−2 [n]}.

C (D)
d−1

[n]←MH
d−1[n]Cyd−2 [n]Md−1[n]

12: C (D)
d−1,xd−2

[n]←MH
d−1[n]Cyd−2,xd−2 [n]

Δ
(D)
d−1[n]← C−1

(D)
d−1

[n]C (D)
d−1,xd−2

[n]

14: G
(D)
d−2[n]←Md−1[n]Δ

(D)
d−1[n]

for � = d− 2, d− 1, . . . , 0 ∧ d > 1 do
16: C (D)

�

[n]← Cx� [n]−CH
(D)
�+1,x�

[n]C−1
(D)
�+1

[n]C (D)
�+1,x�

[n]

C (D)
�

,x�−1
[n]←MH

� [n]Cy�−1,x�−1 [n]

18: Δ
(D)
� [n]← C−1

(D)
�

[n]C (D)
�

,x�−1
[n]

G
(D)
�−1[n]← (M�[n]−B�[n]G

(D)
� [n])Δ

(D)
� [n]

20: end for
W

(D)
MSMWF[n]← G

(D)
−1 [n]

22: a
(D)
MSMWF[n]←mx [n]−G

(D),H
−1 [n]my [n]

in analogy to the one given in Figure 4.4. Finally, Lines 21 and 22 of Algo-
rithm 4.1. define the filter coefficients of the rank D MSMWF.

Note that Algorithm 4.1. presents the reduced-rank MSMWF which is
based on the fact that both the auto-covariance matrix Cy [n] as well as the
cross-covariance matrix Cy ,x [n], or estimations thereof, are available as in the
application given in Part II of this book. There, the statistics is estimated
based on a channel model and the a priori information obtained from the
decoder. This type of estimation technique is necessary because the covariance
matrices cannot be estimated with a correlation based method (sample-mean
estimation) due to the non-stationarity of the random sequences. However,
for applications where the covariance matrices in Lines 8, 11, 12, 16, and 17 of
Algorithm 4.1. can be approximated by their sample-mean estimates, Lines 6
and 7 are no longer necessary. Consequently, the auto-covariance matrix Cy [n]
needs not to be known at all.

Finally, it remains to mention that the MSMWF implementation given
by Algorithm 4.1. can be easily extended to a rank-flexible version (cf. Sub-
section 3.4.4) if the rank D is no longer a multiple integer of M . With d =
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D/M� ∈ {1, 2, . . . , 
N/M�} and μ = D−(d−1)M ∈ {1, 2, . . .M}, Line 10 of
Algorithm 4.1. has to be changed such that Md−1[n] is a (N − (d− 1)M)×μ
matrix whose range space is the subspace spanned by the first μ columns of
Cyd−2,xd−2 [n].

In order to reveal the connection between the MSMWF and the general
reduced-rank MWF as introduced in Section 2.3, we combine the matrices
M�[n], � ∈ {0, 1, . . . , L − 1}, with the preceding blocking matrices Bi[n],
i ∈ {0, 1, . . . , �− 1}, � ∈ N, to get the prefilter matrices

T�[n] =

⎛

⎜
⎝
�−1∏

i=0
�∈N

Bi[n]

⎞

⎟
⎠M�[n] ∈ C

N×M . (4.40)

Hence, the reduced-rank MSMWF of Figure 4.7 may be redrawn as the filter
bank plotted in Figure 4.8. In this case, we approximated the MWF W [n]
and a[n] by d prefilter matrices T�[n] and d quadratic MWFs Δ

(D)
� [n], � ∈

{0, 1, . . . , d− 1}.
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Fig. 4.8. Rank D MSMWF as a filter bank

In the sense of Section 2.3, this leads to the reduced-rank MWF
W

(D)
MSMWF[n] and a

(D)
MSMWF[n] (cf. Equation 2.48) where the prefilter matrix

is defined as

T
(D)
MSMWF[n] =

[
T0[n] T1[n] · · · Td−1[n]

]
∈ C

N×D. (4.41)

If we compare Figure 2.3 with Figure 4.8, we see that the reduced-dimension
MWF G

(D)
MSMWF[n] ∈ C

D×M of the rank D MSMWF resolves in d quadratic
MWFs ordered in the staircase structure as depicted in Figure 4.8. Finally,
the reduced-rank MSMWF achieves the MMSE (cf. Equation 2.49)
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ξ
(D)
n,MSMWF = ξn

(
W

(D)
MSMWF[n],a(D)

MSMWF[n]
)

(4.42)

= tr
{

Cx [n] − CH
y ,x [n]T (D)

MSMWF[n]C−1

y(D)
MSMWF

[n]T (D),H
MSMWF[n]Cy ,x [n]

}
,

where Cy(D)
MSMWF

[n] = T
(D),H
MSMWF[n]Cy [n]T (D)

MSMWF[n] ∈ C
D×D is the auto-

covariance matrix of the transformed observation vector y (D)
MSMWF[n] ∈ C

D.

4.1.3 Fundamental Properties

This subsection reveals the fundamental properties of the reduced-rank
MSMWF. For simplicity, we restrict ourselves to the case where the rank
D is a multiple integer of M . However, the generalization to arbitrary
D ∈ {M,M+1, . . . N} is straightforward if we recall the respective comments
made in Subsection 4.1.2. Besides, although the matrices under considera-
tion are still time-varying, we omit the time index n because the following
characteristics of the rank D MSMWF are true for each n.

Proposition 4.2. With the prefilter matrix T
(D)
MSMWF of the reduced-rank

MSMWF as given in Equation (4.41), the auto-covariance matrix Cy(D)
MSMWF

=

T
(D),H
MSMWFCyT

(D)
MSMWF ∈ C

D×D of the transformed observation vector
y (D)
MSMWF ∈ C

D (cf. Section 2.3) is block tridiagonal3.

Proof. With Equations (4.40) and (4.41), the M ×M submatrix Cm,�, m, � ∈
{0, 1, . . . , d− 1}, d = D/M ∈ N, of Cy(D)

MSMWF
in the (m+ 1)th block row and

(�+ 1)th block column reads as

Cm,� = T H
mCyT� = MH

m

⎛

⎜
⎝

0∏

i=m−1
m∈N

BH
i

⎞

⎟
⎠Cy

⎛

⎜
⎝
�−1∏

i=0
�∈N

Bi

⎞

⎟
⎠M�. (4.43)

Besides, recall Equations (4.9), (4.10), (4.26), and (4.27), and use them to
rewrite the cross-covariance matrix Cy�,x�

∈ C
(N−(�+1)M)×M according to

Cy�,x�
= BH

� Cy�−1M� =

(
0∏

i=�

BH
i

)

Cy

⎛

⎜
⎝
�−1∏

i=0
�∈N

Bi

⎞

⎟
⎠M�, (4.44)

where Cy−1 := Cy ∈ C
N×N . For the case m > �+1, plugging Equation (4.44)

into Equation (4.43) yields
3 A block tridiagonal matrix consists of block matrices in the main diagonal and

the two adjacent subdiagonals.
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Cm,� = MH
m

(
�+1∏

i=m−1

BH
i

)

Cy�,x�
= 0M×M , (4.45)

if we remember that B�+1 ∈ C
(N−(�+1)M)×(N−(�+2)M) is chosen to be or-

thogonal to M�+1 ∈ C
(N−(�+1)M)×M whose columns span the range space

of Cy�,x�
(cf. Equations 4.24 and 4.23). For m = � + 1, the combination of

Equations (4.43) and (4.44) results in (cf. Equation 4.31)

Cm,� = MH
�+1Cy�,x�

= Cx�+1,x�
= C

�+1,x�
. (4.46)

Recall from Subsection 2.2.1 that we assume the auto-covariance matrix Cy
to be positive definite. Thus, the matrices C�,� = T H

� CyT� in the diagonal
of Cy(D)

MSMWF
are positive definite and therefore unequal to the zero matrix

0M×M . Finally, due to the Hermitian property of Cy , the M×M blocks Cm,�

of Cy(D)
MSMWF

can be written as

Cm,� =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

CH
�+1,x�

, m = �− 1,
T H
� CyT�, m = �,

C
�+1,x�

, m = �+ 1,
0M×M , otherwise,

(4.47)

resulting in a block tridiagonal structure as depicted in Figure 4.9. Thus,
Proposition 4.2 is proven. ��

As can be seen by Equation (4.45) of the proof of Proposition 4.2, the block
tridiagonal structure of the auto-covariance matrix Cy(D)

MSMWF
is mainly due to

the fact that the blocking matrix B�+1 is orthogonal to the cross-covariance
matrix Cy�,x�

. Remember from Subsection 4.1.1 that this condition was also
necessary to get the simplified structure of the MSMWF (cf. Figure 4.3).
Again, for this reason, we have chosen the matrix M�+1 which is already
orthogonal to B�+1 (cf. Equation 4.24), such that its range space is the cor-
related subspace M�+1, i. e., the range space of Cy�,x�

(cf. Equation 4.23).

Proposition 4.3. The prefilter matrices T�, � ∈ {1, 2, . . . , d − 1}, as defined
in Equation (4.40), are all orthogonal to the first prefilter matrix T0, i. e.,

T H
� T0 = 0M×M , � ∈ {1, 2, . . . , d− 1}. (4.48)

However, they are generally not orthogonal to each other.

Proof. With Equation (4.40) and the fact that BH
0 M0 = BH

0 T0 = 0(N−M)×M
(cf. Equation 4.6), we get

T H
� T0 = MH

�

⎛

⎜
⎝

0∏

i=�−1
�∈N

BH
i

⎞

⎟
⎠M0 = 0M×M , (4.49)
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D

D

M

M

C0,0 C0,1

C1,0 C1,1 C1,2

C2,1 C2,2

Cd−2,
d−1

Cd−1,
d−2

Cd−1,
d−1

. . .

. . . . . .

Fig. 4.9. Structure of a block tridiagonal D ×D matrix with M ×M blocks

which proves the first part of Proposition 4.3. The second part is proven if we
find one couple of prefilter matrices which are not orthogonal to each other.
Consider the two prefilter matrices T1 = B0M1 and T2 = B0B1M2 to get

T H
1 T2 = MH

1 BH
0 B0B1M2. (4.50)

Although MH
1 B1 = 0M×(N−2M) due to Equation (4.24), B0 under the con-

dition that BH
0 M0 = 0(N−M)×M can still be chosen such that the matrix

MH
1 BH

0 B0B1 is unequal to the zero matrix. In fact, this is the case if BH
0 B0

is unequal to a scaled identity matrix. Therefore, in general, T H
1 T2 	= 0M×M

which completes the proof. ��

Note that the condition of the blocking matrices B� to be orthogonal to
the basis matrices M� of the correlated subspaces M� does not restrict the
MSMWF to be an approximation of the MWF in a specific subspace. Since
the subspace of a reduced-rank MWF is directly connected to its performance
(see Proposition 2.1), reduced-rank MSMWFs with different blocking matrices
can lead to different MSEs. An extreme case is formulated in the following
proposition.

Proposition 4.4. If the number of stages d is greater than one, the block-
ing matrices of the reduced-rank MSMWF can always be chosen such that its
performance is equal to the one of the full-rank MWF.

Proof. Remember from Subsections 4.1.1 and 4.1.2 (e. g., Proposition 4.1)
that the multistage decomposition represents exactly the MWF as long as the
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reduced-dimension MWF (cf. Equation 4.25 and Figure 4.4)

Gd−2 = C−1
yd−2

Cyd−2,xd−2 ∈ C
(N−(d−1)M)×M , (4.51)

is not replaced by its approximation in the range space of Md−1 ∈
C

(N−(d−1)M)×M , i. e.,

G
(D)
d−2 = Md−1Δ

(D)
d−1 ∈ C

(N−(d−1)M)×M , (4.52)

as appearing in Line 14 of Algorithm 4.1. (cf. also Equation 4.38). Thus,
if we choose Bd−2 ∈ C

(N−(d−2)M)×(N−(d−1)M) such that it fulfills not only
MH

d−2Bd−2 = 0M×(N−(d−1)M) (cf. Equation 4.24) but also

range {Gd−2} = range {Md−1} , (4.53)

the quadratic MWF Δ
(D)
d−1 ∈ C

M×M in Equation (4.52) ensures that G
(D)
d−2 =

Gd−2. In fact, this is the basis invariance of reduced-rank MWFs which we
already presented in Proposition 2.1. Note that Bd−2 directly influences Gd−2

in Equation (4.51) via the covariance matrices Cyd−2 = BH
d−2Cyd−3Bd−2 and

Cyd−2,xd−2 = BH
d−2Cyd−3Md−2 (cf. Equations 4.26 and 4.27). Clearly, when

G
(D)
d−2 = Gd−2, the rank D MSMWF is equal to the MWF. From Equa-

tion (4.23), we know that the range space of Md−1 is equal to the range
space of Cyd−2,xd−2 . Hence, one solution to Equation (4.53) is to choose the
blocking matrix Bd−2 such that the inverse of the auto-covariance matrix
Cyd−2 ∈ C

(N−(d−1)M)×(N−(d−1)M) in Equation (4.51) reduces to a scaled iden-
tity matrix, i. e.,

Cyd−2 = BH
d−2Cyd−3Bd−2 = βIN−(d−1)M , (4.54)

with β ∈ R+. It remains to find such a blocking matrix. With the factorization
of Bd−2 = V B′d−2 where V ∈ C

(N−(d−2)M)×(N−(d−2)M) has full-rank and
B′d−2 ∈ C

(N−(d−2)M)×(N−(d−1)M) has orthonormal rows, i. e., B′,Hd−2B
′
d−2 =

IN−(d−1)M , Equation (4.54) reads as

B′,Hd−2V
HCyd−3V B′d−2 = βIN−(d−1)M . (4.55)

Therefore, if the matrix V is chosen such that

V HCyd−3V = βIN−(d−2)M , (4.56)

Equation (4.54) holds due to the fact that the columns of B′d−2 are orthonor-
mal to each other. One solution to Equation (4.56) is given by

V =
√
βL−1,H, (4.57)

where L ∈ C
(N−(d−2)M)×(N−(d−2)M) is the lower triangular matrix of the

Cholesky factorization
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Cyd−3 = LLH ∈ C
(N−(d−2)M)×(N−(d−2)M) which can be computed

based on Algorithm 2.1.. Then, B′d−2 is chosen to fulfill MH
d−2Bd−2 =

0M×(N−(d−1)M), i. e.,

MH
d−2V B′d−2 = 0M×(N−(d−1)M) ⇔ range

{
B′d−2

}
= null

{
MH

d−2V
}
. (4.58)

Choosing the blocking matrices B�, � ∈ {0, 1, . . . , d−3}, d > 2, arbitrarily but
such that Equation (4.24) holds, and combining V of Equation (4.57) with
B′d−2 of Equation (4.58) to the remaining blocking matrix Bd−2 = V B′d−2

leads to a reduced-rank MSMWF which is equal to the MWF. ��

Note that the choice of the optimal blocking matrices as given in the
proof of Proposition 4.4 has no practical relevance since their calculation is
clearly too computationally intense, i. e., the resulting reduced-rank MSMWF
is computationally more expensive than the Cholesky based implementation
of the MWF as presented in Subsection 2.2.1.

The effect of the choice of the blocking matrices on the performance of the
reduced-rank MSMWF is illustrated by the following example.

Example 4.5 (Influence of the blocking matrices on the MSMWF perfor-
mance). In this example, we consider a scenario which is equal to the one
given in Example 3.9 except from the fact that the cross-covariance matrix
which represents the right-hand side matrix in Example 3.9, has only M = 1
column. This restriction is necessary because we want to make a performance
comparison to the computationally efficient blocking matrices suggested by
J. Scott Goldstein et al. in [89], which exist only for M = 1. With N = 40,
the auto-covariance matrix is defined to be Cy = NNH + I40/10 ∈ C

40×40

where each element of N ∈ C
40×40 is a realization of the complex normal

distribution NC(0, 1).4 Since M = 1, the cross-covariance matrix Cy ,x reduces
to the cross-covariance vector cy ,x which we choose to be the first column
of N , i. e., cy ,x = Ne1. Finally, the auto-covariance matrix Cx = cx = 1.
Figure 4.10 depicts the MSE ξ

(D)
n,MSMWF (cf. Equation 4.42) over the rank

D ∈ {1, 2, . . . , 40} of the reduced-rank MSMWFs where we have averaged
over several realizations N . We compare the reduced-rank MSMWFs with

• optimal blocking matrices as derived in the proof of Proposition 4.4,
• blocking matrices which are scaled versions of matrices with orthonormal

columns,
• arbitrary blocking matrices which have been computed from the orthonor-

mal blocking matrices by multiplying them on the left-hand side by
quadratic matrices where the entries are realizations of the complex normal
distribution NC(0, 1), and

4 The probability density function of the complex normal distribution NC(mx , cx)
with mean mx and variance cx reads as px(x) = exp(−|x − mx |2/cx)/(πcx)
(e. g., [183]).
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• the computationally efficient blocking matrices [89]

BH
� =

(
S(0,N−�−1,1) − S(1,N−�−1,1)

)
diag {1N−� � m�} , 5 (4.59)

where S(0,N−�−1,1) = [IN−�−1,0N−�−1] ∈ {0, 1}(N−�−1)×(N−�),
S(1,N−�−1,1) = [0N−�−1, IN−�−1] ∈ {0, 1}(N−�−1)×(N−�), 1N−� ∈ {1}N−�
is the all-ones vector, ‘�’ denotes elementwise division, and m� ∈ C

N−� is
the reduced version of the matrix M� for M = 1.
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Fig. 4.10. MSMWF performance for different blocking matrices

It can be seen that the MSMWF with optimal blocking matrices achieves
the MMSE of the full-rank MWF already after the second stage and is there-
fore the MSMWF with the best performance. However, it involves also the
highest computational complexity. On the other hand, the computationally
cheapest choice from J. Scott Goldstein et al. has the worst performance of
all considered blocking matrices. If we compare the MSMWF with arbitrary
blocking matrices and the MSMWF where the columns of the blocking ma-
trices are orthonormalized, the latter one has a smaller MSE for all ranks D.
Thus, it seems to be worth to introduce orthonormalization of the blocking
matrix columns despite of the increase in computational complexity.

Whereas the blocking matrices have a strong influence on the performance
of the reduced-rank MSMWF, the choice of the matrices M�, � ∈ {0, 1, . . . , d−
1}, as arbitrary bases of the correlated subspace M�, does not affect the MSE
because they do not change the overall subspace spanned by the columns of
T

(D)
MSMWF (cf. Proposition 2.1).

5 The construction according to Equation (4.59) ensures the requirement BH
� m� =

0N−�−1 (cf. Equation 4.24).
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4.2 Relationship Between Multistage Matrix Wiener
Filter and Krylov Subspace Methods

4.2.1 Relationship to Krylov Subspace

Again, we omit the time index n due to simplicity although the variables under
consideration are time-variant. From Example 4.5, we know that choosing the
blocking matrices B� ∈ C

(N−�M)×(N−(�+1)M), � ∈ {0, 1, . . . , d − 2}, d > 1, of
the reduced-rank MSMWF as scaled versions of orthonormal matrices, i. e.,

BH
� B� = β�IN−(�+1)M , (4.60)

with β� ∈ R+, leads to an acceptable performance-complexity trade-off. Note
that restricting the blocking matrices to have orthonormal columns is widely
used in publications (e. g., [130, 121]) although no specific motivation for
this choice is given. Besides, note that the choice of B� according to Equa-
tion (4.60) is equal to selecting B� such that their non-zero singular values
are identical and equal to

√
β�. In the following, we present the consequences

of this choice.

Proposition 4.6. If the blocking matrices fulfill Equation (4.60), the prefilter
matrices T� as given by Equation (4.40) are orthogonal to each other, i. e.,

T H
mT� =

{
β̆�−1M

H
� M�, m = �,

0M×M , m 	= �,
m, � ∈ {0, 1, . . . , d− 1}, (4.61)

where β̆�−1 :=
∏�−1
i=0
�∈N

βi ∈ R+ and β̆−1 := 1.

Proof. Clearly, if Equation (4.61) is true for m ≤ �, it also holds for any
combination of m and �. Plugging Equation (4.40) into Equation (4.61) yields

T H
mT� = MH

m

⎛

⎜
⎝

0∏

i=m−1
m∈N

BH
i

⎞

⎟
⎠

⎛

⎜
⎝
�−1∏

i=0
�∈N

Bi

⎞

⎟
⎠M� =

⎛

⎜
⎝
m−1∏

i=0
m∈N

βi

⎞

⎟
⎠MH

m

⎛

⎜
⎝
�−1∏

i=m
�>m

Bi

⎞

⎟
⎠M�

=

{
β̆�−1M

H
� M�, m = �,

0M×M , m < �,
(4.62)

if we recall Equation (4.60) and remember from Equation (4.24) that
MH

mBm = 0M×(N−(m+1)M). Thus, Proposition 4.6 is proven. ��

Before proving that the blocking matrices which fulfill Equation (4.60)
lead to a reduced-rank MSMWF which is an approximation of the MWF in
a Krylov subspace, we derive a recursion formula for the prefilter matrices
T� ∈ C

N×M . Remember from Equations (4.19) and (4.23) that the range
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space of M� ∈ C
(N−�M)×M , � ∈ {0, 1, . . . , d − 1}, is chosen to be the range

space of Cy�−1,x�−1 where Cy−1,x−1 := Cy ,x ∈ C
N×M . Thus, we can write

M� = Cy�−1,x�−1Ψ� with the quadratic full-rank matrices Ψ� ∈ C
M×M . With

Equations (4.27), (4.26), and (4.9), it holds for � > 0:

M� =

(
0∏

i=�−1

BH
i

)

Cy

⎛

⎜
⎝
�−2∏

i=0
�>1

Bi

⎞

⎟
⎠M�−1Ψ�. (4.63)

Finally, using the definition of the prefilter matrices T� from Equation (4.40)
yields the recursion formula

T� =

(
�−1∏

i=0

Bi

)(
0∏

i=�−1

BH
i

)

CyT�−1Ψ�, (4.64)

for � ∈ {1, 2, . . . , d− 1}, starting with T0 = M0 = Cy ,xΨ0.

Proposition 4.7. If the blocking matrices fulfill Equation (4.60), their combi-
nation in Equation (4.64) is a scaled projector onto the (N−�M)-dimensional
subspace which is orthogonal to the range space of [T0,T1, . . . ,T�−1] ∈ C

N×�M ,
and can be written as

(
�−1∏

i=0

Bi

)(
0∏

i=�−1

BH
i

)

= β̆�−1

�−1∏

i=0

P⊥Ti
, � ∈ {1, 2, . . . , d− 1}. (4.65)

Here, the matrix P⊥Ti
∈ C

N×N denotes the projector onto the (N − M)-
dimensional subspace ⊥ Ti ⊂ C

N which is defined as the orthogonal comple-
ment to the range space of Ti, i. e., (⊥ Ti) ⊕ range{Ti} = C

N .

Proof. First, we define B̆�−1 :=
∏�−1
i=0 Bi ∈ C

N×(N−�M) for � ∈ {1, 2, . . . , d−
1}. Then, it holds

B̆H
�−1B̆�−1 =

(
0∏

i=�−1

BH
i

)(
�−1∏

i=0

Bi

)

=
�−1∏

i=0

βiIN−�M

= β̆�−1IN−�M ,

(4.66)

if we recall Equation (4.60). Due to the fact that the matrix B̆�−1 is a scaled
version of a matrix with orthonormal columns, i. e., its column-rank is N−�M ,
the product B̆�−1B̆

H
�−1 in Equation (4.65) is a scaled version of a projector

with rank N−�M . Next, we show some important properties of this projector.
Consider the product T H

mB̆�−1 for m ∈ {0, 1, . . . , � − 1}. With the above
definition of B̆�−1 and Equation (4.40), we get
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T H
mB̆�−1 = MH

m

⎛

⎜
⎝

0∏

i=m−1
m∈N

BH
i

⎞

⎟
⎠

(
�−1∏

i=0

Bi

)

= β̆m−1M
H
m

(
�−1∏

i=m

Bi

)

= 0M×(N−�M),

(4.67)

where the latter two equalities holds due to Equation (4.60) and (4.24), respec-
tively. Hence, B̆�−1 is orthogonal to the matrix [T0,T1, . . . ,T�−1]. Remember
from Proposition 4.6 that the prefilter matrices Tm, m ∈ {0, 1, . . . , � − 1},
are orthogonal to each other. Besides, all prefilter matrices have full-column
rank, i. e., their rank is M , because of Equation (4.61) and due to the fact
that the matrices Mm[n] have full-column rank since they are bases of M -
dimensional subspaces (cf. Equations 4.19 and 4.23). Hence, the dimension of
range{[T0,T1, . . . ,T�−1]} is �M which is N minus the dimension of the sub-
space described by the scaled projector B̆�−1B̆

H
�−1. Consequently, B̆�−1B̆

H
�−1

is a scaled projector onto the �M -dimensional subspace ⊥ [T0,T1, . . . ,T�−1].
With Equation (3.14) from the previous chapter, it can be easily shown that
the projector onto ⊥ [T0,T1, . . . ,T�−1] is equal to the product of the projec-
tors P⊥Ti

, i ∈ {0, 1, . . . , �− 1}, if the prefilter matrices are orthogonal to each
other. To sum up, it holds

B̆�−1B̆
H
�−1 = β̆�−1

�−1∏

i=0

P⊥Ti
, (4.68)

which completes the proof. ��

With Proposition 4.7, the recursion formula of Equation (4.64) can be
rewritten as

T� = β̆�−1

(
�−1∏

i=0

P⊥Ti

)

CyT�−1Ψ�, (4.69)

which we use to prove Proposition 4.8. Note that Michael L. Honig et al. [130,
121] derived already the same recursion formula for the special case where
M = 1 and used the result to prove that the MSWF is an approximation of the
WF in a Krylov subspace (cf. Proposition 4.8). Also Dimitris A. Pados et al.
(e. g., [178, 162]) ended up with a similar expression as given in Equation (4.69)
for the AV method but did not consider the orthogonality of the prefilter
matrices which lead to a more complicated formula. The missing connection
to the Arnoldi or Lanczos algorithm will be presented in Subsection 4.2.2.

Proposition 4.8. If the blocking matrices fulfill Equation (4.60), the rank D
MSMWF is an approximation of the MWF in the D-dimensional Krylov sub-
space K(D)(Cy ,M0) = K(D)(Cy ,Cy ,x ) (cf. Equation 3.1), thus, independent
of the choices made for the matrices M�, � ∈ {0, 1, . . . , d − 1}, as defined in
Equations (4.19) and (4.23).
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Proof. In order to show that the rank D MSMWF is an approximation of
the MWF in a Krylov subspace, we must prove that the columns of the pre-
filter matrices T�, � ∈ {0, 1, . . . , d − 1}, defined by the recursion formula in
Equation (4.69), fulfill

range
{[

T0 T1 · · · Td−1

]}
= K(D)(Cy ,M0) = K(D)(Cy ,Cy ,x ). (4.70)

We prove by induction on d = D/M ∈ N. Consider the case d = 1 where
T0 = M0 = Cy ,xΨ0 is the only available prefilter matrix. Remember that
Ψ0 ∈ C

M×M defines an arbitrary full-rank matrix which does not change the
range space of Cy ,x when applying it to its right-hand side, i. e., range{T0} =
range{M0} = range{Cy ,x}. With Equation (3.1) from the previous chapter,
the M -dimensional subspace spanned by the columns of the prefilter matrix
is clearly range{T0} = K(M)(Cy ,M0) = K(M)(Cy ,Cy ,x ). Now, assume that
Equation (4.70) holds for d = � ∈ {1, 2, . . . , L−1}, i. e., the range space of T�−1

is already a subset of K(�M)(Cy ,M0) = K(�M)(Cy ,Cy ,x ). In the polynomial
representation similar to the one given in Equation (3.2), this fact reads as

T�−1 =
�−1∑

j=0

Cj
yM0ΨM0,j,�−1 =

�−1∑

j=0

Cj
yCy ,xΨCy,x ,j,�−1, (4.71)

where ΨCy,x ,j,�−1 = Ψ0ΨM0,j,�−1 due to the fact that M0 = Cy ,xΨ0. Next,
we have to prove that Equation (4.70) is also true for d = � + 1. Replace
the prefilter matrix T�−1 in Equation (4.69) by the polynomial representation
as given in Equation (4.71). Then, the term T̆� := CyT�−1Ψ� ∈ C

N×M in
Equation (4.69) can be written as

T̆� =
�−1∑

j=0

Cj+1
y M0ΨM0,j,�−1Ψ� =

�−1∑

j=0

Cj+1
y Cy ,xΨCy,x ,j,�−1Ψ�, (4.72)

which proves that range{T̆�} ⊂ K((�+1)M)(Cy ,M0) = K((�+1)M)(Cy ,Cy ,x)
because the power of the auto-covariance matrix Cy has been increased by
one. Finally, the multiplication of the projectors P⊥Ti

, i ∈ {0, 1, . . . , � − 1},
to T̆� in Equation (4.69) represents the orthogonalization of T̆� to the already
computed prefilter matrices T0, T1, . . . , and T�−1. Since this procedure does
not change the subspace spanned by the columns of all prefilter matrices, it
holds

range
{[

T0 T1 · · · T�
]}

= K((�+1)M)(Cy ,M0)

= K((�+1)M)(Cy ,Cy ,x ),
(4.73)

and Equation (4.70) is also true for d = �+ 1 which completes the proof. ��

Note that Proposition 4.8 includes also that all possible blocking matrices
which fulfill Equation (4.60) lead to the same reduced-rank MWF performance
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(see also [30]) if we remember from Proposition 2.1 of Section 2.3 that the
performance of a reduced-rank MWF depends solely on the subspace and not
on the specific basis thereof. In the following, we restrict ourselves to the
special case of blocking matrices which fulfill Equation (4.60).

Before revealing the connection of the reduced-rank MSMWF to block
Krylov methods, we present an alternative way of computing the prefilter ma-
trices T� when the blocking matrices have been chosen to be scaled matrices
with orthonormal columns. Due to Proposition 4.3 and the fact that the ma-
trices M� in Equation (4.40) are bases of the correlated subspaces as defined
in Equations (4.20) and (4.22), the prefilter matrices T�, � ∈ {1, 2, . . . , d− 1},
can be chosen as arbitrary bases of the following correlated subspaces

T� = argmax
T ′∈G(N,M)

tr
{

⊕
√

CH
y ,x�−1

PT ′Cy ,x�−1

}
s. t. T ′ ⊥

�−1⊕

i=0

Ti, (4.74)

initialized with T0 = M0. Note that T0 is an arbitrary basis of T0. The
solution to Equation (4.74) computes to T� = range{T�} with T� as given in
Equation (4.69). Thus, the full-rank matrix Ψ� in Equation (4.69) represents
the variety of the number of bases which can be chosen to get a specific
implementation of the reduced-rank MSMWF.

4.2.2 Block Arnoldi–Lanczos Connection

We have shown with Proposition 4.8 that the rank D MSMWF with blocking
matrices according to Equation (4.60) operates in a D-dimensional Krylov
subspace. It remains to find the detailed connection between the MSMWF
and each of the block Krylov methods presented in Chapter 3. Remember
from Section 3.2 that the fundamental recursion formula of the block Arnoldi
algorithm reads as (cf. Equation 3.15)

Q�H�,�−1 =

(
�−1∏

i=0

P⊥Qi

)

AQ�−1 ∈ C
N×M , � ∈ {1, 2, . . . , d− 1}, (4.75)

where the left-hand side of Equation (4.75) is the QR factorization of its
right-hand side, i. e., the matrices Q� ∈ C

N×M have orthonormal columns
and H�,�−1 ∈ C

M×M are upper triangular matrices. Recall that the matrix
[Q0,Q1, . . . ,Qd−1] ∈ C

N×D, D = dM , is constructed to form an orthonormal
basis of K(D)(A,Q0).

If we transform Equation (4.69) to

β̆−1
�−1T�Ψ

−1
� =

(
�−1∏

i=0

P⊥Ti

)

CyT�−1, (4.76)

and compare the result to the recursion formula of the block Arnoldi algo-
rithm, i. e., Equation (4.75), we see that both are equal when the left-hand
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side of Equation (4.76) is again a QR factorization of its right-hand side, i. e.,
the columns of the matrix T� has to be mutually orthonormal and such that
β̆−1
�−1Ψ

−1
� is an upper triangular matrix. Besides, it must hold A = Cy and

(Q0,H0,−1) = QR(M0). Note that K(M)(Cy ,M0) = K(M)(Cy ,T0) due to
T0 = M0.

Now, the following question remains: Which special choice of matrices
M� ∈ C

(N−�M)×M , � ∈ {0, 1, . . . , d − 1}, of the reduced-rank MSMWF with
blocking matrices according to Equation (4.60) result in prefilter matrices T�
which are equal to the matrices Q� of the block Arnoldi algorithm? To this
end, the matrices M� must orthonormalize the columns of the prefilter matrix
T� from Equation (4.40), i. e.,

T H
� T� = MH

�

⎛

⎜
⎝

0∏

i=�−1
�∈N

BH
i

⎞

⎟
⎠

⎛

⎜
⎝
�−1∏

i=0
�∈N

Bi

⎞

⎟
⎠M�

!= IM . (4.77)

Due to Equation (4.66), the condition

MH
� M� = β̆−1

�−1IM , (4.78)

fulfills Equation (4.77). In other words, the columns of the matrix β̆
1/2
�−1M�

have to be mutually orthonormal. Since β̆−1
�−1Ψ

−1
� has to be additionally upper

triangular, we get the solution for M� = Cy�−1,x�−1Ψ� via the QR factorization
(√

β̆�−1M�, β̆
−1
�−1Ψ

−1
�

)
= QR

(√
β̆−1
�−1Cy�−1,x�−1

)
, (4.79)

where the columns of β̆1/2
�−1M� are mutually orthonormal and β̆−1

�−1Ψ
−1
� is an

upper triangular matrix.
Again, if we choose the matrices M� according to Equation (4.79) and

the blocking matrices according to Equation (4.60), the prefilter matrices of
the reduced-rank MSMWF are implicitly computed by the block Arnoldi al-
gorithm. Thus, the reduced-rank MSMWF for this case is computationally
very inefficient because it does not exploit the Hermitian structure of the
auto-covariance matrix Cy . Nevertheless, since we revealed the connection
between the MSMWF and the block Arnoldi algorithm, we can use the com-
putationally much cheaper block Lanczos algorithm for the calculation of the
prefilter matrices. However, also the block Lanczos algorithm can be only ap-
plied to the special version of the MSMWF where the bases of the correlated
subspaces as well as blocking matrices are chosen adequately. To sum up, the
prefilter matrix of this special MSMWF version reads as

T
(D)
MSMWF

∣
∣
∣Eq. (4.60)
Eq. (4.79)

=
[
Q0 Q1 · · · Qd−1

]
. (4.80)
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4.2.3 Block Conjugate Gradient Connection

Recall from Section 3.4 that the BCG algorithm at the (� + 1)th iteration
minimizes the cost function (cf. Equation 3.29)

εA (X ′) = ‖E′‖2
A = ‖X − X ′‖2

A

= tr
{
X ′,HAX ′ − X ′,HB − BHX ′ + XHB

}
,

(4.81)

for X ′ = X� + D�Φ
′ ∈ C

N×M according to the step size matrix Φ′ ∈ C
M×M

. Further, we have shown with Proposition 3.4 that this M -dimensional
search in the range space of the direction matrix D� ∈ C

N×M is equal to
the (� + 1)M -dimensional search in the range space of [D0,D1, . . . ,D�] ∈
C
N×(�+1)M which is further equal to the (� + 1)M -dimensional Krylov sub-

space K((�+1)M)(A,D0) = K((�+1)M)(A,R0) due to Proposition 3.6. In
essence, the approximation Xd of X at the dth BCG iteration, minimizes
the cost function εA (X ′) in the D-dimensional Krylov subspace K(D)(A,B),
D = dM . Here, we assume that the BCG algorithm have been initialized with
X0 = 0N×M . Thus, R0 = B − AX0 = B ∈ C

N×M .
On the other hand, the rank D MSMWF W

(D)
MSMWF and a

(D)
MSMWF with

blocking matrices according to Equation (4.60) is an approximation of the
MWF W and a in the D-dimensional Krylov subspace K(D)(Cy ,Cy ,x ) which
we have proven in Proposition 4.8 of Subsection 4.2.1. Besides, the rank D
MSMWF as a reduced-rank MWF (cf. Equations 2.45 and 2.47 of Section 2.3)
minimizes the MSE ξ(W ′,a′) defined in Equation (2.4) over all linear matrix
filters W ′ = T

(D)
MSMWFG′ and a′ = mx −W ′,Hmy . Here, the matrix T

(D)
MSMWF

is the prefilter of the reduced-rank MSMWF as defined in Equation (4.41) but
where the blocking matrices fulfill Equation (4.60). With a′ as defined above,
the MSE of Equation (2.4) can be rewritten as

ξ
(
W ′,mx − W ′,Hmy

)
= E

{∥
∥x◦ − W ′,Hy◦

∥
∥2

2

}

= tr
{
Cx − W ′,HCy ,x − CH

y ,xW
′ + W ′,HCyW ′} . (4.82)

If we compare the cost function of the BCG algorithm in Equation (4.81) with
the cost function of the MSMWF in Equation (4.82), we see that except from
the constants tr{Cx} and tr{XHB}, respectively, both are equal if we make
the substitutions A = Cy , B = Cy ,x , and X = W . Thus, when applying
the BCG algorithm to solve the Wiener–Hopf equation CyW = Cy ,x as the
system of linear equations AX = B, the approximated solution at the dth
iteration is equal to the rank D MSMWF, i. e.,

W
(dM)
MSMWF

∣
∣
∣
Eq. (4.60)

= Xd, (4.83)

because they are both approximations of W = X in the same subspace, i. e.,
the Krylov subspace K(D)(Cy ,Cy ,x ), and minimize the same cost function up
to a constant which does not change the optimum.
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This equality between the special version of the reduced-rank MSMWF
where the scaled blocking matrices have orthonormal columns and the aborted
BCG algorithm allows to make the following conclusions:

• The convergence analysis of the BCG algorithm in Subsection 3.4.2 can
be directly assigned to the reduced-rank MSMWF.

• The methods presented in Subsection 3.4.3 to understand the regularizing
effect of the BCG algorithm can be also used to describe the inherent regu-
larization of the reduced-rank MSMWF as has been reported in literature
(see, e. g., [119, 43]).

• The investigation of the MSMWF performance for a multitude of commu-
nication systems have shown that the reduced-rank MSMWF is a very
good approximation of the full-rank MWF. Thus, the BCG algorithm
can also yield very good approximations in these practical cases although
the involved system matrices are far from the main application area of
Krylov subspace methods, i. e., large sparse systems of linear equations
(cf., e. g., [204]).

4.3 Krylov Subspace Based Multistage Matrix Wiener
Filter Implementations

4.3.1 Block Lanczos–Ruhe Implementation

Again, due to simplicity, we omit the time index n throughout this chap-
ter although the matrices under consideration are still time-varying. In Sub-
section 4.2.2, we have shown that the prefilter matrices of the reduced-rank
MSMWF can be computed based on the block Lanczos algorithm if the block-
ing matrices and the bases of the correlated subspaces are chosen properly,
and if the rank D is an integer multiple of the dimension M of the desired
signal vector. Proposition 4.8 revealed that these prefilter matrices span the
D-dimensional Krylov subspace K(D)(Cy ,Cy ,x ). Thus, if D is an arbitrary in-
teger with M ≤ D ≤ N , the Block Lanczos–Ruhe (BLR) algorithm which has
been introduced in Section 3.3.2 to generate an orthonormal basis of the D-
dimensional Krylov subspace K(D)(Cy ,Cy ,x ) where D ∈ {M,M + 1, . . . , N},
can be used to compute the prefilter matrix

T
(D)
BLR =

[
q0 q1 · · · qD−1

]
∈ C

N×D, (4.84)

of the rank-flexible MSMWF version. Note that the following derivation leads
to an extension of the MSWF implementation presented in [141, 140] for the
matrix case, i. e., where the cross-covariance matrix Cy ,x may have more than
one column (see also [45]).
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To end up with an algorithm which computes the reduced-rank MSMWF
W

(D)
BLR ∈ C

N×M and a
(D)
BLR = mx − W

(D),H
BLR my ∈ C

M based on the BLR al-
gorithm, it remains to compute the reduced-dimension MWF G

(D)
BLR ∈ C

D×M

if we recall Equations (2.46) and (2.48), i. e.,

W
(D)
BLR = T

(D)
BLRG

(D)
BLR = T

(D)
BLRC−1

y(D)
BLR

Cy(D)
BLR,x

. (4.85)

Due to the orthogonality of the columns of T
(D)
BLR and the fact that the first

M columns Q0 = [q0, q1, . . . , qM−1] ∈ C
N×M thereof are obtained by a QR

factorization, i. e., (cf. Subsection 3.3.2 and Appendix B.3)

(Q0,C0,−1) = QR (Cy ,x) , (4.86)

where C0,−1 ∈ C
M×M is an upper triangular matrix, the cross-covariance

matrix of the transformed observation vector y (D)
BLR = T

(D),H
BLR y which has

been filtered by the prefilter matrix T
(D)
BLR reads as

Cy(D)
BLR,x

= T
(D),H
BLR Cy ,x =

[
C0,−1

0(D−M)×M

]
∈ C

D×M . (4.87)

Thus, only the first M columns of the inverse of Cy(D)
BLR

= T
(D),H
BLR CyT

(D)
BLR ∈

C
D×D has to be computed (cf. Equation 4.85). We derive in the following a

recursive method which performs this task.
For simplicity, let us define

D(j) := C−1

y(j)
BLR

∈ C
j×j , j ∈ {M,M + 1, . . . , D}. (4.88)

Starting with j = M , the inverse of the corresponding auto-covariance matrix
is

D(M) = (QH
0 CyQ0)−1 ∈ C

M×M , (4.89)

with the matrix Q0 from the QR factorization introduced above. Next, we
have to find a computationally efficient way to compute the inverse D(j+1)

based on the inverse D(j) where j ∈ {M,M + 1, . . . , D − 1}. It has been
shown in Propositions 3.1 and 3.2 that the auto-covariance matrix Cy(j+1)

BLR
=

T
(j+1),H
BLR CyT

(j+1)
BLR of the transformed observation vector is a Hermitian band

Hessenberg matrix with bandwidth 2M + 1 (cf. Figure 3.2). Hence, it may be
written as

Cy(j+1)
BLR

=

⎡

⎣ Cy(j)
BLR

0j−M
cj

0T
j−M cH

j cj,j

⎤

⎦ ∈ C
(j+1)×(j+1), (4.90)

with the entries
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cj :=

⎡

⎢
⎢
⎢
⎣

cj−M,j

cj−M+1,j

...
cj−1,j

⎤

⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎣

qH
j−M

qH
j−M+1

...
qH
j−1

⎤

⎥
⎥
⎥
⎦

Cyqj ∈ C
M , (4.91)

and
cj,j := qH

j Cyqj ∈ R+. (4.92)

Note that Cy(j)
BLR

= T
(j),H
BLR CyT

(j)
BLR ∈ C

j×j which depends on the prefilter
vectors calculated in all previous steps, has also a Hermitian band Hessenberg
structure. Generally, the element in the (i+ 1)th row and (m+ 1)th column
of the auto-covariance matrix Cy(j+1)

BLR
, i,m ∈ {0, 1, . . . , j}, is denoted as

ci,m =
[
Cy(j+1)

BLR

]

i,m
= qH

i Cyqm, (4.93)

where qi ∈ C
N is the (i + 1)th column of T

(j+1)
BLR ∈ C

N×(j+1). Recall the no-
tation for submatrices defined in Subsection 2.2.1 or Section 1.2, respectively.

Since Cy(j+1)
BLR

is a partitioned matrix (cf. Equation 4.90), its inverse can
be computed by using Equation (A.8) of Appendix A.1. It follows:

D(j+1) =
[
D(j) 0j
0T
j 0

]
+ δ−1

j+1dj+1d
H
j+1, (4.94)

with the vector

dj+1 =

⎡

⎣D(j)

[
0j−M

cj

]

−1

⎤

⎦ =
[
D

(j)
→Mcj
−1

]
=
[
d(j)

−1

]
∈ C

j+1, (4.95)

and the Schur complement

δj+1 = cj,j −
[
0T
j−M cH

j

]
D(j)

[
0j−M

cj

]

= cj,j − cH
j d

(j)
↓M ∈ R+,

(4.96)

of cj,j .6 In Equations (4.95) and (4.96), we used the abbreviations

D
(j)
→M =

[
D(j)

]

:,j−M :j−1
∈ C

j×M , (4.97)

d
(j)
↓M =

[
d(j)
]

j−M :j−1
∈ C

M , (4.98)

6 Note that the Schur complements of a positive definite matrix are again positive
definite (see, e. g., [131]).
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for the last M columns of D(j) (cf. Figure 4.11(a)) and the last M elements
of the vector

d(j) = D
(j)
→Mcj ∈ C

j , (4.99)

respectively. Note that [a]n:m denotes the (n−m+ 1)-dimensional subvector
of a from its (n+ 1)th to its (m+ 1)th element.

D

D

MM

D
(j)
←M D

(j)
→M

(a) D(j) ∈ C
j×j

D

M

M − 1

D
(j)
→

M−1

(b) D
(j)
→M ∈ C

j×M

Fig. 4.11. Submatrices D
(j)
←M ∈ C

j×M , D
(j)
→M ∈ C

j×M , and D
(j)
→M−1 ∈ C

j×(M−1)

of the matrices D(j) and D
(j)
→M , respectively, j ∈ {M, M + 1, . . . , D}

Remember from Equations (4.85) and (4.87) that we are only interested
in the first M columns of the inverse D(D). At the last recursion step where
j = D−1, these columns are the first M columns of the inverse D(j+1). Using
Equation (4.94), these first M columns may be written as

D
(j+1)
←M =

[
D

(j)
←M
0T
M

]
+ δ−1

j+1

[
d(j)

−1

]
d

(j),H
↑M

=

[
D

(j)
←M + δ−1

j+1d
(j)d

(j),H
↑M

−δ−1
j+1d

(j),H
↑M

]

∈ C
(j+1)×M .

(4.100)

Here,

D
(j)
←M =

[
D(j)

]

:,0:M−1
∈ C

j×M , (4.101)

d
(j)
↑M =

[
d(j)
]

0:M−1
∈ C

M , (4.102)
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denote the first M columns of D(j) (cf. Figure 4.11(a)) and the first M ele-
ments of d(j), respectively. It can be seen that the first M columns of D(j+1)

only depend on the first and last M columns of D(j) as well as the entries cj
and cj,j of the auto-covariance matrix as defined in Equation (4.90). Again
with Equation (4.94), we get the last M columns of D(j+1) as follows:

D
(j+1)
→M =

[
D

(j)
→M−1 0j
0T
M−1 0

]
+ δ−1

j+1

[
d(j)

−1

] [
d

(j),H
↓M−1 −1

]

=

[
D

(j)
→M−1 + δ−1

j+1d
(j)d

(j),H
↓M−1 −δ−1

j+1d
(j)

−δ−1
j+1d

(j),H
↓M−1 δ−1

j+1

]

∈ C
(j+1)×M .

(4.103)

The variables

D
(j)
→M−1 =

[
D(j)

]

:,j−M+1:j−1
∈ C

j×(M−1), (4.104)

d
(j)
↓M−1 =

[
d(j)
]

j−M+1:j−1
∈ C

M−1, (4.105)

denote the last M − 1 columns of D(j) (cf. Figure 4.11(b)) and the last M −
1 elements of d(j), respectively. Again, the last M columns of D(j+1) only
depend on the last M columns of D(j) and the entries cj and cj,j . Thus, at
each recursion step, it is sufficient to update the first M as well as the last
M columns of D(j+1) because we need only the first M columns D

(D)
←M of the

auto-covariance matrix inverse D(D) to compute the reduced-rank MSMWF
according to

W
(D)
BLR = T

(D)
BLRD

(D)
←MC0,−1, (4.106)

if we recall Equations (4.85) and (4.87).
Finally, Algorithm 4.2. summarizes the BLR implementation of the

reduced-rank MSMWF. The numbers in angle brackets are explained in Sec-
tion 4.4. Lines 1 to 4 of Algorithm 4.2. initialize the recursion according to
Equations (4.86) and (4.89). Lines 6 to 16 produce the columns of the pre-
filter matrix T

(D)
BLR according to the BLR method, i. e., Algorithm 3.3., which

we explained in great detail in Subsection 3.3.2. However, compared to Algo-
rithm 3.3., we replace j by j − 1, h by c, and A by Cy , and move the compu-
tation of the vector Cyqj to Line 16, i. e., after the inner for-loop, because it
is already needed in the second part of the outer for-loop of Algorithm 4.2.
where the submatrices of the inverse D(j+1) are calculated. Since we need
previous versions of this vector afterwards for the computation of a new basis
vector according to the BLR method, it is stored in different variables vj .
Remember that the vector Cyqj in Algorithm 3.3. has been computed and
stored in the single variable v before its inner for-loop. Besides, since the en-
tries cj = [cm,j , cm+1,j , . . . , cm+M−1,j ]T ∈ C

M and cj,j of the auto-covariance
matrix Cy(j+1)

BLR
(cf. Equation 4.90) are already computed in Lines 17 and 18
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according to Equations (4.91) and (4.92), respectively, they need no longer be
calculated in the if-statement from Lines 8 to 12 as done in Algorithm 3.3..
By the way, as in the algorithm of Subsection 3.3.2, the if-statement is used
because only the elements ci,m on the main diagonal and the upper M sub-
diagonals, i. e., for i ≤ m, of the auto-covariance matrix Cy(j+1)

BLR
are directly

available. The elements on the lower M subdiagonals are obtained exploiting
the Hermitian structure of the auto-covariance matrix, i. e., ci,m = c∗m,i for
i > m. Finally, the remaining lines of the outer for-loop of Algorithm 4.2., viz.,
Lines 19 to 25, compute the first and last M columns of the inverse D(j+1)

as described in Equations (4.96), (4.99), (4.100), and (4.103), and in Lines 28
to 30, the reduced-rank MSMWF is constructed according to Equations (4.84)
and (4.106) (see also Equation 2.48).

4.3.2 Block Conjugate Gradient Implementation

Again, in this subsection, D is not restricted to be an integer multiple of M ,
i. e., D ∈ {M,M + 1, . . . , N}. In Subsection 4.2.3, we revealed the relation-
ship between the BCG algorithm and the reduced-rank MSMWF with rank
D = dM and blocking matrices B� such that BH

� B� = β�IN−(�+1)M for all
� ∈ {0, 1, . . . , d − 2}, d > 1 (cf. Equation 4.60). If we extend this connec-
tion to the case where D ∈ {M,M + 1, . . . , N}, the dimension-flexible BCG
algorithm of Subsection 3.4.4, i. e., Algorithm 3.5., can be used to get an ef-
ficient implementation of the reduced-rank MSMWF. With the replacements
A = Cy , B = Cy ,x , and X = W as already made in Subsection 4.2.3, the
resulting BCG based MSMWF implementation W

(D)
BCG and a

(D)
BCG can be for-

mulated as Algorithm 4.3.. Again, the number in angle brackets are explained
in Section 4.4.

One advantage of Algorithm 4.3. compared to the MSMWF implemen-
tation as given in Algorithm 4.1. is the possibility to be initialized with
W0 	= 0N×M . This can improve convergence if we exploit available a pri-
ori knowledge for the choice of W0 like, e. g., the MWF approximation from
the previous communication block (see, e. g., [32]).

4.4 Computational Complexity Considerations

This section is to investigate the computational efficiency of the different
reduced-rank MSMWF implementations compared to the full-rank MWF
which we investigated in Section 2.2. As in Chapter 2, we use the number
of FLOPs as the complexity measure. Again, an addition, subtraction, mul-
tiplication, division, or root extraction is counted as one FLOP, no matter if
operating on real or complex values. The following list summarizes repeatedly
occurring operations together with the required number of FLOPs:
• The QR factorization of an n × m matrix requires ζQR(n,m) = (2m +

1)mn− (m− 1)m/2 FLOPs (cf. Equation B.16 of Appendix B.3).
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Algorithm 4.2. Block Lanczos–Ruhe (BLR) implementation of the MSMWF
(Q0 = [q0, q1, . . . qM−1], C0,−1)← QR(Cy,x) 〈ζQR(N, M)〉

2: V = [v0, v1, . . . , vM−1]← CyQ0 〈MN(2N − 1)〉
D

(M)
←M = D

(M)
→M ← (QH

0 V )−1 〈ζHI(M) + M(M + 1)(2N − 1)/2)〉
4: D

(M)
→M−1 ← [D

(M)
→M ]:,1:M−1

for j = M, M + 1, . . . , D − 1 ∧ D > M do
6: m← j −M

for i = j − 2M, j − 2M + 1, . . . , j − 1 ∧ i ∈ N0 do
8: if i ≤ m then

vm ← vm − qici,m 〈2N〉
10: else

vm ← vm − qic
∗
m,i 〈2N〉

12: end if
end for

14: cj,m = cm,j ← ‖vm‖2 〈2N〉
qj ← vm/cj,m 〈N〉

16: vj ← Cyqj 〈N(2N − 1)〉
cj ←

[
cm,j

[qm+1, qm+2, . . . , qm+M−1]
Hvj

]
〈(M − 1)(2N − 1)〉

18: cj,j ← qH
j vj 〈2N − 1〉

d(j) ← D
(j)
→Mcj 〈j(2M − 1)〉

20: δ−1
j+1 ←

(
cj,j − cH

j d
(j)
↓M
)−1

〈2M + 1〉
d̄(j) ← δ−1

j+1d
(j) 〈j〉

22: D
(j+1)
←M ←

[
D

(j)
←M + d(j)d̄

(j),H
↑M

−d̄
(j),H
↑M

]

〈2jM + M(1−M)〉
if j < D − 1 then

24: D
(j+1)
→M ←

[
D

(j)
→M−1 + d(j)d̄

(j),H
↓M−1 −d̄(j)

−d̄
(j),H
↓M−1 δ−1

j+1

]

〈(2j −M + 2)(M − 1)〉

D
(j+1)
→M−1 ← [D

(j+1)
→M ]:,j−M+1:j−1

26: end if
end for

28: T
(D)
BLR ← [q0, q1, . . . , qD−1]

W
(D)
BLR ← T

(D)
BLRD

(D)
←MC0,−1 〈DM(2M − 1) + NM(2D − 1)〉

30: a
(D)
BLR ←mx −W

(D),H
BLR my

• The inversion of a Hermitian and positive definite n × n matrix requires
ζHI(n) = n3 + n2 + n FLOPs (cf. Equation B.7 of Appendix B.1).

• The Hermitian product of an n×m andm×nmatrix requires (2m−1)n(n+
1)/2 FLOPs since only its lower triangular part has to be computed.

• The product of an n×m matrix by an m× p matrix requires np(2m− 1)
FLOPs and reduces to (np+p(1−p)/2)(2m−1) FLOPs if a p×p submatrix
of the result is Hermitian. Without loss of generality, we assumed for the
latter case that p < n.
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Algorithm 4.3. BCG implementation of the MSMWF
W0 ← 0N×M

2: R0 ← Cy ,x

G0 = G′0 ← RH
0 R0 〈M(M + 1)(2N − 1)/2〉

4: D0 = D′0 ← R0

for � = 0, 1, . . . , d− 2 ∧ d > 1 do
6: V ← CyD� 〈MN(2N − 1)〉

Φ� ← (DH
� V )−1G� 〈ζMWF(M, M) + M(M + 1)(2N − 1)/2〉

8: W�+1 ←W� + D�Φ� 〈2M2N〉
R�+1 ← R� − V Φ� 〈2M2N〉

10: if � < d− 2 then
G�+1 ← RH

�+1R�+1 〈M(M + 1)(2N − 1)/2〉
12: Θ� ← G−1

� G�+1 〈ζMWF(M, M)〉
D�+1 ← R�+1 + D�Θ� 〈2M2N〉

14: else
R′d−1 ← [Rd−1]:,0:μ−1

16: G′d−1 ← RH
d−1R

′
d−1 〈(μM + μ(1− μ)/2)(2N − 1)〉

Θ′d−2 ← G−1
d−2G

′
d−1 〈ζMWF(M, μ)〉

18: D′d−1 ← R′d−1 + Dd−2Θ
′
d−2 〈2μMN〉

end if
20: end for

Φ′d−1 ← (D′,Hd−1CyD
′
d−1)

−1G′,Hd−1 〈ζMWF(μ, M) + (μN + μ(μ + 1)/2)(2N − 1)〉
22: W

(D)
BCG ←Wd−1 + D′d−1Φ

′
d−1 〈2μMN〉

a
(D)
BCG ←mx −W

(D),H
BCG my

• The addition of two Hermitian n×n matrices requires n(n+ 1)/2 FLOPs
if we exploit again the fact that only the lower triangular part of the result
has to be computed.

• The addition of two n ×m matrices requires nm FLOPs and reduces to
nm+m(1 −m)/2 FLOPs if the result contains an m×m block which is
Hermitian. Here, without loss of generality, n > m.

• Solving a system of linear equations with an n × n system matrix and
m right-hand sides requires ζMWF(n,m) = n3/3 + (2m + 1/2)n2 + n/6
FLOPs (cf. Equation 2.28) if we use the Cholesky based approach from
Subsection 2.2.1. Remember from Appendix B.1 that this method is
cheaper than directly inverting the system matrix, i. e., ζMWF(n,m) <
ζHI(n)+mn(2n− 1), if m < 2n2/3+n/2+5/6 which is implicitly fulfilled
for m ≤ n.

First, consider the BLR implementation of the MSMWF in Algorithm 4.2..
As in Section 2.2, the number in angle brackets are the FLOPs required to per-
form the corresponding line of Algorithm 4.2.. Note that in Lines 22 and 24, we
exploit the Hermitian structure of the M×M submatrix in the first M rows of
the matrix D

(j)
←M +d(j)d̄

(j),H
↑M , and the (M−1)×(M−1) submatrix in the last

M − 1 rows of the matrix D
(j)
→M−1 + d(j)d̄

(j),H
↓M−1, respectively. After summing
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up, the total number of FLOPs involved when applying Algorithm 4.2. com-
putes as

ζBLR(N,M,D) = 2DN2 + 3MD2 −D2 −MD + 2D

+

{(
4MD +D2 +D −M

)
N, D ≤ 2M,

(
8MD − 4M2 + 2D − 3M

)
N, D > 2M.

(4.107)

The different cases occur due to the inner for-loop of Algorithm 4.2. which
is performed j times for j ≤ 2M and 2M times for j > 2M . Thus, we get a
different dependency on N for D > 2M compared to the case where D ≤ 2M .

Next, recall the BCG implementation of the MSMWF in Algorithm 4.3..
Again, each number in angle brackets denotes the FLOPs required to per-
form the corresponding line of the algorithm. In Lines 7, 12, and 17 of Algo-
rithm 4.3., it is computationally cheaper to solve the corresponding system
of linear equations based on the Cholesky method of Subsection 2.2.1 instead
of explicitly inverting the system matrix because the size of the system ma-
trix, i. e., M , is equal to or greater than the number of right-hand sides, i. e.,
either μ or M . Contrary to that, it would be computationally less expensive
to perform Line 21 based on the HI method of Appendix B.1 in the special
cases where M > 2μ2/3 + μ/2 + 5/6. However, we apply the Cholesky based
method for every choice of D because the reduction in computational com-
plexity is negligible when using the HI approach in the seldom cases where the
above inequality is fulfilled. Finally, the BCG implementation of the MSMWF
requires ζBCG(N,M,D) FLOPs where

ζBCG(N,M,D) = 2DN2 +
(
8MD − 2M2 − 2μM +D

)
N

+
14
3
M2D − 2M3 − 8

3
μM2 − 2

3
D + 2μ2M

− μM +
1
3
μ3 +

1
2
μ2 − 1

6
μ,

μ = D − (d− 1)M, d = 
D/M�.

(4.108)

Table 4.1 summarizes the computational complexity of the presented time-
variant MWF implementations per time index n where only the terms with
the highest order with respect to N are given. Besides the number of FLOPs
of the suboptimal approximations (cf. Equations 4.107 and 4.108), we added
the computational complexity of the optimal Cholesky based implementation
given in Equation (2.28) as well as the one of the RC implementation which
we presented in Equation (2.41) of Section 2.2. Remember that S is the length
of the signal to be estimated.

For the same reasons as already mentioned in Section 2.3, i. e., the poor
performance in the application of Part II, we exclude a detailed investigation
of the computational complexity when approximating the MWF in eigen-
subspaces. Nevertheless, remember that the PC based rank D MWF has a
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Table 4.1. Computational complexity of different time-variant MWF implementa-
tions per time index n

Implementation Number of FLOPs
(highest order term)

Optimal MWF N3/3

RCMWF 6MN2 + (N3 + N2)/S

Suboptimal BLR 2DN2

for D < N BCG 2DN2

computational complexity of O(DN2), i. e., the same order as the one of the
reduced-rank BLR or BCG implementation of the MSMWF, whereas the CS
based reduced-rank MWF has the same order as the optimal Cholesky based
approach. Further, the computational complexity of the original MSMWF im-
plementation as given in Algorithm 4.1. is also not investigated here due to
its strong relationship to the block Arnoldi algorithm (cf. Subsection 4.2.2).
Recall that the block Arnoldi algorithm is computationally very inefficient
because it does not exploit the Hermitian structure of the auto-covariance
matrix.

In Table 4.1, we see that the BLR and BCG implementation of the
MSMWF decreases the computational complexity by one order compared to
the optimal MWF implementations if N → ∞. However, for realistic values
of N , the computational complexity is only reduced if the rank D is chosen
sufficiently small as can be seen by the following investigations of the exact
number of FLOPs. Note that we use here the same parameters as for the
simulation of the multiuser system in Chapter 6.

Figure 4.12 depicts the N -dependency of the exact number of FLOPs
required to perform the different MWF implementations for M = 4 right-
hand sides and a block length of S = 512 symbols (cf. Chapter 5). We see that
although the RCMWF implementation reduces the computational complexity
from cubic to squared order for N → ∞ by exploiting the structured time-
dependency of the auto-covariance matrix, the exact number of FLOPs is
only smaller than the one of the MWF implementation based on the Cholesky
factorization for N > 42. Besides, we can observe that the BLR and the BCG
method, which perform almost equally at the given set of parameters, beat
the MWF already for N > 15 and N > 14, respectively, if the rank can be
reduced to D = 4. For D = 8, N must be greater than 38 to achieve a decrease
in computational complexity.

The dependency of the computational complexity on D is plotted in Fig-
ure 4.13 for N = 50 and S = 512. Here, the markers denote the values of
D which can be accessed by the classical BCG and block Lanczos algorithm.
However, due to the dimension-flexible extensions of the algorithms, they
can be applied to any D ∈ {M,M + 1, . . . , N}. The resulting computational
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Fig. 4.12. Computational complexity versus N of different MWF implementations
(M = 4, S = 512)

complexities are plotted as lines without markers. Again, we observe that the
rank D has to be drastically reduced to achieve a reduction in computational
complexity. For M = 8, D must be smaller than 12 when using the BLR
algorithm or even smaller than 11 when using the BCG method. For M = 4,
it must hold D < 9 to get a computationally efficient alternative to the MWF
implementation. Note that the RCMWF is computationally cheaper than the
MWF for M = 4 whereas the latter one is cheaper for M = 8. Again, this is
due to the fact that the highest order term of the RCMWF’s computational
complexity in Table 4.1 has a higher prefactor. Besides, the RCMWF requires
the explicit inversion of a matrix at the beginning of each block. It remains to
explain why the increase in the number of FLOPs of the BCG based MSMWF
implementation is especially high when increasing the rank D from an integer
multiple of M by one. The reason is mainly Line 9 of Algorithm 4.3. which
is performed d − 1 = 
D/M� − 1 times. Thus, if d increases by one, a new
residuum matrix has to be computed which is valid as long as d does not
change.

It seems that the reduction in computational complexity depends strongly
on the number M of right-hand sides, i. e., the number of columns of the cross-
covariance matrix. Figure 4.14 depicts the computational complexity versus
M for N = 50 and S = 512. First, we see that the BCG algorithm outper-
forms the BLR implementation of the MSMWF in terms of computational
efficiency for higher M . We also observe that the Cholesky based MWF is the
computationally cheapest solution for M > 13 or for M > 5 if we compare it
with the block Krylov methods of rank D = M and D = 2M , respectively.
Note that the RCMWF implementation is never the computational cheapest
solution for the given set of parameters.
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Fig. 4.13. Computational complexity versus D of different MWF implementations
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Fig. 4.14. Computational complexity versus M of different MWF implementations
(N = 50, S = 512)

Up to now, we analyzed the dependency of the exact number of FLOPs on
the given parameters and observed that the rank D of the MWF approxima-
tions in the Krylov subspace has to be drastically reduced in order to achieve
a smaller computational complexity than the one of the optimal MWF im-
plementations. However, to decide which algorithm is preferable compared to
others, we must also investigate their performance which is done in Chapter 6
for the communication system introduced in Chapter 5.



Part II

Application: Iterative Multiuser Detection



5

System Model for Iterative Multiuser
Detection

Although some fundamental ideas of spread spectrum systems arose earlier,
Direct Sequence (DS) spread spectrum communications has been introduced in
the 1950’s (see, e. g., [216, 186]). Initially applied to military communications
in order to preserve immunity and suppress jammers, DS spread spectrum
techniques are currently used for multiplexing users in mobile communication
systems, also known as Code Division Multiple-Access (CDMA). In [81], it
was shown that CDMA based terrestrial cellular systems can achieve a higher
capacity compared to competing digital techniques. The popularity of CDMA
becomes apparent by its usage in many cellular standards like, e. g., IS-95 and
cdma2000 in North America, or Wideband CDMA (WCDMA) in Europe and
Japan (see, e. g., [191]). Note that a detailed historical overview over spread
spectrum communications can be found in [216] and a tutorial of its theory
is given in [186].

The first receiver dealing with multipath channels in a CDMA system,
leading to both Multiple-Access Interference (MAI) and InterSymbol Interfer-
ence (ISI), was the computationally inexpensive Rake receiver [192] which is
based on a bank of single-user matched filters. However, Sergio Verdú showed
in [246] that joint multiuser Maximum Likelihood (ML) detection can achieve
much better results than the conventional Rake receiver. Unfortunately, its
computational complexity increases exponentially in the number of users. A
compromise between computational complexity and performance can be found
by replacing the non-linear ML approach with a linear Minimum Mean Square
Error (MMSE) receiver or Matrix Wiener Filter (MWF) as reviewed in Sec-
tion 2.1 (see, e. g., [247, 125]).

An even better system performance can be achieved by considering CDMA
combined with channel coding [79, 80]. Instead of equalizing and decoding
the received signal once in a row, the optimal receiver performs jointly equal-
ization and decoding. However, this optimal receiver is computationally not
feasible. More than 10 years ago, Catherine Douillard et al. [61] proposed a
receiver structure performing equalization and decoding alternating in an it-
erative process in order to remove ISI caused by frequency-selective channels.
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This so-called Turbo equalizer consists of an optimal Maximum A Posteriori
(MAP) equalizer and a MAP decoder exchanging iteratively soft information
about the coded data bits. Simulation results have shown that this procedure
performs very close to the optimal receiver since it eliminates ISI after sev-
eral iteration steps such that the Bit Error Rate (BER) of coded transmission
over the corresponding Additive White Gaussian Noise (AWGN) channel can
be achieved. Note that the proposed Turbo system can be interpreted as an
iterative decoding scheme for serial concatenated codes where the inner code
is the channel and the inner decoder is the equalizer (see, e. g., [106]). Claude
Berrou et al. [12] developed this iterative decoding procedure originally for
parallel concatenated codes. The first applications of the Turbo equalizer to
coded CDMA systems can be found in [105, 166, 196].

Although the computational complexity of the iterative receiver is tremen-
dously smaller than the one of the optimal receiver, the complexity is still very
high for practical implementations. Again, researchers approximated the opti-
mal non-linear MAP equalizer using an MMSE filter. Whereas Alain Glavieux
et al. [82, 159] firstly used this idea to equalize a frequency-selective channel,
Xiadong Wang and H. Vincent Poor [254, 198] applied it to suppress MAI
and ISI in a coded CDMA system. In fact, they proposed interference can-
cellation [78, 170] for iterative processing of soft information and parallel
decoding to detect jointly the data bits of all users. In the literature, this
receiver is sometimes also denoted as the parallel Decision Feedback Detec-
tor (DFD) (see, e. g., [127]). Contrary to parallel decoding where all users
are decoded before using the outputs as a priori information for the equal-
ization at the next Turbo iteration, there exists the method of successive
decoding [245] where each user is decoded separately and the output is im-
mediately fed back to the equalizer in order to perform the next Turbo step.
Thus, this so-called successive DFD needs several iterations before all users
are decoded for the first time. However, its performance is better than the
one of the parallel DFD if the order in which the users are decoded is chosen
correctly (see, e. g., [263]). Applications of the DFD to coded CDMA systems
can be found in [262, 126, 261, 123, 263, 122]. Note that early DFD publi-
cations [245, 262, 263] considered neither interleavers nor processing of soft
information which are two essential prerequisites to achieve the characteristic
Turbo gain.

The Turbo receiver which is presented in this chapter is neither based on
interference cancellation nor does it involve a DFD. Instead, we follow the
approach of Michael Tüchler et al. [240, 239], i. e., we use the available a
priori information from the decoder to adopt the statistics needed to com-
pute the linear MWF (cf. Section 2.1) which reequalizes the received signal
sequence at the next Turbo iteration. Besides, we reveal the relationship be-
tween the resulting Turbo structure and the DFD or the iterative interference
cancellation and decoding scheme (see also [50, 54, 55]). Finally, we apply
the reduced-rank MWF approximations from Section 2.3 and Chapter 4 to
the Turbo equalizer in order to further decrease its computational complexity
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(see also [49, 55, 14]). Note that the results are very related to the reduced-
rank approximations presented by Michael L. Honig in [127] or to the more
recently published ones in [63] despite of the fact that our Turbo receiver is
based on the approach introduced by Michael Tüchler et al. [240, 239]. Besides
reduced-rank algorithms as presented in this book, there exist several alterna-
tive methods which reduce the computational complexity of Turbo equalizers
like, e. g., channel-shortening [8], equalizer design based on the Fast Fourier
Transform (FFT) [158], or sequential Monte Carlo sampling techniques [60].

5.1 Transmitter Structure

Figure 5.1 depicts the transmitter structure of user k ∈ {0, 1, . . . ,K − 1} for
a coded Direct Sequence Code Division Multiple-Access (DS-CDMA) system
with K ∈ N users. Note that the transmitter model is based on the receiver’s
point of view, i. e., all signals are assumed to be random since they are obvi-
ously not known at the receiver.

Encoder Mapper Spreader kbk

d ′kdk sk

s̄kΠ

B PP S χS

Fig. 5.1. Transmitter structure of user k for a coded DS-CDMA system

The binary data block bk ∈ {0, 1}B composed of B ∈ N information
bits of user k is encoded with code rate r = B/P ∈ (0, 1] based on a Forward
Error Correction (FEC) code (e. g., [163]). Afterwards, the block dk ∈ {0, 1}P ,
P ∈ N, of coded data bits is interleaved using the permutation matrix Π ∈
{0, 1}P×P and mapped to the symbol block sk ∈ M

S of length S ∈ N using the
complex symbol alphabet M ⊂ C whose cardinality is 2Q. Note that Q ∈ N

is the number of bits used to represent one symbol. Thus, P interleaved and
coded data bits per block result in S = P/Q = B/(rQ) symbols per block.
Finally, the symbol block is spread with a code of length χ ∈ N to get the
chip block s̄k ∈ M̄

χS of length χS which is transmitted over the channel as
defined in Section 5.2. Note that the cardinality of the chip alphabet M̄ and
the symbol alphabet M is the same. The following subsections describe each
block of the diagram in Figure 5.1 in more detail.

5.1.1 Channel Coding

The channel encoder adds redundant information to the data bits in order
to decrease transmission errors caused by the channel. We consider systems
with FEC where, contrary to Automatic Repeat reQuest (ARQ) error con-
trol systems (see, e. g., [163]), errors which have been detected at the receiver
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can be automatically corrected without any retransmission of the information
block. One possible way of constructing FEC codes is via convolutional en-
coders as introduced by Peter Elias [65] in 1955. Here, we restrict ourselves
to non-systematic1 feedforward (non-recursive) convolutional encoders (cf.,
e. g., [163]) with code rate

r =
B

P
=

1
p
∈ (0, 1], (5.1)

i. e., each data bit produces p ∈ N code bits.
In order to formulate the feedforward convolutional encoder based on con-

volution over the binary Galois field GF (2) as introduced in Appendix A.7,
we represent the binary tuples bk ∈ {0, 1}B and dk ∈ {0, 1}P , i. e., the in-
put and output blocks of the channel encoder of user k ∈ {0, 1, . . . ,K − 1},
respectively, by random sequences over GF (2),2 i. e.,

bk[n] =

B−1

�
i=0

bk,i � δ[n− i] ∈ {0, 1}, (5.2)

dk[n] =

P−1

�
i=0

dk,i � δ[n− i] ∈ {0, 1}, n ∈ Z, (5.3)

where bk,i = eT
i+1bk and dk,i = eT

i+1dk are the (i + 1)th element of bk and
dk, respectively, and δ[n] = δn,n is the unit impulse. Then, the feedforward
convolutional encoder as depicted in Figure 5.2 is described by its impulse
response, i. e., the vector-valued generator sequence p[n] ∈ {0, 1}p of length
m+1. Note that m denotes the order or memory of the convolutional encoder.
Besides, the generator sequence p[n] has no index k since we assume that the
channel encoders are identical for all K users.

bk[n]
dk[n]

dk[n′]P
Sp

p[n]

Fig. 5.2. Rate r = 1/p feedforward convolutional encoder with generator sequence
p[n]

With the definition of the p-dimensional vector random sequence

1 An encoder is denoted as systematic if all input sequences occur unchanged at the
output of the encoder besides the additional redundant information. All encoders
without this characteristic are denoted as non-systematic.

2 Note that the convolution over GF (2) can be also formulated if the binary tuples
are represented by algebraic polynomials. Then, the rules known from analytical
polynomials can be used to simplify calculations.
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dk[n] =

⎡

⎢
⎢
⎢
⎣

dk[pn]
dk[pn+ 1]

...
dk[p(n+ 1) − 1]

⎤

⎥
⎥
⎥
⎦
∈ {0, 1}p, (5.4)

the output of the feedforward convolutional encoder in Figure 5.2 before
parallel-to-serial conversion reads as

dk[n] =

m

�
i=0

p[i] � bk[n− i], (5.5)

which is the convolution of the data bit sequence bk[n] by the generator se-
quence p[n] over GF (2). Finally, the coded data bit sequence dk[n′] is obtained
by parallel-to-serial conversion of dk[n], i. e.,

dk[n′] = eT
n′−�n′

n �n+1
dk[n]. (5.6)

If we define the generator matrix

P =
[
p[0] p[1] · · · p[m]

]
∈ {0, 1}p×(m+1), (5.7)

and the state

bk[n] =

⎡

⎢
⎢
⎢
⎣

bk[n]
bk[n− 1]

...
bk[n−m]

⎤

⎥
⎥
⎥
⎦
∈ {0, 1}m+1, (5.8)

of the convolutional encoder, Equation (5.5) can be also written in matrix-
vector notation as

dk[n] = P � bk[n]. (5.9)

In the sequel of this subsection, we present an example of a non-systematic
feedforward convolutional encoder which we will use in the simulations of
Chapter 6.

Example 5.1 ((7, 5)-convolutional encoder with rate r = 1/2 and memory m =
2). The (7, 5)-convolutional encoder with memory m = 2 and rate r = 1/2,
i. e., each data bit generates p = 2 code bits, is defined via its generator
sequence

p[n] =
[
1
1

]
� δ[n] �

[
1
0

]
� δ[n− 1] �

[
1
1

]
� δ[n− 2] ∈ {0, 1}2, (5.10)

or its generator matrix

P =
[
1 1 1
1 0 1

]
∈ {0, 1}2×3, (5.11)
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bk[n]

dk[2n]

dk[2n + 1]

δ[n− 1]δ[n− 1]

Fig. 5.3. (7, 5)-convolutional encoder with rate r = 1/2 and memory m = 2

respectively. The resulting Finite Impulse Response (FIR) structure before
parallel-to-serial conversion is shown in Figure 5.3.

Note that the term ‘(7, 5)’ denotes where the taps in the FIR structure of
Figure 5.3 are placed (cf., e. g., [163]). More precisely speaking, the number ‘7’
is the octal representation of the binary word interpretation of the first row
of the generator matrix P , i. e., 1112 = 78, which denotes that dk[2n] is the
modulo 2 sum of bk[n], bk[n− 1], and bk[n− 2], and the number ‘5’ the octal
representation of the binary word in the second row of P , i. e., 1012 = 58,
which denotes that dk[2n+ 1] is the modulo 2 sum of bk[n] and bk[n− 2].

It remains to mention that the Bahl–Cocke–Jelinek–Raviv (BCJR) algo-
rithm3 [7] which we use to decode the convolutional coded data bits in the
iterative receiver of Section 5.3 (cf. especially Subsection 5.3.3), requires de-
fined initial and ending states, e. g., the zero vector. Unfortunately, this ter-
mination procedure reduces the number of processed data bits for each block
resulting in a rate loss of the system as described in, e. g., [163].

5.1.2 Interleaving

The main task of the interleaver is to resolve, at least locally, statistical de-
pendencies between coded data bits. Thus, interleaving is essential for the
performance of the Turbo principle (e. g., [106]). Additionally, the interleaver
reduces error bursts caused by bad channel realizations. Note that interleav-
ing can be also seen as a way of constructing a very powerful encoder if
we consider the whole transmission chain, viz., encoder, interleaver, mapper,
spreader, and channel, as one channel encoder for an Additive White Gaussian
Noise (AWGN) channel. Here, we discuss only bitwise interleaving although
early publications (e. g., [82, 159]) of Turbo equalizers with modulation al-
phabets of a higher order than the one of Binary Phase Shift Keying (BPSK)
have been based on symbolwise interleaving. Comparisons between both in-
terleaving techniques can be found in [41].

The interleaver can be described by an invertible permutation matrix Π ∈
{0, 1}P×P with one ‘1’ in each row and each column. Applied to the coded
3 The BCJR algorithm is named after its inventors, viz., Lalit R. Bahl, John Cocke,

Frederick Jelinek, and Josef Raviv.



5.1 Transmitter Structure 119

data block dk ∈ {0, 1}P of user k, the output of the interleaver reads as

d ′k = Πdk ∈ {0, 1}P . (5.12)

Finding the optimal interleaver for a system with an iterative receiver (cf.
Section 5.3) is nearly impossible because it depends on too many parameters.
However, simulations have shown (see, e. g., [113]) that suboptimal solutions
achieve good performances in terms of Bit Error Rate (BER). One ad hoc
approach is the so-called block interleaver with a permutation matrix where
each ‘1’ has the same distance to the next one. In other words, after interleav-
ing, adjacent coded data bits have a constant distance to each other where
the distance between the ith and jth element of a vector is defined as |i− j|.
Whereas this kind of interleaving may be adequate for Turbo decoding, the
BER performance of a system with Turbo equalization does not improve over
several iteration steps.

A better choice for Turbo equalization is the random interleaver where
the permutation matrix is randomly occupied. Despite of its simplicity, this
interleaving scheme yields good results as shown in [113]. Unfortunately, the
random interleaver has the drawback that symbols can stay close to each
other which breaks the statistical independence between the interleaved and
coded data bits. Therefore, researchers suggested the S-random interleaver
ensuring a minimal distance between the symbols which is equivalent to a
permutation matrix with a minimal distance between the ‘1’-entries. The S-
random interleaver can be seen as a random interleaver with the constraint
that the minimal distance between adjacent coded data bits is guaranteed. A
more detailed explanation of all mentioned interleavers can be found in [113].

5.1.3 Symbol Mapping

This subsection is to describe the mapping of the interleaved and coded data
block d ′k ∈ {0, 1}P of user k ∈ {0, 1, . . . ,K − 1} to its symbol block sk ∈ M

S

(cf. Figure 5.1). Again, M ⊂ C is the modulation alphabet with cardinality 2Q

where Q is the number of bits used to represent one symbol. Thus, the length
of each symbol block is S = P/Q. Since S ∈ N, we must restrict P to be a
multiple integer of Q. Further, we assume that the average of all elements in
M is zero, i. e.,

1
2Q
∑

s∈M

s = 0, (5.13)

and that the average of the squared elements is �s , i. e.,

1
2Q
∑

s∈M

|s|2 = �s . (5.14)

Then, the symbol mapper M is defined via the bĳective function
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M : {0, 1}Q → M, d ′k,n �→ sk,n = M
(
d ′k,n

)
, (5.15)

mapping the Q bits d ′k,n = S(nQ,Q,P−Q)d ′k ∈ {0, 1}Q, n ∈ {0, 1, . . . , S − 1},
i. e., the Q adjacent bits in d ′k beginning from its (nQ+ 1)th element, to the
(n + 1)th symbol sk,n = eT

n+1sk ∈ M of sk. Remember that S(nQ,Q,P−Q) =
[0Q×nQ, IQ,0Q×(P−(n+1)Q)] ∈ {0, 1}Q×P is the selection matrix as defined in
Section 1.2. In Example 5.2, we present the symbol mapper for QuadriPhase
Shift Keying (QPSK) modulation based on the Gray code and with �s =
1 (see, e. g., [193]) which we will use for modulation in the sequel of this
book. If the reader is interested in iterative receivers (cf. Section 5.3) for
other modulation alphabets like, e. g., BPSK where Q = 1, M -ary Quadrature
Amplitude Modulation (M -QAM), or M -ary Phase Shift Keying (M -PSK), we
refer to [61, 82, 159, 240, 41].

Example 5.2 (QPSK symbol mapper based on the Gray code and with �s = 1).

For QPSK symbol mapping where Q = 2, the modulation alphabet with
cardinality 4 reads as (cf. also Figure 5.4)

M =
{

1√
2

+
j√
2
,

1√
2
− j√

2
,− 1√

2
+

j√
2
,− 1√

2
− j√

2

}
, (5.16)

if we assume �s = 1 (cf. Equation 5.14).

1

Re {sk,n}

j Im {sk,n}

1√
2

− 1√
2

j√
2

− j√
2

[
0
0

]

[
0
1

]

d ′k,n =

[
1
0

]

[
1
1

]

Fig. 5.4. QPSK symbols with �s = 1

The QPSK symbol mapper MG based on the Gray code is defined via the
mapping rules in Table 5.1 (e. g., [193]). As can be seen in Figure 5.4, one
characteristic of the Gray code is that the bit tuples corresponding to nearby
symbols differ only in one binary digit.
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Table 5.1. QPSK symbol mapper based on the Gray code and with �s = 1

d ′k,n

[
0, 0
]T [

0, 1
]T [

1, 0
]T [

1, 1
]T

sk,n = MG(d ′k,n)
1√
2

+
j√
2

1√
2
− j√

2
− 1√

2
+

j√
2
− 1√

2
− j√

2

Note that Gray mapping for a modulation alphabet with 2Q symbols is
one of 2Q!, i. e., 4! = 24 in the case of QPSK modulation, possible symbol
mappings. In fact, non-Gray mappings in combination with the soft symbol
demapping of Subsection 5.3.2 which exploits a priori information available
from the decoder in the Turbo process (cf. Section 5.3) can outperform the
Gray code (see, e. g., [22, 21, 41]). Examples of these mappings are based on set
partitioning [243], the effective free distance criterion [95], or the optimization
as proposed in [217]. In single-user systems with frequency-flat channels, the
gain of performing Turbo iterations is even zero when using the Gray code
(e. g., [41]). The reason for the superiority of non-Gray mappings in Turbo
systems is as follows: If we have full a priori information over all bits except
from the one which has to be determined, we get the lowest BER if the sym-
bols which differ only in this remaining bit have the largest distance in the
complex plane. Clearly, this is contradictory to the Gray code where symbols
which differ only in one bit are closest to each other (cf. Figure 5.4). Thus,
if we choose non-Gray mappings instead of the Gray code, we get a perfor-
mance improvement if we have full a priori knowledge. However, if there is
no a priori information available, i. e., before the first iteration of the Turbo
process, the system performance degrades due to the fact that Gray mapping
is still optimal in this case. Hence, there is a fixed number of Turbo itera-
tions where the system with non-Gray mapping beats the one with the Gray
code. Compared to the single-user case with the frequency-flat channel where
this number is one, systems with frequency-selective channels need generally
more than one Turbo iteration such that non-Gray mappings outperform the
Gray code (cf., e. g., [41]). Clearly, the more Turbo iterations the higher is
the computational complexity of the receiver. Since we are finally interested
in computationally cheap solutions, we restrict ourselves to the Gray map-
ping as introduced in Example 5.2 for QPSK modulation. Note that another
drawback of using non-Gray mappings in Turbo systems is the increase of the
Signal-to-Noise Ratio (SNR) threshold, i. e., the SNR value of the waterfall
region.

5.1.4 Spreading

In order to separate the users in a DS-CDMA system (e. g., [216, 186, 111]),
their symbol streams are multiplied by orthogonal code sequences. Each code
sequence consists of χ ∈ N so-called chips which can be either +1 or −1.
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The rate 1/Tc of the resulting chip sequences is by a factor of χ larger than
the rate 1/Ts of the symbol sequences, i. e., Ts = χTc. Since this results in
a spreading of the signal spectra, DS-CDMA is a spread spectrum technique.
Here, Tc ∈ R+ denotes the duration of one chip, Ts ∈ R+ the duration of one
symbol, and χ the spreading factor.

Mathematically speaking, with the code vector ck ∈ {−1,+1}χ of user
k ∈ {0, 1, . . . ,K − 1}, which is orthogonal to the code vectors of all other
users, i. e., cT

k ci = δk,i, i ∈ {0, 1, . . . ,K − 1}, the symbol block of user k is
spread according to

s̄k = (IS ⊗ ck) sk ∈ M
χS , (5.17)

where ‘⊗’ denotes the Kronecker product and δk,i the Kronecker delta as
defined in Chapter 2. Here, we use Orthogonal Variable Spreading Factor
(OVSF) codes (e. g., [111]) based on a code tree generated according to Fig-
ure 5.5(a). Figure 5.5(b) depicts exemplarily the resulting code tree with the
orthogonal codes ck ∈ {−1,+1}4, k ∈ {0, 1, 2, 3}, for χ = 4. Note that two
OVSF codes are orthogonal if and only if neither of them lies on the path
from the other code to the root. Unfortunately, these codes do not have good
auto-correlation or cross-correlation properties leading to severe InterSym-
bol Interference (ISI) and Multiple-Access Interference (MAI) in frequency-
selective channels (see, e. g., [111]).

[
c
]

[
c
−c

] [
c
c

]

(a) Tree generation rule

[
+1
]

[
+1
−1

] [
+1
+1

]

⎡

⎢
⎢
⎣

+1
−1
−1
+1

⎤

⎥
⎥
⎦=c0

⎡

⎢
⎢
⎣

+1
−1
+1
−1

⎤

⎥
⎥
⎦=c1

⎡

⎢
⎢
⎣

+1
+1
−1
−1

⎤

⎥
⎥
⎦=c2

⎡

⎢
⎢
⎣

+1
+1
+1
+1

⎤

⎥
⎥
⎦=c3

(b) Example with χ = 4

Fig. 5.5. Orthogonal Variable Spreading Factor (OVSF) code tree

For the derivation of the equalizer in Subsection 5.3.1, we need a convo-
lutional matrix-vector model of the spreader. First, we define the sequences
s[n] ∈ M

K , s̄[n] ∈ M̄
K , and C[n] ∈ {−1, 0,+1}K×K such that they comprise

the symbols, chips, or codes of all users, i. e.,



5.1 Transmitter Structure 123

s[n] =

⎡

⎢
⎢
⎢
⎣

s0[n]
s1[n]

...
sK−1[n]

⎤

⎥
⎥
⎥
⎦

=
S−1∑

i=0

⎡

⎢
⎢
⎢
⎣

s0,i
s1,i
...

sK−1,i

⎤

⎥
⎥
⎥
⎦
δ[n− i], (5.18)

s̄[n̄] =

⎡

⎢
⎢
⎢
⎣

s̄0[n̄]
s̄1[n̄]

...
s̄K−1[n̄]

⎤

⎥
⎥
⎥
⎦

=
χS−1∑

i=0

⎡

⎢
⎢
⎢
⎣

s̄0,i
s̄1,i
...

s̄K−1,i

⎤

⎥
⎥
⎥
⎦
δ[n̄− i], (5.19)

C[n] =
χ−1∑

i=0

Ciδ[n− i], Ci = diag {c0,i, c1,i, . . . , cK−1,i} , (5.20)

where sk,i = eT
i+1sk ∈ M, s̄k,i = eT

i+1s̄k ∈ M̄, and ck,i = eT
i+1ck ∈ {−1,+1}

are the (i+ 1)th element of the vectors sk, s̄k, and ck, respectively. Then, the
spreading of all users is represented by the block diagram in Figure 5.6.

s[n] s̄[n̄]
s̆[n̄]

χ ↑ C [n̄]

KKK

Fig. 5.6. Spreading for DS-CDMA

The first block in Figure 5.6 symbolizes zero padding, i. e., the insertion
of zeros into the symbol sequence s[n] such that the intermediate sequence
s̆[n̄] ∈ M

K reads as

s̆[n̄] =
∞∑

n=−∞
s[n]δ[n̄− χn]. (5.21)

Note that the different time indices, i. e., n before and n̄ after zero padding,
shall indicate the different rates of the sequences. In other words, the sequence
s̆[n̄] is sampled with chip rate 1/Tc whereas s[n] is sampled with the symbol
rate 1/Ts = 1/(χTc). Then, the convolution of s̆[n̄] with the code sequence
C[n̄] yields the spread symbol sequence

s̄[n̄] = C[n̄] ∗ s̆[n̄] =
χ−1∑

i=0

C[i]̆s[n̄− i]. (5.22)

Note that Equations (5.21) and (5.22) with the definitions of the sequences in
Equations (5.18) to (5.20) is an alternative spreading representation compared
to the block notation in Equation (5.17).

To get finally the convolutional matrix-vector model of the spreading pro-
cedure, we define the vectors4

4 The index ‘c’ as an abbreviation for “composite” indicates that the corresponding
vector is composed by adjacent samples of a vector sequence.
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s̄c[n̄] =

⎡

⎢
⎢
⎢
⎣

s̄[n̄]
s̄[n̄− 1]

...
s̄[n̄−G+ 1]

⎤

⎥
⎥
⎥
⎦
∈ M̄

KG, sc[n] =

⎡

⎢
⎢
⎢
⎣

s[n]
s[n− 1]

...
s[n− g + 1]

⎤

⎥
⎥
⎥
⎦
∈ M

Kg, (5.23)

where g = 
(G+ χ− 1)/χ� is the maximal number of samples which have an
influence on the entries in s̄c[n̄]. Eventually, the spreading of all users for the
samples needed in Subsection 5.3.1, i. e., for n̄ = χn, is given by

s̄c[χn] = Csc[n], (5.24)

if we define additionally the matrix

C = S(K(χ−1),KG,K(χg−G))

⎛

⎜
⎜
⎜
⎝

Ig ⊗

⎡

⎢
⎢
⎢
⎣

Cχ−1

Cχ−2

...
C0

⎤

⎥
⎥
⎥
⎦

⎞

⎟
⎟
⎟
⎠

∈ {−1, 0,+1}KG×Kg, (5.25)

which is the convolutional matrix according to Equation (5.22) where
the block columns of width K which belong to the M -dimensional
zero vectors in the intermediate sequence s̆[n̄] (cf. Equation 5.21)
have been removed. Here, the selection matrix S(K(χ−1),KG,K(χg−G)) =
[0KG×K(χ−1), IKG,0KG×K(χ(g−1)−G+1))] ∈ {0, 1}KG×Kχg.

5.2 Channel Model

In this section, we introduce a time-dispersive Multiple-Access (MA) Single-
Input Multiple-Output (SIMO) channel as depicted in Figure 5.7. This is a
common channel model for the uplink of a multiuser system as the one simu-
lated in Chapter 6.

H [n̄]s̄[n̄]

[n̄]

RK

r [n̄]

Fig. 5.7. Time-dispersive Multiple-Access (MA) Single-Input Multiple-Output
(SIMO) channel

The spread symbol sequence s̄[n̄] which comprises the signals of all users
(see Equation 5.19) is transmitted over the frequency-selective multipath MA-
SIMO channel with the impulse response
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H[n̄] =
L−1∑

�=0

H�δ[n̄− �] ∈ C
R×K , (5.26)

of length L and the coefficients H� ∈ C
R×K , � ∈ {0, 1, . . . , L − 1}. When

receiving the distorted sequence by R antennas, it is perturbed by stationary
AWGN η[n̄] ∈ C

R with the complex normal distribution NC(0R,C ),5 i. e.,
η[n̄] is zero-mean and its auto-covariance matrix reads as C ∈ C

R×R. The
channel impulse response is assumed to be constant during one block, i. e., for
the transmission of S symbols, but varies from block to block. The received
signal sequence r [n̄] ∈ C

R can be finally written as

r [n̄] = H[n̄] ∗ s̄[n̄] + η[n̄] =
L−1∑

�=0

H�s̄[n̄− �] + η[n̄]. (5.27)

Again, for the derivation of the optimal linear equalizer filter with F taps
in Subsection 5.3.1, we introduce the matrix-vector model

rc[n̄] = H s̄c[n̄] + ηc[n̄], (5.28)

with the observation vector rc[n̄] ∈ C
RF and the noise vector ηc[n̄] ∈ C

RF

defined as

rc[n̄] =

⎡

⎢
⎢
⎢
⎣

r [n̄]
r [n̄− 1]

...
r [n̄− F + 1]

⎤

⎥
⎥
⎥
⎦
, ηc[n̄] =

⎡

⎢
⎢
⎢
⎣

ηc[n̄]
ηc[n̄− 1]

...
ηc[n̄− F + 1]

⎤

⎥
⎥
⎥
⎦
, (5.29)

the spread symbol vector s̄c[n̄] ∈ C
K(F+L−1) of Equation (5.23) where

G = F + L − 1, and the time-invariant channel convolutional matrix H ∈
C
RF×K(F+L−1) defined as

H =
L−1∑

�=0

S(�,F,L−1) ⊗ H�. (5.30)

Since G = F + L − 1, the spreader as described by Equation (5.24)
and (5.25) for n̄ = χn and the channel in Equations (5.28) and (5.30) can
be combined such that we get the transmission over the composite channel

rc[χn] = HCsc[n] + ηc[χn]. (5.31)

5 The probability density function of the complex multivariate normal distribution
NC(mx , Cx) with mean mx and the auto-covariance matrix Cx reads as px(x) =
exp(−(x − mx)

HC−1
x (x − mx))/(πn det(Cx)) if the random variable x has n

entries (e. g., [183]).
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Note that with G = F + L− 1, it holds: g = 
(F + L+ χ− 2)/χ�. Through-
out this book, we assume that the transmitted symbols are uncorrelated
to the noise, i. e., E{sH

c [n]ηc[χn]} = 0Kg×RF , and that the noise ηc[χn]
is stationary and zero-mean, i. e., C c [χn] = C c and m c [χn] = 0RF ,
respectively. Besides, the auto-covariance matrix of sc[n] is diagonal, i. e.,
Csc [n] = bdiag{Cs [n],Cs [n− 1], . . . ,Cs [n − g + 1]} ∈ R

Kg×Kg
0,+ with Cs [n] =

diag{cs0 [n], cs1 [n], . . . , csK−1 [n]} ∈ R
K×K
0,+ (cf. Equations 5.23 and 5.18) be-

cause the symbols of each user are temporally uncorrelated due to the inter-
leaver and the symbols of different users are uncorrelated anyway.

Example 5.3 (Uncorrelated channel coefficients with exponential or uniform
power delay profile). If the channel coefficients H� ∈ C

R×K are spatially and
temporally uncorrelated, they are realization of the random variables H� ∈
C
R×K , � ∈ {0, 1, . . . , L − 1}, where all entries are statistically independent

and distributed according to the complex normal distributions NC(0, ch,�). In
the case of an exponential power delay profile, we choose the variance ch,� of
the (�+ 1)th channel tap entries as

ch,� =
exp(−�)

∑L−1
i=0 exp(−i)

, (5.32)

and in the case of a uniform power delay profile, we set

ch,� = 1/L, ∀� ∈ {0, 1, . . . , L− 1}. (5.33)

In any case,
∑L−1
�=0 ch,� = 1.

5.3 Iterative Receiver Structure

The aim of the iterative multiuser receiver as depicted in Figure 5.8 is to
process the received signal block r ∈ C

R(χS+L−1) such that each of its outputs
b̃k ∈ {0, 1}B , k ∈ {0, 1, . . . ,K − 1}, is best possible equal to the transmitted
data block bk ∈ {0, 1}B of the corresponding user k. Note that the received
vector block r is seen as a realization of the vector random variable r ∈
C
R(χS+L−1) which comprises the received signal sequence r [n̄] ∈ C

R at the
output of the channel model in Figure 5.7 (cf. also Equation 5.27) according
to

r =

⎡

⎢
⎢
⎢
⎣

r [0]
r [1]

...
r [χS + L− 2]

⎤

⎥
⎥
⎥
⎦
, (5.34)

as well as the data blocks bk as realizations of bk ∈ {0, 1}B at the input of
the transmitter models in Figure 5.1.
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Fig. 5.8. Iterative multiuser receiver for a coded DS-CDMA system

Best possible detection is approximately achieved by exchanging soft infor-
mation about the coded data bits between the receiver part performing linear
multiuser equalization (cf. Subsection 5.3.1) and soft symbol demapping, and
the decoders of each user in an iterative process. Here, soft information about
a binary random variable u ∈ {0, 1} is measured in terms of the Log-Likelihood
Ratio (LLR) [107]

l = ln
P (u = 0)
P (u = 1)

∈ R, (5.35)

where P(u = u) denotes the probability that a realization of the random
variable u is equal to u ∈ {0, 1}. If u depends statistically on another ran-
dom variable, the probability function has to be replaced by the respective
conditional probability function. Note that the sign of l is equal to the hard
information about u obtained via hard decision and its magnitude tells you
something about the reliability of this decision. As will be discussed more
detailed in Subsection 5.3.2, the soft demapper of the (k + 1)th user calcu-
lates the extrinsic information l

(E)
ext,k ∈ R

P about the interleaved and coded
data block d ′k ∈ {0, 1}P using the observation signal block r and the a priori
information l

(E)
apr,k ∈ R

P about d ′k obtained by interleaving of the extrinsic
information l

(D)
ext,k ∈ R

P about the coded data block dk ∈ {0, 1}P computed
by the decoder at the previous iteration step, i. e.,

l
(E)
apr,k = Πl

(D)
ext,k, k ∈ {0, 1, . . . ,K − 1}. (5.36)

Further, the Maximum A Posteriori (MAP) decoder as introduced more
detailed in Subsection 5.3.3 computes the extrinsic information l

(D)
ext,k about
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the coded data block dk of user k from its a posteriori Log-Likelihood Ratio
(LLR) vector l

(D)
apo,k ∈ R

P using its a priori information l
(D)
apr,k ∈ R

P which is
the deinterleaved extrinsic information l

(E)
ext,k about the interleaved and coded

data block d ′k at the output of the soft demapper k, i. e.,

l
(D)
apr,k = ΠTl

(E)
ext,k, k ∈ {0, 1, . . . ,K − 1}. (5.37)

For the remainder of this book, let lk ∈ R
P be the vector composed of

the LLRs lk,i = eT
i+1lk ∈ R, i ∈ {0, 1, . . . , P − 1}, which can be a posteriori,

a priori, or extrinsic information at the equalizer or decoder, respectively.
Clearly, these informations depend on the number of the current iteration.
Nevertheless, an additional index is omitted due to simplicity. During the
iterative process, the a priori LLRs l(D)

apr,k,i of the coded data bits dk,i =
eT
i+1dk ∈ {0, 1} improve from iteration to iteration. The asymptotic values are

+∞ or −∞ depending on the detected coded data bits d̃k,i, i. e., l(D)
apr,k,i → +∞

if d̃k,i = 0 and l
(D)
apr,k,i → −∞ if d̃k,i = 1. In other words, the probability

P(dk,i = d̃k,i) converges to one. Note that P(dk,i = d̃k,i) → 1 does not mean
that d̃k,i was actually transmitted but the receiver assumes that d̃k,i is the
transmitted coded data bit dk,i.

5.3.1 A Priori Based Linear Equalization

In order to remove MAI and ISI caused by the composite MA-SIMO channel
as introduced in Section 5.2, we apply the Matrix Wiener Filter (MWF)
of Chapter 2 or reduced-rank approximations thereof (cf. Section 2.3 and
Chapter 4), respectively, to estimate the symbol vector sequence s[n] ∈ M

K

based on the observation vector sequence rc[χn] ∈ C
RF and the a priori LLRs

l
(E)
apr,k ∈ R

P , k ∈ {0, 1, . . . ,K − 1}, of all K users. Since s[n] comprises the
symbol streams of all users (see Equation 5.18) which are jointly estimated, the
resulting filter is a multiuser equalizer whose block representation is depicted
in Figure 5.9.

Linear
Multiuser
Equalizer ...

...

r

ŝ0l
(E)
apr,0

ŝK−1l
(E)
apr,K−1

R(χS + L− 1)

P

P S

S

Fig. 5.9. A priori based linear multiuser equalizer
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Before explaining how the a priori information affects the linear multiuser
equalizer, we derive the MWF coefficients for the composite channel model
of Equation (5.31). With the substitutions x [n] = s[n − ν] ∈ M

M , M = K,
and y [n] = rc[χn] ∈ C

N , N = RF , the MWF W [n] ∈ C
N×M and a[n] ∈ C

M

of Equation (2.7) can be used as the linear matrix filter which achieves the
MMSE between the output

ŝ[n] = W H[n]rc[χn] + a[n], (5.38)

and the desired vector random sequence s[n− ν] where ν denotes the latency
time. Recalling Equations (2.7) and (5.31), the MWF can be written as

W [n] = C−1
y [n]Cy ,x [n]

=
(
HCCsc [n]CTHH + C c

)−1
HCCsc [n]Sν+1,

a[n] = mx [n] − W H[n]my [n]

= ms [n− ν] − W H[n]HCmsc [n],

(5.39)

where the matrix ST
ν+1 = S(Kν,K,K(g−1)) = [0K×Kν , IK ,0K×K(g−ν−1)] ∈

{0, 1}K×Kg selects the vector s[n − ν] ∈ M
K in sc[n] ∈ M

Kg as defined
in Equation (5.23), i. e., s[n − ν] = ST

ν+1sc[n]. Remember that we assumed
the symbols in sc[n] to be uncorrelated to the noise ηc[n] and the noise to
be stationary and zero-mean. Besides, the latency time ν is assumed to be
fixed and not optimized with respect to the cost function in Equation (2.4) of
Section 2.1 although this would improve the performance (cf., e. g., [154, 58]).

Further, the a priori LLRs l
(E)
apr,k, k ∈ {0, 1, . . . ,K−1}, are used to compute

the time-variant statistics Csc [n] ∈ R
Kg×Kg
0,+ , ms [n− ν] ∈ C

K = ST
ν+1msc [n],

and msc [n] ∈ C
Kg in Equation (5.39). In the following, l(E)

k,nQ+q = eT
nQ+ql

(E)
k ,

n ∈ {0, 1, . . . , S − 1}, q ∈ {0, 1, . . . , Q − 1}, is the LLR of the interleaved
and coded data bit d ′k,nQ+q = eT

q+1d ′k,n which can be a posteriori, a priori,
or extrinsic information (cf. Figure 5.8). In order to get the diagonal auto-
covariance matrix (cf. end of Section 5.2)

Csc [n] = bdiag {Cs [n],Cs [n− 1], . . . ,Cs [n− g + 1]} ,
Cs [n] = diag

{
cs0 [n], cs1 [n], . . . , csK−1 [n]

}
∈ R

K×K
0,+ ,

(5.40)

and the mean (cf. Equations 5.18 and 5.23)

msc [n] =

⎡

⎢
⎢
⎢
⎣

ms [n]
ms [n− 1]

...
ms [n− g + 1]

⎤

⎥
⎥
⎥
⎦
, ms [n] =

⎡

⎢
⎢
⎢
⎣

ms0 [n]
ms1 [n]

...
msK−1 [n]

⎤

⎥
⎥
⎥
⎦
∈ C

K , (5.41)

we have to find expressions for msk
[n] and rsk

[n], k ∈ {0, 1, . . . ,K − 1}, if we
remember additionally that csk

[n] = rsk
[n] − |msk

[n]|2. It holds (e. g., [183])
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msk
[n] =

∑

s∈M

sP (sk[n] = s) , (5.42)

rsk
[n] =

∑

s∈M

|s|2 P (sk[n] = s) , (5.43)

with

P (sk[n] = s) = P
(
d ′k,n = d (s)

)
=
Q−1∏

q=0

P
(
d ′k,nQ+q = eT

q+1d (s)
)
, (5.44)

where
d : M → {0, 1}Q, s �→ d′k,n = d (s) , (5.45)

is the inverse function of the mapper M , i. e., d(M(d′k,n)) = d′k,n, and the
elements of d ′k,n are statistically independent due to the interleaver. Finally,
the probability P(d ′k,nQ+q = eT

q+1d(s)) can be expressed using the a priori
information l

(E)
apr,k,nQ+q in the following way:6

P
(
d ′k,nQ+q=eT

q+1d (s)
)

=
1
2

(

1 +
(
1−2eT

q+1d (s)
)
tanh

l
(E)
apr,k,nQ+q

2

)

.

(5.46)
Summing up Equations (5.40) to (5.46), Csc [n] and msc [n] and after all, the
filter coefficients W [n] and a[n] in Equation (5.39) can be computed based
on the a priori LLRs l

(E)
apr,k, k ∈ {0, 1, . . . ,K − 1}.

Example 5.4 (Statistics based on a priori LLRs for QPSK). In case of QPSK
modulation as presented in Example 5.2, we get the simplified expres-
sions [240]

msk
[n] =

1√
2

(

tanh
l
(E)
apr,k,2n

2
+ j tanh

l
(E)
apr,k,2n+1

2

)

, rsk
[n] = 1. (5.47)

Revealing the influence of the a priori LLRs on the statistics explains
why the MWF coefficients W [n] and a[n] must be time-variant. Besides, it
gives a reason for the need of the additive term a[n] when estimating s[n− ν]
according to Equation (5.38). More precisely speaking, the fact that the a
priori information differs from symbol to symbol and that it is generally un-
equal to zero involves that the underlying random sequences are generally
non-stationary and non-zero mean, i. e., the statistics Csc [n] and msc [n] de-
pend on the times index n and almost surely msc [n] 	= 0Kg, respectively. Note
that using the a priori LLRs to compute the probability of each element of
the symbol alphabet M leads to a non-circular distribution. Although widely
6 It holds for the LLR l of the binary random variable x ∈ {0, 1}: tanh(l/2) =

P(x = 0)− P(x = 1) = 2 P(x = 0)− 1 = 1− 2 P(x = 1).



5.3 Iterative Receiver Structure 131

linear processing [185] improves generally the equalizer performance for such
distributions, it was shown in [50, 54] that the gain is only marginal in Turbo
systems. This is why we do not consider widely linear processing in this book.

In order to ensure the adherence of the turbo principle, we choose the
filter coefficients such that they do not depend on the a priori information
corresponding to the symbol vector s[n − ν] which is currently estimated
(e. g., [239]). In other words, we assume each element in s[n−ν] to be uniformly
distributed with zero-mean, i. e., ms [n−ν] = 0K and Cs [n−ν] = Rs [n−ν] =
2−Q

∑
s∈M

|s|2IK = �sIK (cf. Equations 5.13 and 5.14 in Subsection 5.1.3).
Let the matrix

Γsc [n] = Csc [n] + Sν+1 (�sIK − Cs [n− ν]) ST
ν+1

= bdiag {Cs [n], . . . ,Cs [n− ν + 1], �sIK ,

Cs [n− ν − 1], . . . ,Cs [n− g + 1]} ∈ R
Kg×Kg
0,+ ,

(5.48)

be the adjusted auto-covariance matrix7 of the symbol vector sc[n] which is
the Kg × Kg diagonal auto-covariance matrix Csc [n] where the K diagonal
elements beginning at the (Kν + 1)th position are replaced by �s , and the
vector

μsc [n] = msc [n] − Sν+1ms [n− ν] =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ms [n]
...

ms [n− ν + 1]
0K

ms [n− ν − 1]
...

ms [n− g + 1]

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ C
Kg, (5.49)

the adjusted mean of sc[n] which is the mean msc [n] where the K elements be-
ginning from the (Kν+1)th element are set to zero. Then, the adjusted MWF
coefficients Ω[n] ∈ C

RF×K and α[n] ∈ C
K finally used as the linear multiuser

equalizer in the Turbo system can be computed by verifying Equation (5.39)
according to

Ω[n] = Γ−1
y [n]Γy ,x [n]

=
(
HCΓsc [n]CTHH + C c

)−1
HCSν+1�s ,

α[n] = −ΩH[n]μy [n] = −ΩH[n]HCμsc [n].

(5.50)

Clearly, the linear multiuser equalizer of the Turbo receiver as depicted in
Figure 5.9, i. e., the MWF in Equation (5.50), can be efficiently implemented

7 Throughout this book, the adjusted statistics and the resulting filter coefficients
are denoted by Greek letters.
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based on the Cholesky factorization as presented in Subsection 2.2.1. More-
over, we can also use the reduced-complexity approach of Subsection 2.2.2
because the auto-covariance matrix Cy [n] = Crc [χn] ∈ C

RF×RF has the de-
sired time-dependent block structure as defined in Equation (2.29). This can
be easily verified by recalling the composite channel model of Equation (5.31)
and the fact that the last K(g − 1) diagonal elements of Csc [n] are equal
to the first K(g − 1) diagonal elements of Csc [n − 1] (cf. Equation 5.40).
It remains to show how the inverse of the adjusted auto-covariance matrix
Γy [n] = HCΓsc [n]CTHH + C c ∈ C

RF×RF depends on the inverse C−1
y [n]

computed based on the computationally efficient Algorithm 2.4.. With Equa-
tions (5.48) and (5.39), we get

Γy [n] = Cy [n] + HCSν+1 (�sIK − Cs [n− ν]) ST
ν+1C

THH. (5.51)

Then, using the matrix inversion lemma of Appendix A.1.1 and the cross-
covariance matrix Γy ,x [n] = �sHCSν+1 ∈ C

RF×K (cf. Equation 5.50) for
abbreviation yields

Γ−1
y [n] = C−1

y [n] +
1
�2

s
C−1

y [n]Γy ,x [n]K−1[n]Γ H
y ,x [n]C−1

y [n],

K[n] = (�sIK − Cs [n− ν])−1 − 1
�2

s
Γ H

y ,x [n]C−1
y [n]Γy ,x [n] ∈ C

K×K .
(5.52)

We see that the inverse Γ−1
y [n] can be easily computed based on the inverse of

the RF ×RF matrix Cy [n] which we obtain by applying Algorithm 2.4., and
the inverses of the K ×K matrices �sIK − Cs [n− ν] and K[n], respectively.
Note that the computational complexity of the latter two inversions as well
as the one of the remaining matrix-matrix products is negligible if RF � K.

Besides the application of the Cholesky based implementation of the MWF
and the RCMWF, the application of the suboptimal reduced-rank approaches
of Section 2.3 and Chapter 4 decreases computational complexity as well.
The filter coefficients of the adjusted reduced-rank MWFs read as (cf. Equa-
tion 2.48)

Ω(D)[n] = T (D)[n]
(
T (D),H[n]Γy [n]T (D)[n]

)−1

T (D),H[n]Γy ,x [n]

α(D)[n] = −Ω(D),H[n]μy [n],
(5.53)

where the prefilter matrix T (D) ∈ C
RF×D can be the one of the eigensubspace

based Principal Component (PC) or Cross-Spectral (CS) method as derived in
Subsections 2.3.1 and 2.3.2 but based on the eigenvectors of the adjusted auto-
covariance matrix Γy [n], or the one of the Krylov subspace based MultiStage
MWF (MSMWF) applied to Γy [n] and the cross-covariance matrix Γy ,x [n],
whose different implementations are derived and investigated in Chapter 4.
Remember the most important implementations of the MSMWF, viz., the
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Block Lanczos–Ruhe (BLR) procedure in Algorithm 4.2. and the Block Con-
jugate Gradient (BCG) method in Algorithm 3.4..

Further reduction in computational complexity can be achieved if we avoid
the calculation of the time-variant filter coefficients at each time index n via
the approximation of the adjusted auto-covariance matrix Γsc [n] by its time-
average

Γ̄sc =
1
S

S−1∑

n=0

Γsc [n], (5.54)

for each symbol block of length S [240]. This method can be applied to either
the optimal MWF implementation (cf. Subsection 2.2.1) or the suboptimal
reduced-rank solutions of Section 2.3 or Chapter 4, respectively. However, it
is not applicable to the RCMWF implementation of Subsection 2.2 due to its
strong dependency on the time variance of Γsc [n]. Note that an even worse
approximation is obtained if the adjusted auto-covariance Γsc [n] is replaced
by the scaled identity matrix �sIRF , i. e., the available a priori information
is solely used to compute the filter coefficient α[n] by means of μsc [n] and no
longer for the calculation of Ω[n] (cf. also Subsection 5.3.4).

After all, it remains to mention that in the case of spatially and tempo-
rally white noise where C c = c IRF , the matrix inversion lemma of Ap-
pendix A.1.1 can be used to simplify Equation (5.50) to8

Ω[n] = HC
(
c Γ−1

sc [n] + CTHHHC
)−1

Γ−1
sc [n]Sν+1�s . (5.55)

With this simplification, the linear equation system with the RF×RF system
matrix HCΓsc [n]CTHH + C c (cf. Equation 5.50) can be efficiently solved
by inverting the in general smaller Kg ×Kg matrix c Γ−1

sc [n] + CTHHHC.
Note that the inversion of Γsc [n] is no challenge due to its diagonal structure.
Although the simulations in Chapter 6 cover only spatially and temporally
white noise, we do no longer consider the simplification of the MWF coefficient
in Equation (5.55) because we are eventually interested in reduced-complexity
methods which could be applied to any noise scenario.

It remains to mention that in CDMA systems with scrambling which is not
considered here, neither the time-average approach nor the matrix inversion
lemma can be applied to reduce the computational complexity required to
compute the filter coefficients, because in this case, the auto-covariance matrix
Γsc [n] is not only time-varying due to the a priori information but also due
to the time-varying scrambling code. However, the complexity can be still
reduced via the application of reduced-rank filters.

8 With the matrix inversion lemma of Appendix A.1.1, it can be easily shown
that

(
ADAH + αIn

)−1
A = A

(
αD−1 + AHA

)−1
D−1 where D ∈ C

m×m is
invertible, A ∈ C

n×m, and α ∈ C.
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5.3.2 Soft Symbol Demapping

The (k + 1)th soft symbol demapper as depicted in Figure 5.10 calculates the
extrinsic LLR l

(E)
ext,k ∈ R

P , k ∈ {0, 1, . . . ,K − 1}, about the interleaved and
coded data bits based on their a priori information l

(E)
apr,k ∈ R

P delivered from
the decoder at the previous iteration step, and the linear multiuser equalizer’s
estimate ŝk ∈ C

S of the transmitted symbol block sk ∈ M
S . Again, it is

essential for the functionality of the Turbo receiver that we forward only
the extrinsic LLRs and not the complete a posteriori information. Here, soft
symbol demapping is performed for each user k separately.

Soft
Demapper

k

ŝk

l
(E)
ext,k

l
(E)
apr,k

S

P

P

Fig. 5.10. Soft symbol demapper for user k

The (nQ + q)th element l
(E)
ext,k,nQ+q ∈ R, n ∈ {0, 1, . . . , S − 1}, q ∈

{0, 1, . . . , Q − 1}, of the extrinsic LLR vector l
(E)
ext,k, i. e., the soft extrinsic

information about the (q + 1)th interleaved and coded data bit d ′k,nQ+q =
eT
q+1d ′k,n ∈ {0, 1} of the vector d ′k,n = S(nQ,Q,P−Q)d ′k ∈ {0, 1}Q which com-

prises the bits belonging to the (n + 1)th element sk,n = sk[n] ∈ M of the
(k + 1)th user’s symbol block sk ∈ M

S (cf. Subsection 5.1.3), can be derived
based on the a posteriori LLR

l
(E)
apo,k,nQ+q = ln

P
(
d ′k,nQ+q = 0

∣
∣ ŝk,n = ŝk,n

)

P
(
d ′k,nQ+q = 1

∣
∣ ŝk,n = ŝk,n

) ∈ R, (5.56)

where ŝk,n ∈ C is the (n + 1)th element of the block estimate ŝk, i. e.,
ŝk,n = eT

n+1ŝk. Using Bayes’ theorem (e. g., [183]) and the fact that elements
of the vector d ′k,n are statistically independent due to the interleaver (cf.
Equation 5.44), we get further

l
(E)
apo,k,nQ+q = ln

∑

d∈{0,1}Q

eT
q+1d=0

pŝk,n

(
ŝk,n
∣
∣d ′k,n = d

)
P
(
d ′k,n = d

)

∑

d∈{0,1}Q

eT
q+1d=1

pŝk,n

(
ŝk,n
∣
∣d ′k,n = d

)
P
(
d ′k,n = d

) , (5.57)

or
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l
(E)
apo,k,nQ+q = ln

∑

d∈{0,1}Q

eT
q+1d=0

pŝk,n

(
ŝk,n
∣
∣d ′k,n = d

)Q−1∏

�=0

P
(
d ′k,nQ+� = eT

�+1d
)

∑

d∈{0,1}Q

eT
q+1d=1

pŝk,n

(
ŝk,n
∣
∣d ′k,n = d

)Q−1∏

�=0

P
(
d ′k,nQ+� = eT

�+1d
)
. (5.58)

Finally, the extrinsic LLR which is defined as the a posteriori LLR l
(E)
apo,k,nQ+q

where the a priori LLR

l
(E)
apr,k,nQ+q = ln

P
(
d ′k,nQ+q = 0

)

P
(
d ′k,nQ+q = 1

) ∈ R, (5.59)

about the interleaved and coded data bit d ′k,nQ+q has been subtracted, i. e.,

l
(E)
ext,k,nQ+q = l

(E)
apo,k,nQ+q − l

(E)
apr,k,nQ+q (5.60)

= ln

∑

d∈{0,1}Q

eT
q+1d=0

pŝk,n

(
ŝk,n
∣
∣d ′k,n = d

)Q−1∏

�=0
� 
=q

P
(
d ′k,nQ+� = eT

�+1d
)

∑

d∈{0,1}Q

eT
q+1d=1

pŝk,n

(
ŝk,n
∣
∣d ′k,n = d

)Q−1∏

�=0
� 
=q

P
(
d ′k,nQ+� = eT

�+1d
)
.

From Equation (5.46), we know that

P
(
d ′k,nQ+� = eT

�+1d
)

=
1
2

(

1 +
(
1 − 2eT

�+1d
)
tanh

l
(E)
apr,k,nQ+�

2

)

. (5.61)

The remaining part in calculating l
(E)
ext,k,nQ+q according to Equation (5.60)

is the unknown probability density function pŝk,n
(ŝk,n |d ′k,n = d) which we

approximate assuming a normal distribution,9 i. e.,

pŝk,n

(
ŝk,n
∣
∣d ′k,n = d

)
=

1
πγ(d,k,n)

exp

(

−
∣
∣ŝk,n − μ(d,k,n)

∣
∣2

γ(d,k,n)

)

, (5.62)

with the adjusted mean10

9 In [189], it was shown that the sum of interference and noise at the output of a
linear MMSE multiuser detector is well approximated by a normal distribution.

10 Note that the adjusted mean μ(d,k,n) and the adjusted variance γ(d,k,n) do not
denote the adjusted mean and variance of dk, respectively. To avoid misunder-
standings, the index is enclosed in brackets.
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μ(d,k,n) = E
{
ŝk,n
∣
∣sk[n− ν] = M(d)

}∣∣
ms [n−ν]=0K

Cs [n−ν]=�sIK

= M(d)eT
k+1Ω

H[n]HCeKν+k+1,
(5.63)

and the adjusted variance

γ(d,k,n) = E
{
|ŝk,n|2

∣
∣sk[n− ν] = M(d)

}∣∣
∣ ms [n−ν]=0K

Cs [n−ν]=�sIK

−
∣
∣μ(d,k,n)

∣
∣2

= eT
k+1Ω

H[n]
(
HC

(
Γsc [n] − �seKν+k+1e

T
Kν+k+1

)
CTHH

+C c) Ω[n]ek+1,

= �s

(
μ(d,k,n)

M(d)
−
∣
∣μ(d,k,n)

∣
∣2

|M(d)|2

)

.

(5.64)

For the derivation of Equations (5.63) and (5.64), we used the expression

ŝk,n = ŝk[n] = eT
k+1

(
ΩH[n]rc[n] + α[n]

)

= eT
k+1

⎛

⎜
⎜
⎝ΩH[n]HC (sc[n] − μsc [n])

︸ ︷︷ ︸
s ′c[n]

+ΩH[n]ηc[χn]

⎞

⎟
⎟
⎠ ,

(5.65)

where we combined the adjusted counterpart of Equation (5.38) with the
filter coefficient α[n] from Equation (5.50) and the channel model in Equa-
tion (5.31). Note that with the assumptions ms [n − ν] = 0K and Cs [n −
ν] = �sIK which have been necessary for the adherence of the turbo
principle, E{s ′c[n] | sk[n − ν] = M(d)} = M(d)eKν+k+1 ∈ C

Kg where
s ′c[n] = sc[n] − μsc [n] ∈ C

Kg and eKν+k+1 = Sν+1ek+1 ∈ {0, 1}Kg, and
E{s ′c[n]s ′,Hc [n] | sk[n− ν] = M(d)} = Γsc [n] − �seKν+k+1e

T
Kν+k+1 ∈ C

Kg×Kg.
The last equality in Equation (5.64) can be verified by exploiting the expres-
sion of the filter coefficient Ω[n] in Equation (5.50) and the one of the adjusted
mean μ(d,k,n) in Equation (5.63).

Due to the fact that we use the a priori information in order to compute
the extrinsic LLRs (cf. Equations 5.60 and 5.61), the presented soft symbol
demapper can be categorized as an iterative demapper which has been intro-
duced in [22, 21].

Example 5.5 (Soft demapping for QPSK). For QPSK modulation as defined
in Example 5.2, the elements l(E)

ext,k,2n+q, n ∈ {0, 1, . . . , S − 1}, q ∈ {0, 1}, of
the soft extrinsic information l

(E)
ext,k, k ∈ {0, 1, . . . ,K − 1}, are given by [240]

l
(E)
ext,k,2n + j l(E)

ext,k,2n+1 =
√

8
1 − eT

k+1Ω
H[n]HCeKν+k+1

ŝk,n. (5.66)



5.3 Iterative Receiver Structure 137

5.3.3 Decoding

The Turbo receiver in Figure 5.8 decodes each user k ∈ {0, 1, . . . ,K − 1} sep-
arately using a soft-input soft-output Maximum A Posteriori (MAP) decoder
(see, e. g., [163]) whose basics are briefly reviewed in this subsection. Recall
from the introduction to Section 5.3 that the (i + 1)th element of the LLR
vector l

(D)
k ∈ R

P is denoted as l(D)
k,i ∈ R, i ∈ {0, 1, . . . , P − 1}, which can be

a posteriori, a priori, or extrinsic information. Then, based on the a priori
information l

(D)
apr,k ∈ R

P which is the deinterleaved extrinsic information ob-
tained from the soft demapper of user k (cf. Figure 5.8 and Equation 5.37),
the optimal soft-input soft-output MAP decoder calculates the a posteriori
probabilities P(dk,i = d | l (D)

apr,k = l
(D)
apr,k), d ∈ {0, 1}, or the corresponding a

posteriori LLRs

l
(D)
apo,k,i = ln

P
(
dk,i = 0

∣
∣ l (D)

apr,k = l
(D)
apr,k

)

P
(
dk,i = 1

∣
∣ l (D)

apr,k = l
(D)
apr,k

) , (5.67)

of the code bits dk,i = eT
i+1dk ∈ {0, 1} (see Subsection 5.1.1). Here, we assume

that the a priori LLR vector l
(D)
apr,k is a realization of the vector random

variable l (D)
apr,k ∈ R

P .11 Further, with the a priori information

l
(D)
apr,k,i = ln

P (dk,i = 0)
P (dk,i = 1)

, (5.68)

about the (i + 1)th code bit dk,i of user k, the extrinsic LLR l
(D)
ext,k,i which

is fed back by the decoder to the multiuser equalizer via the interleaver (cf.
Figure 5.8), computes as

l
(D)
ext,k,i = l

(D)
apo,k,i − l

(D)
apr,k,i

= ln
P
(
dk,i = 0

∣
∣ l (D)

apr,k = l
(D)
apr,k

)

P
(
dk,i = 1

∣
∣ l (D)

apr,k = l
(D)
apr,k

) − ln
P (dk,i = 0)
P (dk,i = 1)

,
(5.69)

where we subtracted again the a priori information l
(D)
apr,k,i computed by the

soft demapper k, from the a posteriori LLR l
(D)
apo,k,i offered by the decoder

at the current iteration step, similar to the computation of the extrinsic in-
formation in Equation (5.60). Again, it is essential that only the extrinsic

11 The modeling of the a priori LLR by a random variable is necessary to design the
decoder based on the MAP criterion. Certainly, this model is reasonable since the
actual a priori knowledge is estimated via the deinterleaved extrinsic information
offered by the soft demapper k.
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information l
(D)
ext,k is fed back to the equalizer in order to ensure the adherence

of the Turbo principle (e. g., [106]).
After the last iteration, the (k + 1)th MAP decoder provides also the

decoded data bits b̃k,i = eT
i+1b̃k ∈ {0, 1}, i ∈ {0, 1, . . . , B − 1}, of user k, i. e.,

b̃k,i = argmax
b∈{0,1}

P
(
bk,i = b

∣
∣ l (D)

apr,k = l
(D)
apr,k

)
, (5.70)

by using all available a priori information l
(D)
apr,k.

A well-known implementation of the soft-input soft-output MAP decoder
is the Bahl–Cocke–Jelinek–Raviv (BCJR) algorithm [7] introduced by Lalit
R. Bahl, John Cocke, Frederick Jelinek, and Josef Raviv in 1974. Similar to
the Viterbi algorithm [248] which has been presented by Andrew J. Viterbi
in 1967, the BCJR decoder is based on a Trellis structure (see, e. g., [163]).
However, whereas the BCJR decoding algorithm minimizes the bit error prob-
ability, G. David Forney showed in [70, 71] that the Viterbi algorithm is a
Maximum Likelihood (ML) decoder for convolutional codes choosing the out-
put as the code word which maximizes the conditional probability of the
received sequence or, in other words, minimizes the code word error probabil-
ity. Although the Viterbi algorithm is easier to implement, thus, often used
in practical applications, the BCJR algorithm is preferred for receivers with
Turbo processing. For a detailed derivation of the BCJR algorithm, we refer
to either the original publication or the book [163].

5.3.4 Relationship to Iterative Soft Interference Cancellation

In order to reveal the relationship between the linear multiuser equalizer
of Subsection 5.3.1 and soft interference cancellation [254, 198] or paral-
lel decision feedback detection [62, 127], we rewrite the estimate ŝ[n] =
ΩH[n]rc[n]+α[n] ∈ C

K such that it no longer depends on α[n] ∈ C
K . Similar

to Equation (2.9) of Section 2.1, use Equation (5.50) to get the expression

ŝ[n] = ΩH[n] (rc[n] − HCμsc [n]) , (5.71)

which is represented by the block diagram of Figure 5.11.

rc[n]

μsc [n]

ŝ[n]

HC

ΩH[n]

RF

Kg

K

Fig. 5.11. Alternative representation of linear multiuser equalizer
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It can be seen that the adjusted mean vector μsc [n] ∈ C
Kg based on the

a priori information in the way described by Equations (5.42), (5.44), and
(5.46), is used to subtract its influence after the transmission over the com-
posite channel HC ∈ C

RF×Kg from the observation vector rc[n] ∈ C
RF to

increase the performance of the following linear MWF Ω[n] ∈ C
RF×K . This

procedure is strongly related to the decision feedback equalizer [5, 51] or in-
terference canceler [78, 170] where not the adjusted mean vector is used to
reconstruct the interference which is subtracted from the observation, but the
already decided symbols. Based on this analogy, the elements of the adjusted
mean vector μsc [n] defined via Equation (5.42) can be interpreted as soft de-
cisions or soft symbols. Note that the soft symbol is no soft information in
terms of LLRs but a non-linear transformation thereof (cf. Equations 5.42,
5.44, and 5.46). By the way, besides the exploitation of the a priori LLRs to
compute the soft symbols, they are still used to compute the statistics of the
MWF coefficient Ω[n] according to Equation (5.50). Only in the case where
the adjusted auto-covariance matrix Γsc [n] of the symbol vector is approxi-
mated by the scaled identity matrix �sIRF as mentioned in Subsection 5.3.1,
the dependency on the a priori information does no longer influence the filter
coefficient Ω[n].

Furthermore, we see that the interference cancellation system of
Figure 5.11 does not cancel the MAI between the users at time index n − ν
because we assume the symbols of all K users to be zero-mean at this time
instance which is necessary for the application of the MWF framework. How-
ever, the remaining MAI is suppressed via the orthogonal codes of the MA
scheme. In DS-CDMA systems with non-orthogonal codes, it is recommended
to use single-user equalization where the MWF estimating all K users jointly
is replaced by K Vector Wiener Filters (VWFs), i. e., MWFs with M = K = 1,
estimating each user separately, in order to exploit the a priori information
also to remove the MAI at time index n − ν. The simulation results in Sec-
tion 6.3 (see Figure 6.16) confirm that the performances of the MWF and the
K VWFs are very close to each other if we use OVSF codes.

The multiuser equalizer can be also derived by assuming the interference
cancellation structure of Figure 5.11 from the first (cf., e. g., [254, 198, 127]).
Nevertheless, doing so, it is hard to explain why the soft symbols are computed
exactly based on the non-linear transformation of the a priori LLRs as given
in Equations (5.42), (5.44), and (5.46), and on no other heuristical chosen
transformation. This is the reason why we prefer the linear or affine MWF
based approach of Subsection 5.3.1 where the a priori information is used by
its definition to compute the statistics which is needed for the design of the
filter coefficients Ω[n] and α[n].



6

System Performance

This chapter is to investigate the performance of the proposed linear mul-
tiuser equalizers when used for iterative soft interference cancellation of a
coded Direct Sequence Code Division Multiple-Access (DS-CDMA) system
(cf. Subsection 5.3.1). Besides the conventional performance evaluation based
on the Bit Error Rate (BER) obtained via Monte Carlo simulations, we apply
EXtrinsic Information Transfer (EXIT) charts to estimate either the Mutual
Information (MI) between the Log-Likelihood Ratio (LLR) at the output of
the soft symbol demapper and the corresponding interleaved and coded data
bit, or the Mean Square Error (MSE) at the output of the equalizer, both for
a given number of Turbo iterations. Note that Stephan ten Brink [19, 20] in-
troduced the EXIT charts originally to analyze the convergence properties of
Turbo schemes by simulating each block, e. g., equalizer inclusive soft demap-
per or decoder, separately. Although the EXIT based performance measure
is computationally cheaper than simulating the BER via Monte Carlo meth-
ods, the computational burden is still very high because the MI has to be
determined for a large number of LLRs. Therefore, we present an alternative
method where the EXIT characteristic of the equalizer-demapper combina-
tion is obtained by numerical integration instead of histogram measurements.
The resulting approach extends the contributions of Valéry Ramon and Luc
Vandendorpe [195] from a single-user system with Binary Phase Shift Key-
ing (BPSK) modulation to a multiuser system with QuadriPhase Shift Keying
(QPSK) modulation. Note that we calculate only the EXIT characteristic of
the linear equalizer and soft demapper in the proposed semianalytical way, the
decoder’s EXIT curve is still computed based on the standard histogram mea-
surement method. Besides the BER analysis and the EXIT based MSE anal-
ysis of the DS-CDMA system, we introduce so-called complexity–performance
charts to investigate whether reduced-rank filters or full-rank filters with a
reduced order are preferable in Turbo systems. Unless otherwise stated, the
Channel State Information (CSI) is assumed to be perfectly known at the
receiver.
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6.1 Extrinsic Information Transfer Charts

6.1.1 Principles

The basic idea of EXtrinsic Information Transfer (EXIT) charts is to treat
the equalizer-demapper combination and the decoder as independent blocks
which is justified by the interleaver and deinterleaver both providing statis-
tically independent Log-Likelihood Ratios (LLRs). Thus, the performance of
the iterative system can be evaluated by firstly simulating each of the blocks
separately, and subsequently investigating the resulting EXIT characteristics.
Note that this procedure is computationally much more efficient than simu-
lating the whole iterative system via explicitly transmitting bits.

Both the equalizer-demapper combination and the decoder receive a pri-
ori information in form of the LLR lapr ∈ R at their input and map it to
the extrinsic LLR lext ∈ R at their output (cf. Figure 5.8). As in [20], we
assume that each element of the blocks lapr,k ∈ R

P , k ∈ {0, 1, . . . K − 1}, of
a piori LLRs either at the input of the linear multiuser equalizer or the in-
puts of the decoders are realizations of independent and identically distributed
(i. i. d.) random variables which are real normally distributed according to
NR(mapr, capr) with the probability density function

plapr

(
lapr
∣
∣u = u

)
=

1
√

2πcapr
exp

(

− (lapr −mapr)
2

2capr

)

, (6.1)

the variance capr ∈ R+, and the mean mapr = (1− 2u)capr/2 = ±capr/2 ∈ R.1
The magnitude of mapr is capr/2 and its sign depends on the realization u ∈
{0, 1} of the binary random variable u ∈ {0, 1} which can be interpreted as the
coded data bit or interleaved coded data bit, i. e., an element in dk ∈ {0, 1}P
or d ′k ∈ {0, 1}P , respectively (cf. Figure 5.1).2 Since the magnitude of an LLR
l determines the reliability of the information provided by the LLR about
the respective bit, the magnitude of the mean mapr determines the average
quality of the LLRs. Note that the assumption of i. i. d. a priori LLRs is only
valid for blocks with an infinite length and perfect interleaving which is only
approximately fulfilled in real iterative systems.

The EXIT characteristic is measured in terms of the Mutual Information
(MI, e. g., [20])

1 Note that the mean mapr depends on the current realization u of the random
variable u even though this is not explicitly expressed by the notation. We avoided
an additional index due to simplicity.

2 If a binary random variable x ∈ {−1, +1} is perturbed by zero-mean real-valued
Additive White Gaussian Noise (AWGN) n with the distribution NR(0, cn), the
LLR of the resulting random variable z = x + n reads as lz = ln(pz(z | x =
+1)/ pz(z | x = −1)) = 2(x + n)/cn. Thus, the distribution of lz = 2(x + n)/cn for
a fixed realization x can be modeled via NR(m, c) with the variance c = 4/cn and
the mean m = 2x/cn = xc/2.
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I(l ; u) =
1
2

∑

u∈{0,1}

∫

R

pl
(
l
∣
∣u = u

)
log2

2 pl
(
l
∣
∣u = u

)

pl
(
l
∣
∣u = 0

)
+ pl

(
l
∣
∣u = 1

)dl, (6.2)

between the binary random variable u ∈ {0, 1} representing the (interleaved)
coded data bit and the corresponding LLR l ∈ R which can be either a priori
information at the input or extrinsic information at the output of the block
under consideration. Roughly speaking, the MI I(l ; u) ∈ [0, 1] shows how much
information of the sent random variable u is included in the corresponding soft
information l . The closer I(l ; u) is to one, the more reliable is the information
delivered by l about u. A gain in reliability which the equalizer-demapper
combination or decoder achieves by computing the extrinsic LLRs based on
the available a priori LLRs is represented by an increase in MI, i. e., the
MI Iext = I(lext; u) at the output is larger than the MI Iapr = I(lapr; u)
at the input. This input-output characteristic with respect to MI is exactly
represented by the EXIT chart which depicts the output MI Iext for values of
the input MI Iapr between zero and one.

To get the EXIT characteristic of the (k + 1)th user’s decoder, k ∈
{0, 1, . . . ,K−1}, we calculate several tuples (I(D)

apr,k, I
(D)
ext,k) for different values

of the variance capr. Since all users have the same decoder, these EXIT char-
acteristics are independent of k. However, for the sake of generality, we keep
the user index k in the notation. Whereas the input MI I(D)

apr,k can be easily
obtained via numerical integration according to Equation (6.2) based on the
probability density function of Equation (6.1), the output MI I(D)

ext,k must be
determined by the following procedure:
1. The elements of the data bit block bk ∈ {0, 1}B are chosen as realizations

of the random variable b ∈ {0, 1} with P(b = 0) = P(b = 1) = 1/2.
2. After Forward Error Correction (FEC) channel coding as described in

Subsection 5.1.1, we get the coded data bit block dk ∈ {0, 1}P .
3. Each element in the a priori LLR block l

(D)
apr,k ∈ R

P is chosen as the
sum of +capr/2 if the corresponding element in dk is 0, or −capr/2 if
the corresponding element is 1, and a random term which is drawn from
the distribution NR(0, capr). Doing so, we get a priori LLRs which are
distributed according to Equation (6.1).

4. The a priori LLR block l
(D)
apr,k is then used as the input for the decoder

whose EXIT characteristic is unknown. After decoding as briefly reviewed
in Subsection 5.3.3, we obtain the extrinsic LLR block l

(D)
ext,k ∈ R

P .
5. Finally, the output MI I(D)

ext,k is obtained via numerical evaluation of Equa-
tion (6.2) where the probability density function pl(D)

ext,k

(l(D)
ext,k | u = u) is

approximated based on histogram measurements on the extrinsic LLRs
at the output of the decoder.
With this procedure, the EXIT characteristic of the Bahl–Cocke–

Jelinek–Raviv (BCJR) algorithm (cf. Subsection 5.3.3) decoding the (7, 5)-
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convolutionally encoded data (see Example 5.1) calculates as the solid line
with circles in Figure 6.1. Note that in Figure 6.1, the input MI I(D)

apr,k is the
ordinate and the output MI I(D)

ext,k is the abscissa. The reason for this choice is
given later on. The EXIT chart of the decoder visualizes that for low a priori
information, i. e., I(D)

apr,k < 1/2, the decoding process even lowers the output
MI I(D)

ext,k whereas for I(D)
apr,k > 1/2, I(D)

ext,k is larger than I
(D)
apr,k.

Contrary to the decoder whose inputs are solely a priori LLRs, the
equalizer-demapper combination has the observation vector r ∈ C

R(χS+L−1)

as a second source of information (cf. Figure 5.8). Therefore, its EXIT
characteristic is influenced by the convolutional spreading matrix C ∈
{−1, 0,+1}KG×Kg, the convolutional channel matrix H ∈ C

RF×KG, and the
Signal-to-Noise Ratio (SNR) defined as

Eb

N0
=

Es

rQN0
=

�sχ

rQc
, (6.3)

where Eb is the bit energy, Es = �sTs = �sχTc the symbol energy, and N0 =
c Tc the noise power density. For the SNR definition in Equation (6.3), we
assumed spatially and temporally white noise with C c = c IRF as used
in all simulations of this chapter. Remember that the noise η[n̄] has been
sampled with the chip rate 1/Tc whereas the symbol sequence s[n] with the
symbol rate 1/Ts = 1/(χTc). The simulation procedure to obtain the EXIT
characteristic of the equalizer-demapper combination is very similar to the
one of the decoder which we described above. First, we choose each element
of the interleaved coded data blocks d′k ∈ {0, 1}P , k ∈ {0, 1, . . . ,K − 1},
as realizations of the uniformly distributed random variable d ∈ {0, 1} and
compute the corresponding a priori LLR blocks l

(E)
apr,k ∈ R

P where we assume
the same variance capr for all users (see Step 3 of the above procedure). After
symbol mapping of d′k according to Subsection 5.1.3, the resulting symbol
streams are transmitted over the composite channel to get the received signal
vector r as described in Section 5.2. Then, the extrinsic LLR block l

(E)
ext,k ∈ R

P

of user k is computed based on r and the available a priori information, i. e.,
l
(E)
apr,k, k ∈ {0, 1, . . . ,K − 1} (cf. Subsections 5.3.1 and 5.3.2). Finally, the

tuples (I(E)
apr,k, I

(E)
ext,k) of the EXIT characteristic of the equalizer-demapper

combination can be calculated by evaluating Equations (6.1) and (6.2) in the
same way as described above for the decoder.

Figure 6.1 depicts exemplarily the EXIT characteristic of a Wiener Filter
(WF), i. e., a Matrix Wiener Filter (MWF) with M = 1,3 which has been
applied to equalize the Proakis b channel (cf. Table 6.1) at a log-SNR of
10 log10(Eb/N0) = 5 dB in a system with one user, one receive antenna, and
no spreading, i. e., K = R = χ = 1. The filter length has been chosen to
3 Remember from Chapter 2 that the term VWF denotes a MWF with M = 1 if

it is part of a filter bank estimating a vector signal with M > 1 whereas it is
denoted WF when used alone to estimate a single scalar signal.
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be F = 7, i. e., N = RF = 7, the latency time is set to ν = 5, and the
size of the data block which is mapped to QuadriPhase Shift Keying (QPSK)
symbols (Q = 2, cf. Example 5.2) is chosen to be B = 2048. We see that
even for zero a priori information, i. e., for I(E)

apr,0 = 0, the equalizer-demapper
combination delivers non-zero MI I(E)

ext,0 at its output. This is due to the fact
that the observation vector can still be exploited although no further a priori
knowledge is available.

Proakis b / WF
(7, 5)-code / BCJR
Trajectory

I
(E)
apr,0 = I

(D)
ext,0

I
(E

)
ex

t,
0

=
I
(D

)
ap

r,
0

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

Fig. 6.1. EXIT chart example for single-user system with one receive antenna
(K = R = χ = 1, F = 7) at 10 log10(Eb/N0) = 5 dB

In a Turbo receiver, the equalizer-demapper combination and the decoder
exchange soft information which can be also seen as an exchange of MI be-
tween both components. More precisely speaking, the output MI I(E)

ext,k of the
equalizer-demapper acts as the input MI I(D)

apr,k of the decoder, and the output
MI I(D)

ext,k of the decoder as the input MI I(E)
apr,k of the equalizer-demapper.

Thus, I(E)
apr,k = I

(D)
ext,k and I

(E)
ext,k = I

(D)
apr,k, and the EXIT characteristics of the

equalizer-demapper and decoder can be drawn in one diagram as given in Fig-
ure 6.1. Finally, the iterative Turbo process resulting in an increase of MI can
be visualized by the dashed trajectory of Figure 6.1. This trajectory is used in
the analysis of Section 6.2 to compute the output MI I(E)

ext,k or an estimate of
the Mean Square Error (MSE) for an arbitrary number of Turbo iterations.
Moreover, the MI at the intersection of both EXIT characteristics provides
the performance bound of the iterative receiver if an infinite number of Turbo
iterations is performed.

It remains to mention that the output MI at the decoder is related to the
Bit Error Rate (BER) of the iterative system, i. e., the higher the MI at the
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output of the decoder, the lower the BER of the system. This relationship has
been already presented in [20] for the iterative decoding of parallel concate-
nated codes but holds also for systems with Turbo equalization as shown in,
e. g., [177, 160].

6.1.2 Semianalytical Calculation of Extrinsic Information Transfer
Characteristics for Linear Equalizers

The computation of the equalizer-demapper EXIT characteristic as briefly dis-
cussed in the previous subsection requires the simulated transmission of the
data bits based on Monte Carlo techniques which can be a time-consuming
issue, especially if the block size is very large. Therefore, we derive in the
following a method which calculates semianalytically the EXIT characteristic
of the equalizer-demapper combination in a computationally efficient way. To
do so, we assume not only the a priori LLRs to be real normal distributed
but also the extrinsic LLRs at the output of the soft symbol demapper (cf.
Subsection 5.3.2). This approach has been firstly proposed by Valéry Ramon
and Luc Vandendorpe in [195] for a single-user system with BPSK modula-
tion. Here, we will extend it to multiuser systems with QPSK modulation as
introduced in Example 5.2. To obtain finally the parameters of the probability
density function of the extrinsic LLRs, we must additionally assume that the
symbol estimates of all users at the output of the linear multiuser equalizer
(cf. Subsection 5.3.1) are complex normal distributed. However, this assump-
tion holds only if we replace the MWF with K outputs from Equation (5.50),
i. e.,

Ω[n] =
(
HCΓsc [n]CTHH + C c

)−1
HCSν+1�s ∈ C

RF×K ,

α[n] = −ΩH[n]HCμsc [n] ∈ C
K ,

(6.4)

by the bank of K Vector Wiener Filters (VWFs)

ωk[n] =
(
HCΓ (k)

sc [n]CTHH + C c

)−1

HCeKν+k+1�s ∈ C
RF ,

αk[n] = −ωH
k [n]HCμ(k)

sc [n] ∈ C,
(6.5)

k ∈ {0, 1, . . . ,K − 1}, each providing the estimate

ŝk[n] = ωH
k [n]rc[χn] + αk[n] ∈ C, (6.6)

of the (k+1)th user’s symbol sk[n−ν] ∈ M at time index n−ν, such that the a
priori information about the interleaved and coded data bits of all users can be
also exploited to remove the Multiple-Access Interference (MAI) at time index
n − ν (cf. Subsection 5.3.4). This is realized by choosing the adjusted auto-
covariance matrix as Γ

(k)
sc [n] = Csc [n] + (�s − csk

[n − ν])eKν+k+1e
T
Kν+k+1 ∈

R
Kg×Kg
0,+ where only the (Kν + k + 1)th diagonal element is set to �s , and
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the adjusted mean vector as μ
(k)
sc [n] = msc [n] − msk

[n − ν]eKν+k+1 ∈ C
Kg

with a zero at the (Kν + k + 1)th position, instead of the adjusted statis-
tics as defined in Equations (5.48) and (5.49), respectively. Remember from
Equation (5.18) that sk[n] = eT

k+1s[n]. Due to the fact that all inputs and out-
puts of the (k + 1)th user’s equalizer and soft symbol demapper are modeled
by normal distributions, their processing can be described by the respective
transformations of the statistical parameters, i. e., the mean and the variance,
as depicted in Figure 6.2.

mapr = ±capr/2
capr

mext,k
cext,k

mequ,k

cequ,k

Equalizer k Demapper k

Fig. 6.2. Statistical model of linear equalizer and soft symbol demapper of user k

In the sequel, we restrict ourselves to QPSK modulation, i. e., Q = 2
and �s = 1 (cf. Example 5.2). In order to compute the EXIT chart without
simulating the transmission of symbols over the channel, we have to find a way
how the a priori LLRs distributed according to NR(±capr/2, capr) influence
the statistical parameters, i. e., the mean mequ,k and variance cequ,k, of the
symbol estimate ŝk[n] of user k which is assumed to be distributed according
to NC(mequ,k, cequ,k).4 Such an influence can only be found if we approximate
the adjusted auto-covariance matrix Γ

(k)
sc [n] by the diagonal matrix

Γ̃ (k)
sc = c̃(k)s IKg +

(
1 − c̃(k)s

)
eKν+k+1e

T
Kν+k+1 ∈ R

Kg×Kg
0,+ , (6.7)

where the (Kν + k + 1)th element is one and c̃
(k)
s is the average variance

of sk[n] over the real normal distributed a priori LLRs at the input of the
equalizer, i. e.,

c̃(k)s =
∫

R

∫

R

(
1 − 1

2

(
tanh2 l0

2
+ tanh2 l1

2

))
plapr,0,lapr,1

(l0, l1) dl0dl1, (6.8)

where

plapr,0,lapr,1
(l0, l1) =

1
8πcapr

∑

u∈{0,1}

∑

v∈{0,1}
exp

(

−
(
l0 − (1 − 2u) capr

2

)2

2capr

)

· exp

(

−
(
l1 − (1 − 2v) capr

2

)2

2capr

)

, (6.9)

4 The probability density function of the complex normal distribution NC(mx , cx)
with mean mx and variance cx reads as px(x) = exp(−|x − mx |2/cx)/(πcx)
(e. g., [183]).
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is the joint probability density function of the random variables lapr,0 ∈ R and
lapr,1 ∈ R from which the a priori LLRs l(E)

apr,k,2n and l
(E)
apr,k,2n+1 are drawn.

Recall that csk
[n] = rsk

[n] − |msk
[n]|2 where for QPSK modulation, msk

[n]
and rsk

[n] are given in Equation (5.47), and note that we assume equiprobable
and independent interleaved code bits which is justified due to the interleaver.
Besides, lapr,0 and lapr,1 are independent of the time index n and the user index
k because we assume the same statistics for all a priori LLRs. Finally, the
approximated filter coefficients which estimate the transmitted QPSK symbols
(�s = 1) read as

ω̃k =
(
HCΓ̃ (k)

sc CTHH + C c

)−1

HCeKν+k+1 ∈ C
RF ,

α̃k[n] = −ω̃H
k HCμ(k)

sc [n] ∈ C,
(6.10)

where the additive scalar α̃k[n] still depends on the time index n due to the
time-variant a priori information in μ

(k)
sc [n]. As we will see in the following,

this is no problem for deriving the mean mequ,k and variance cequ,k of ŝk[n]
solely based on the variance capr.

With the composite channel model of Equation (5.31) and the definition
of s ′c,k[n] = sc[n] − μ

(k)
sc [n] ∈ C

Kg (cf. Equation 5.65), the estimate ŝk[n] ∈ C

of the (k + 1)th user’s symbol sk[n− ν] can be written as

ŝk[n] = ω̃H
k rc[χn] + α̃k[n] = ω̃H

k

(
HCs ′c,k[n] + ηc[χn]

)

= ω̃H
k HCeKν+k+1sk[n− ν] + νk[n],

(6.11)

where the composite noise νk[n] ∈ C is given by

νk[n] = ω̃H
k

(
HC

(
s ′c,k[n] − eKν+k+1sk[n− ν]

)
+ ηc[χn]

)
. (6.12)

In order to ensure that the estimate ŝk[n] in Equation (6.11) is complex normal
distributed for the specific symbol realization sk[n− ν] = sk[n− ν], we must
assume that νk[n] is complex normal distributed according to NC(0, c

k
[n]).

This assumption makes sense due to the fact that ηc[χn] is distributed accord-
ing to NC(0RF ,C c) (cf. Section 5.2) and E{s ′c,k[n]−eKν+k+1sk[n−ν]} = 0Kg
because s ′c,k[n] is zero-mean apart from its (Kν + k + 1)th entry which is set
to zero anyway. With Equation (6.12) and the fact that E{sH

c [n]ηc[χn]} =
0Kg×RF (cf. Section 5.2), the variance of νk[n] ∼ NC(0, c

k
[n]) computes as

c
k
[n] = E

{
|νk[n]|2

}

= ω̃H
k

(
HC

(
Γ (k)

sc [n] − eKν+k+1e
T
Kν+k+1

)
CTHH + C c

)
ω̃k.

(6.13)

Due to Equation (6.11), the variance of ŝk[n] in the case where sk[n − ν] =
sk[n− ν] is also c

k
[n]. However, we approximate the distribution of ŝk[n] by

the time-invariant complex normal distribution NC(mequ,k, cequ,k) where the
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variance cequ,k is obtained from the variance c
k
[n] by replacing again the

time-variant auto-covariance matrix Γ
(k)
sc [n] with Γ̃

(k)
sc (cf. Equation 6.7), i. e.,

cequ,k = E
{
|ŝk[n]|2

∣
∣sk[n− ν] = sk[n− ν]

}∣∣
∣
Γ

(k)
sc [n]=Γ̃

(k)
sc

− |mequ,k|2

= c
k
[n]|

Γ
(k)
sc [n]=Γ̃

(k)
sc

= ω̃H
k

(
HC

(
Γ̃ (k)

sc − eKν+k+1e
T
Kν+k+1

)
CTHH + C c

)
ω̃k,

(6.14)

where the mean mequ,k of ŝk[n] in Equation (6.11) for sk[n − ν] = sk[n − ν]
computes as

mequ,k = E
{
ŝk[n]

∣
∣sk[n− ν] = sk[n− ν]

}

= ω̃H
k HCeKν+k+1sk[n− ν].

(6.15)

Before deriving the mean mext,k and the variance cext,k of the extrinsic
LLRs in terms of the statistical parameters mequ,k and cequ,k at the output
of the (k + 1)th user’s equalizer (cf. Figure 6.2), we present an interesting
application of the AWGN channel model in Equation (6.11). In fact, it can be
used to approximate the MSE between the QPSK symbol sk[n− ν] of user k
and its estimate ŝk[n] according to (cf. also Equation 2.4)

ξ̃(k) = E
{
|sk[n− ν] − ŝk[n]|2

}∣∣
∣
Γ

(k)
sc [n]=Γ̃

(k)
sc

= E
{∣
∣(1− ω̃H

k HCeKν+k+1

)
sk[n− ν] − νk[n]

∣
∣2
}∣∣
∣
Γ

(k)
sc [n]=Γ̃

(k)
sc

=
(
1 − ω̃H

k HCeKν+k+1

)2
+ cequ,k,

(6.16)

where we used Equation (6.14) and the fact that |sk[n− ν]| = 1 in case of
QPSK modulation (cf. Example 5.2). Note that the estimate ξ̃(k) in Equa-
tion (6.16) reveals the access to the MSE approximation of the optimal linear
equalizer ωk[n] and αk[n] for an arbitrary input MI which has been param-
eterized by capr. In other words, for each tuple (I(E)

apr,k, I
(E)
ext,k) of the EXIT

characteristic, there exists a corresponding MSE estimate. Thus, we can es-
timate the MSE for an arbitrary number of Turbo iterations by using the
trajectory as exemplarily depicted in Figure 6.1, as well as the MSE at an
infinite number of Turbo iterations if we consider the intersection point in
the EXIT chart, both without performing any Monte Carlo simulations. Note
that an information-theoretic discussion about the connection between MI
and MSE in Gaussian channels can be found in [103].

Finally, we have to express the mean mext,k and the variance cext,k of the
extrinsic LLRs at the output of the soft symbol demapper in terms of mequ,k

and cequ,k (cf. Figure 6.2). To do so, we assume that the extrinsic LLRs l(E)
ext,k,2n

and l
(E)
ext,k,2n+1 are drawn from the random variables lext,k,0 and lext,k,1 both
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distributed according to the same real normal distribution NR(mext, cext). Re-
call the soft symbol demapper for QPSK modulation given in Equation (5.66)
of Example 5.5 which results in the following transformation of the random
variable ŝk[n]:

lext,k,0 + j lext,k,1 =
√

8
1 − ω̃H

k HCeKν+k+1
ŝk[n]. (6.17)

Since this transformation is only a scaling by the real-valued factor
√

8/(1 −
ω̃H
k HCeKν+k+1), we get the mean

mext,k = E
{
lext,k,0

∣
∣sk[n− ν] = sk[n− ν]

}

=
√

8
1 − ω̃H

k HCeKν+k+1
Re {mequ,k}

=
√

8 ω̃H
k HCeKν+k+1

1 − ω̃H
k HCeKν+k+1

Re {sk[n− ν]} ,

(6.18)

of lext,k,0 for sk[n−ν] = sk[n−ν] if we apply Equation (6.15), and its variance

cext,k = E
{
|lext,k,0|2

∣
∣sk[n− ν] = sk[n− ν]

}
−m2

ext,k

=
8

(
1 − ω̃H

k HCeKν+k+1

)2
cequ,k

2
.

(6.19)

Note that for QPSK modulation as introduced in Example 5.2, Re{sk[n−ν]} =
±1/

√
2. Again, the mean and variance of lext,k,1 is also mext,k and cext,k,

respectively.
The procedure to semianalytically calculate the tuples (I(E)

apr,k, I
(E)
ext,k) of the

equalizer-demapper EXIT characteristic for different values of the variance
capr can be summarized as follows:

1. The input MI I
(E)
apr,k is computed via numerical integration of Equa-

tion (6.2) based on the probability density function of Equation (6.1)
with mean mapr = (1 − 2u)capr/2 and variance capr.

2. The approximated filter coefficient ω̃k is calculated in terms of capr with
Equations (6.9), (6.8), (6.7), and (6.10).

3. The mean mequ,k and the variance cequ,k are given by Equations (6.15)
and (6.14), respectively.

4. These statistical parameters are then used to compute the mean mext,k
and the variance cext,k of the extrinsic LLRs according to Equations (6.18)
and (6.19), respectively, where Re{sk[n− ν]} = (1 − 2u)/

√
2, u ∈ {0, 1}.

5. Finally, the output MI I(E)
ext,k is obtained via numerical evaluation of Equa-

tion (6.2) based on the probability density function
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plext,k

(
lext,k

∣
∣u = u

)
=

1
√

2πcext,k
exp

(

− (lext,k −mext,k)
2

2cext,k

)

. (6.20)

We see that the given procedure requires neither a simulated transmission
of symbols over a channel nor the evaluation of histogram measurements.
However, the equalizer-demapper EXIT characteristic cannot be calculated
strictly analytically because the integration in Equation (6.2) still involves
numerical methods. This is the reason why we denote the presented calculation
as semianalytical.

Figure 6.3 is to validate the quality of the semianalytical calculation of the
equalizer-demapper EXIT characteristic by comparing it to the one obtained
via Monte Carlo simulations as described in Subsection 6.1.1. First, we inves-
tigate the single-user system with the Proakis b channel and the parameters
as already used for the EXIT chart example in Figure 6.1. Besides using the
WF for equalization, we consider also the approximation of the WF based on
the Conjugate Gradient (CG) implementation of the MultiStage WF, i. e., the
Block Conjugate Gradient (BCG) implementation of the MultiStage Matrix
WF (MSMWF) given by Algorithm 4.3. if we set M = 1. Except from the
WF where we also present the results for Time-Variant (TV) filter coefficients
with the auto-covariance matrix Γsc [n] (cf. Equation 6.5),5 all equalizers are
based on time-invariant filter coefficients where Γsc [n] has been replaced by Γ̄s
of Equation (5.54).6 It can be observed that the semianalytically calculated
WF EXIT characteristic is closer to the simulated EXIT characteristic of the
time-invariant WF than to the one of the TV WF. This can be explained if
we recall that the semianalytical calculation of the equalizer-demapper EXIT
characteristic is based on the approximation of Γsc [n] by the scaled identity
matrix c̃sIKg where the (Kν + k + 1)th diagonal entry has been replaced
by one, which is clearly a better approximation of Γ̄s than of the TV auto-
covariance matrix Γsc [n]. Anyway, Figure 6.3 shows that the semianalytically
calculated EXIT characteristics are more or less identical to the simulated
ones if we restrict ourselves to the computationally efficient time-invariant
equalizers.

Finally, Figure 6.3 depicts also the first user’s (k = 0) equalizer-demapper
EXIT characteristic at 10 log10(Eb/N0) = 5 dB in a multiuser system with
K = 4 users, a spreading factor of χ = 4, R = 2 receive antennas, QPSK
modulation (Q = 2), and one channel realization with L = 5 taps and an
exponential power delay profile as defined in Example 5.3. Here, all users
are equalized separately based on the time-invariant version of the VWF in
Equation (6.5) with a length of F = 25, i. e., N = RF = 50, and a latency time
of ν = 2. Again, the semianalytically calculated EXIT characteristic is almost

5 For K = M = 1, it holds: Γ
(k)
sc [n] = Γsc [n].

6 Note that throughout this chapter, the filters with the abbreviations as introduced
in the previous chapters for the TV versions are equally used for their time-
invariant approximations. It will be explicitly denoted if the filter is TV.
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Fig. 6.3. Quality of semianalytical calculation of equalizer-demapper EXIT char-
acteristics for single-user system with Proakis b channel (K = R = χ = 1, F = 7)
and multiuser system with random channel (K = χ = 4, R = 2, F = 25) at
10 log10(Eb/N0) = 5 dB

identical to the respective simulated EXIT characteristic which justifies all the
assumptions having been necessary to end up in the semianalytical approach.

Although the semianalytical calculation of the equalizer-demapper EXIT
characteristic is restricted to the case where the MWF is replaced by K VWFs,
the result can also be used as an approximation for the EXIT characteristic
of the MWF. Actually, this approximation must be very good if we consider
the close BER performance of both methods in a DS-CDMA systems with
orthogonal codes (cf. Figure 6.16) which can be explained if we recall the
interpretation of the Turbo equalizer as an iterative soft interference canceler
(see end of Subsection 5.3.4).

6.2 Analysis Based on Extrinsic Information Transfer
Charts

6.2.1 Extrinsic Information Transfer Characteristics
for Single-User System with Fixed Channels

Here and in the next subsection, we consider the application of the proposed
equalizers to an iterative receiver (cf. Section 5.3) in a single-user system
(K = M = χ = 1) with a fixed channel of norm one. As usually done for
the evaluation of Turbo systems, we choose the Proakis b, Proakis c [193],
or the Porat [190] channel with the coefficients as given in Table 6.1. Thus,
the system under consideration has R = 1 receive antenna and if we apply
an equalizer filter of length F = 7, the dimension of the observation vector
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computes as N = RF = 7. Besides, we set the latency time to ν = 5, the
size of the data block to B = 2048, and transmit QPSK modulated symbols
(Q = 2, see Example 5.2). With the rate r = 1/2 (7, 5)-convolutional encoder
of Example 5.1, rQ = 1, and the length of the symbol block is the same as the
length of the data block, i. e., S = B/(rQ) = 2048. Remember that we assume
spatially and temporally white noise for all the simulations in this chapter,
i. e., C c = c IRF . Whereas we apply the semianalytical calculation of the
EXIT characteristics in the next three subsections, we present here simulated
EXIT characteristics of time-variant equalizers, i. e., the statistics Γsc [n] and
μsc [n] are assumed to be time-varying.

Table 6.1. Fixed channels used for simulations of the single-user system

Proakis b Proakis c Porat
L 3 5 5

h0 0.408 0.227 0.49 + j 0.10
h1 0.815 0.46 0.36 + j 0.44
h2 0.408 0.688 0.24
h3 0 0.46 0.29− j 0.32
h4 0 0.227 0.19 + j 0.39

Figure 6.4 shows the EXIT characteristics of the proposed equaliz-
ers for the real-valued and symmetric Proakis b channel at a log-SNR of
10 log10(Eb/N0) = 5 dB as well as the EXIT characteristic of the BCJR de-
coder from Figure 6.1. It can be seen that all investigated algorithms achieve
the same output MI I(E)

ext,0 in case of full a priori knowledge, i. e., for I(E)
apr,0 = 1,

because with the a priori MI being one, all symbols except from the one that
shall be detected are known with high reliability and the interference caused
by these symbols can be removed completely. Therefore, the impulse response
of the channel is irrelevant and only the norm of the channels and the SNR
determine the extrinsic MI. Note that the common intersection point of the
different EXIT characteristics at I(E)

apr,0 = 1 means that all considered equal-
izers perform equally for a sufficient high number of iterations if the SNR is
high enough such that their EXIT characteristics do not intersect the one of
the decoder. Nevertheless, the number of iterations which are necessary to
achieve the optimum depends on the curvature of the corresponding EXIT
graph and on the mutual information I

(E)
ext,0 at I(E)

apr,0 = 0 (no a priori in-
formation available) which corresponds to a coded system with a receiver
performing no Turbo iterations. Consequently, the WF with the highest I(E)

ext,0

for all I(E)
apr,0 needs the lowest number of Turbo iterations. The proposed CG

based MSWF implementation (cf. Algorithm 4.3.) with rank D = 2 has only a
small degradation with respect to the extrinsic MI compared to the WF. Con-
trary to the Krylov subspace based MSWF, the eigensubspace based Principal
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Component (PC) or Cross-Spectral (CS) method (cf. Subsections 2.3.1
and 2.3.2) with rank D = 2 behave even worse than the rank-one MSWF.
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Fig. 6.4. EXIT characteristics of different time-variant equalizers in a single-user
system with Proakis b channel (K = R = χ = 1, F = 7) at 10 log10(Eb/N0) = 5 dB

Next, we consider the real-valued and symmetric Proakis c channel as given
in Table 6.1. Compared to the real-valued and symmetric Proakis b channel
which already causes severe InterSymbol Interference (ISI) due to its low-
pass characteristic, the ISI introduced by the Proakis c channel is even higher
because of the notch in the middle of the relevant spectrum [193]. Therefore, in
Figure 6.5, the resulting EXIT characteristics at 10 log10(Eb/N0) = 5 dB start
at a lower MI I(E)

ext,0 compared to the graphs in Figure 6.4 and their curvatures
are positive for all I(E)

apr,0, i. e., the number of iterations needed for convergence
is higher compared to a non-positive curved graph. Again, the optimum can
only be reached for high SNR values, e. g., at the investigated log-SNR of 5 dB,
only the WF and the CG based MSWF with rank D = 2 do not intersect the
decoder curve, thus, achieving optimal performance after several iterations. In
case of the Proakis c channel, the rank D = 2 CS method as the MSE optimal
eigensubspace algorithm is better than the rank-one MSWF but performs
still worse than the MSWF with rank D = 2. Remember that the CS filter
is only considered as a performance bound for eigensubspace methods since
its computational complexity has the same order as the one of the WF (cf.
Subsection 2.3.2). Again, the EXIT characteristic of the MSWF with rank
D = 2 is almost equal to the one of the full-rank WF.

Finally, we investigate the complex-valued Porat channel (cf. Table 6.1)
which is known to be of good nature. The obtained EXIT characteristics are
very similar to the one of the Proakis b channel in Figure 6.4 except from
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Fig. 6.5. EXIT characteristics of different time-variant equalizers in a single-user
system with Proakis c channel (K = R = χ = 1, F = 7) at 10 log10(Eb/N0) = 5 dB

the fact that the equalization of the Porat channel via a CS based reduced-
rank WF achieves almost the same MI as the PC based reduced-rank WF.
However, again, the CG based MSWF implementation with rank D = 2 is a
very good approximation of the WF and the rank-one MSWF is even better
than the rank D = 2 eigensubspace based equalizers.
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Fig. 6.6. EXIT characteristics of different time-variant equalizers in a single-user
system with Porat channel (K = R = χ = 1, F = 7) at 10 log10(Eb/N0) = 5 dB
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6.2.2 Mean Square Error Analysis for Single-User System
with Fixed Channels

The previous subsection investigated the EXIT characteristics of time-variant
equalizers based on Monte Carlo simulations at one SNR value. In order
to evaluate the EXIT charts for several SNRs, we approximate the equal-
izer’s EXIT characteristics based on the semianalytical approach of Subsec-
tion 6.1.2. Recall that these approximations fit almost perfectly the EXIT
characteristics of the time-invariant filter solutions (cf. Figure 6.3). Moreover,
we use the resulting EXIT charts not only to determine the output MI I(E)

ext,k
but also to estimate the MSE ξ̃(k) according to Equation (6.16) for a given
number of Turbo iterations as described in Subsection 6.1.2. Here, we discuss
especially the MSE performance if the Turbo receiver performs an infinite
number of iterations. This theoretical MSE bound is obtained via the output
MI at the intersection between the EXIT characteristic of the equalizer and
the one of the decoder. The simulation parameters throughout this subsection
are the same as those of the single-user system in Subsection 6.2.1.

Figure 6.7 depicts the SNR dependency of the MSE ξ̃(0) and the MI I(E)
ext,0

at the output of the corresponding equalizer. We see the close connection be-
tween MI and MSE, i. e., the higher the extrinsic MI the smaller the MSE (cf.
also [103]). Since a high MI results also in a low BER [20] which is the common
performance criterion in coded systems, this observation justifies the choice
of the MSE as the optimization criterion for the design of the equalizer filters.
In Figure 6.7, we observe the SNR threshold (cf. Subsection 5.1.3) which is
typical for Turbo systems. Again, the SNR threshold denotes the SNR value
where the tunnel between the equalizer’s and decoder’s EXIT characteristic
opens such that the output MI after an infinite number of Turbo iterations
(cf. Figure 6.1) suddenly achieves the optimum, i. e., the output MI where
the corresponding a priori information I

(E)
apr,0 is close to one. Note that the

PC based rank D = 2 WF achieves this optimum at 10 log10(Eb/N0) = 15 dB
which is the highest SNR threshold of all considered equalizers. This coincides
with the EXIT chart of Figure 6.4 where the EXIT characteristic of the PC
algorithm has the smallest output MI for all possible input MIs. In contrast
to the PC method, the CS based rank D = 2 WF already converges to the
full-rank WF at 10 log10(Eb/N0) = 5 dB. However, the CG based implemen-
tation of the rank D = 2 MSWF performs identically to the full-rank WF
for all given SNR values. Moreover, even the rank-one MSWF is better than
the eigensubspace based rank D = 2 WFs. Recall from Subsection 4.1.2 that
the MSWF with D = M = 1 is equal to an arbitrarily scaled cross-covariance
vector followed by a scalar WF. Note that contrary to the proposed rank-
one MSWF which is used in any turbo iteration, alternative matched filter
approaches as introduced in [176] or [239] have a higher computational com-
plexity since they are applied in a hybrid manner, i. e., the first iteration still
applies a full-rank WF whereas only the following iterations are based on
matched filter approximations.
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Fig. 6.7. Mutual Information (MI) and Mean Square Error (MSE) performance of
different equalizers in a single-user system with Proakis b channel (K = R = χ = 1,
F = 7, Turbo iteration ∞)

Next, we consider the MSE performance of the proposed equalizers in
case of the Proakis c channel. Since the investigation of the output MI and
MSE performance lead again to the same insights, the SNR dependency of
the MI is no longer presented. In Figure 6.8, we see again that similar EXIT
characteristics in the EXIT chart of Figure 6.5 result in close MSE perfor-
mances. In fact, the full-rank WF, the CG based MSWF with rank D = 2,
and the CS based rank D = 2 WF have almost the same SNR threshold of
10 log10(Eb/N0) = 6 dB. Only the rank-one MSWF and the PC based rank
D = 2 WF do not achieve the optimal performance, i. e., the corresponding
tunnels in the EXIT charts do not open at all. The close performance of the
eigensubspace based CS method with D = 2 to the Krylov subspace based CG
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algorithm with D = 1 implies that in case of the Proakis c channel, reduced-
rank approximations of the WF in eigensubspaces can achieve, at least in
principal, almost the same performance as reduced-rank approximations in
Krylov subspaces. However, this is only true for specific channel realizations
as we will see when simulating random channels in the sequel of this chapter.
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Fig. 6.8. MSE performance of different equalizers in a single-user system with
Proakis c channel (K = R = χ = 1, F = 7, Turbo iteration ∞)

Finally, Figure 6.9 depicts the MSE performance of the different equalizers
if the Porat channel is present. In this case, the eigensubspace based PC and
CS rank D = 2 WF performs almost equally, and again, worse than the Krylov
subspace based WF approximations. However, if 10 log10(Eb/N0) ≥ 5 dB, all
equalizers achieve the same MSE, i. e., the one of the optimal full-rank WF.

To conclude, in the single-user system with the considered fixed channels,
the available a priori information from the decoder leads to a good MSE
performance even if the rank of the WF approximation is reduced drastically
to two or even one. If this is still true in multiuser systems with random
channels will be investigated in the following subsection.

6.2.3 Mean Square Error Analysis for Multiuser System
with Random Channels

Recall the multiuser system as introduced at the end of Subsection 6.1.2.
The data bits of each of the K = 4 users are encoded based on the (7, 5)-
convolutional channel coder with rate r = 1/2, QPSK modulated (Q = 2),
spread with a factor of χ = 4, transmitted over a frequency-selective channel
with an exponential power delay profile of length L = 5 (cf. Example 5.3), and
received at R = 2 antennas. At the receiver side, each of the K = 4 users is
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Fig. 6.9. MSE performance of different equalizers in a single-user system with Porat
channel (K = R = χ = 1, F = 7, Turbo iteration ∞)

equalized based on the VWF in Equation (6.5) of Subsection 6.1.2 with F = 25
taps and a latency time of ν = 2, or based on the proposed reduced-rank ap-
proximations thereof, viz., the Vector Conjugate Gradient (VCG), the Vector
Principal Component (VPC), or the Vector Cross-Spectral (VCS) method.7
Hence, the dimension of the observation vector is again N = RF = 50. As
in the previous subsection, we use the semianalytical approach to calculate
the equalizer’s EXIT characteristic for each channel realization and use the
resulting EXIT chart with the BCJR algorithm as the decoder to get a MSE
estimate. Thus, the following results can be used to discuss the time-invariant
VWF where the auto-covariance matrix Γ

(k)
sc [n] has been replaced by its time-

average Γ̄
(k)
sc (cf. the discussion to Figure 6.3 at the end of Subsection 6.1.2).

Without loss of generality, we restrict the following performance analysis to
the first user (k = 0). The performance of the remaining users is the same
due to the fact that the channels of all users have the same statistics (cf.
Example 5.3) and the performance measure is averaged over 2000 channel
realizations.

Figure 6.10 depicts the MSE ξ̃(0) of the first user for the proposed equal-
izers in a receiver without any Turbo feedback as well as a Turbo receiver
performing one or two iterations. We see that the eigensubspace based ap-
proximations of the VWF with rank D = 2 perform worst of all reduced-rank
equalizers whereas the Krylov subspace based reduced-rank MultiStage Vector
Wiener Filter (MSVWF) with D ∈ {1, 2} represent a very good approxima-
tion of the full-rank VWF up to certain SNR values. For example, the rank
7 The vector versions of the reduced-rank approximations are obtained by applying

the matrix methods of Subsections 2.3.1, 2.3.2, and 4.3.2 for M = 1 to the VWF
in Equation (6.5).
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D = 2 VCG in Figure 6.10(a) without any Turbo feedback has almost the same
MSE as the VWF up to 10 log10(Eb/N0) = 4 dB, and in the case of one Turbo
iteration as shown in Figure 6.10(b) even up to 10 log10(Eb/N0) = 14 dB. Af-
ter two Turbo iterations, also the rank-one VCG is close to optimum for
log-SNRs smaller than 8 dB. In other words, we observe a trade-off between
the number of Turbo iterations and the rank of the VWF approximations,
i. e., a higher number of Turbo iterations allows a smaller choice of the rank
and vice versa. Therefore, the gain due to the Turbo feedback can be ex-
ploited to reduce computational complexity in the design of the equalizer as
discussed next.

Table 6.2 summarizes the number of FLOPs of the different VWF im-
plementations. Here, we consider the total computational complexity needed
per Turbo iteration to equalize all K = 4 blocks each with S = 512 symbols
based on a filter bank with K = 4 VWFs.8 Besides, for the VCG based im-
plementation of the reduced-rank VWF, we assume the same computational
complexity as the one of the CG algorithm derived in the next subsection (cf.
Equation 6.21). The computational complexity of the VWF is taken from
Equation (6.22). Note that the given computational complexity of the full-
rank VWF holds only if at least one Turbo iteration is performed because
without any Turbo feedback, we can exploit the fact that the system matrix
is the same for all users since the auto-covariance matrix Γ

(k)
sc [n] does not

depend on k in this case. Table 6.2 confirms the tremendous reduction in
computational complexity when using the VCG algorithm in Turbo receivers.
In fact, the computational complexity of the rank D = 2 VCG is by factor
of more than 4 smaller than the one of the full-rank VWF, and the rank-one
VCG even by a factor of more than 9.

Table 6.2. Computational complexity of different VWF implementations per block
and Turbo iteration (N = RF = 50, M = K = 4, S = 512)

D FLOPs
4 VWFs 50 191 700
4 VCGs 2 42 796
4 VCGs 1 20 996

In Figure 6.11, the theoretical MSE bound is plotted for an optimal Turbo
receiver, i. e., a receiver which performs an infinite number of Turbo iterations.
Again, we determine this value via the intersection point between the equal-
izer’s and decoder’s EXIT characteristics. We see that even for the optimal

8 Note that the block length has not been specified so far because it has no influence
on the semianalytical estimation of the MSE. However, for the computational
complexity considerations, we assume the same block length as in the Monte
Carlo simulations of Section 6.3.
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Fig. 6.10. MSE performance of different equalizers in a multiuser system with
random channel of an exponential power delay profile (K = χ = 4, R = 2, F = 25)

Turbo receiver, the approximation of the reduced-rank VWF in 2-dimensional
eigensubspaces cannot achieve the performance of the full-rank VWF. Due to
this poor average performance in case of random channels, they are no longer
investigated in the sequel of this chapter. Considering the Krylov subspace
based VCG implementations of the MSVWF, it is astonishing that their rank
can be reduced from N = 50 to D = 2 without changing the performance
in the whole given SNR range. Even, the rank-one VCG method is close to
optimum up to approximately 10 log10(Eb/N0) = 12 dB.
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Fig. 6.11. MSE performance of different equalizers in a multiuser system with
random channel of an exponential power delay profile (K = χ = 4, R = 2, F = 25,
Turbo iteration ∞)

6.2.4 Complexity Analysis – Rank Versus Order Reduction

In the multiuser system of the previous subsection, we chose a very large di-
mension N of the observation vector which could be also decreased to reduce
computational complexity. The question remains whether it is better to re-
duce N or the rank D to obtain low-complexity equalizer solutions with an
acceptable performance. We restrict this discussion to the special case where
M = 1. Nevertheless, the generalization to arbitrary M is straightforward.
To find out which combination of N and D associated with a given computa-
tional complexity yields the best performance according to a chosen criterion,
we introduce in the following the complexity–performance chart.

Remember from Section 4.4 that the CG algorithm for D = N is compu-
tationally more expensive than the Cholesky based WF implementation (cf.
Subsection 2.2.1). With M = 1, the computational complexity of the BCG al-
gorithm as given in Equation (4.108) reduces to the one of the CG algorithm,
i. e.,

ζCG (N,D) = ζBCG (N, 1,D) − 2(2D − 1) = 2DN2 + (9D − 4)N − 1, (6.21)

where we considered the fact that solving the system of linear equations with
a M ×M system matrix and M right-hand sides which is done 2D− 1 times
in Algorithm 4.3. if M = 1,9 is counted with a computational complexity of
ζMWF(M,M) = 3 FLOPs for M = 1 (cf. Equation 2.28) although the division
9 If M = 1, it follows that d = D and μ = M . Thus, ζMWF(M, M) occurs D − 1

times in Line 7 of Algorithm 4.3., D − 2 times in Line 12 , once in Line 17, and
once in Line 21, resulting in 2D − 1 occurrences.
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by a scalar requires actually 1 FLOP. Besides, the computational complexity
of the MWF of Equation (2.28) reduces to the one of the WF

ζWF (N) = ζMWF (N, 1) =
1
3
N3 +

5
2
N2 +

1
6
N. (6.22)

If we use the CG based WF approximation for D < N but the Cholesky based
implementation of the WF for D = N , calculating the rank D MSWF for an
arbitrary D ∈ {1, 2, . . . , N} involves the computational complexity

ζ (N,D) =

{
ζCG (N,D) , N > D,

ζWF (N) , N = D.
(6.23)

Next, we define the β-ζ0-complexity isoset10
I
(β)
ζ0

as the set of (N,D)-tuples
leading to the computational complexity ζ0 with a tolerance of ±βζ0, i. e.,

I
(β)
ζ0

=
{

(N,D) ∈ N×{1, 2, . . . , N} :
∣
∣
∣
∣
ζ (N,D) − ζ0

ζ0

∣
∣
∣
∣≤β

}
.

The complexity–performance chart depicts the β-ζ0-complexity isoset in the
N -D-plane for a given computational complexity ζ0. Finally, the performance
for each element of the β-ζ0-complexity isoset is investigated in order to find
the best combination of the dimension N and the rank D with respect to the
chosen performance criterion and for a given computational complexity ζ0.

We consider for the following simulations a single-user system (K = M =
1) with R = 1 antenna at the receiver. Thus, the dimension N of the obser-
vation vector is equal to the filter length F . The results are averaged over
several channel realizations each of length L = 30 and a uniform power de-
lay profile as introduced in Example 5.3. Note that the uniform power delay
profile can be seen as a worst case scenario because the performance would
be clearly better for an exponential power delay profile. Figure 6.12 depicts
the complexity–performance chart for 10 log10(Eb/N0) = 5 dB. The tuples of
N and D plotted with the same marker correspond to the 10%-ζ0-complexity
isoset I

(10%)
ζ0

with the computational complexity ζ0 as given in the legend. The
size of a marker depends linearly on the MSE which we have chosen as the
performance criterion. As in the previous subsections, this MSE is estimated
based on the semianalytical approach of Subsection 6.1.2. The filled marker
denotes the combination of N and D with the optimal performance for a given
ζ0. It can be seen that the reduced-rank method yields the best performance
if we are interested in low-complexity receivers. Only for ζ0 = 50000 FLOPs,
the full-rank WF achieves the lowest MSE. Moreover, if we perform Turbo
iterations, we observe that the MSE is drastically decreased. In other words,
the computational complexity of the linear equalizer can be further reduced
without changing its performance.
10 Here, we extend the notation isoset by introducing a certain tolerance level. This

is necessary due to the fact that N and D are discrete.
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Fig. 6.12. Complexity–performance chart for single-user system with a random
channel of a uniform power delay profile (K = R = χ = 1, F = N) at
10 log10(Eb/N0) = 5 dB assuming perfect Channel State Information (CSI)

Figure 6.13 presents the complexity–performance chart for a system where
the channel is estimated based on 100 pilot symbols using the Least Squares
(LS) method (e. g., [188, 53]). Although the MSE is greater than in the case
of perfect channel state information, reducing the rank D should be again
preferred to decreasing the filter order of the full-rank WF.
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Fig. 6.13. Complexity–performance chart for single-user system with a random
channel of a uniform power delay profile (K = R = χ = 1, F = N) at
10 log10(Eb/N0) = 5 dB assuming estimated CSI (Turbo iteration 0)

6.3 Bit Error Rate Performance Analysis

Again, we consider the multiuser system with K = 4 users whose data blocks
consisting of B = 512 bits are (7, 5)-convolutionally encoded with rate r = 1/2
(cf. Example 5.1), QPSK modulated (Q = 2, see Example 5.2), spread with
Orthogonal Variable Spreading Factor (OVSF) codes of length χ = 4 (cf.
Subsection 5.1.4), and transmitted over a channel with an exponential power
delay profile of length L = 5 (cf. Example 5.3). With this setting, the length
of the symbol block is the same as the length of the data bit block, i. e.,
S = B/(rQ) = 512, because rQ = 1. Again, C c = c IRF . After receiving the
signal at R = 2 antennas, it is processed as described in Section 5.3 where the
length of the linear equalizer filter is chosen as F = 25 and the latency time as
ν = 2. Thus, the dimension of the observation vector computes as N = RF =
50. Compared to the MSE analysis in the previous section, we consider here
the BER at the output of the BCJR decoder (cf. Subsection 5.3.3) obtained
via simulating the whole chain of transmitters, channel, and receiver based
on Monte Carlo methods. All BER results are averaged over several thousand
channel realizations.

Figure 6.14 compares the time-invariant MWF and its reduced-rank BCG
approximations with their Time-Variant (TV) counterparts. Besides the time-
invariant equalizers where the auto-covariance matrix Γsc [n] in the filter coef-
ficients of Equation (5.50) has been replaced by its time-average Γ̄sc of Equa-
tion (5.54), we investigate also the performance of time-invariant equaliz-
ers where the auto-covariance matrix has been approximated by the identity
matrix (cf. Subsections 5.3.1 and 5.3.4). For receivers without any Turbo
feedback, all versions of the auto-covariance matrices are equal to the iden-
tity matrix, i. e., Γsc [n] = Γ̄sc = IRF , because all QPSK symbols have the
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variance �s = 1 if there is no a priori information available (cf. Example 5.2).
Hence, all different versions of the MWF and the BCG algorithm, respectively,
have the same BER performance in Figure 6.14(a). However, if the receiver
performs Turbo iterations (cf. Figures 6.14(b) and (c)), we get different be-
haviors because the auto-covariance matrix Γsc [n] and its time-average Γ̄sc

is no longer the identity matrix. Whereas the performances of the equalizers
with the time-average approximation are still very close to those of the TV
equalizers, the approximation with the identity matrix raises the BER more
severely. For example, after two Turbo iterations in Figure 6.14(c), it achieves
the BER of 10−4 at an approximately 1 dB higher log-SNR if compared to its
opponents. Moreover, the approximation with IRF degrades the performance
of the BCG based implementations of the reduced-rank MSMWF. After per-
forming two Turbo iterations, the rank D = 4 BCG has still not converged to
the performance of the full-rank MWF which is the case for the BCG algo-
rithm using Γsc [n] as well as the one based on Γ̄sc . Thus, it should be preferred
to use the time-average Γ̄sc of the time-varying auto-covariance matrix Γsc [n]
instead of totally neglecting the a priori information as done when using the
identity matrix. In the following, time-invariant equalizers denote solely the
ones based on the time-average approximation Γ̄sc .

Note that the approximation of Γsc [n] by the identity matrix IRF is es-
pecially very interesting in the design of low-complexity equalizers. With
Γsc [n] = IRF , the auto-covariance matrix of the observation vector reads
as Γy [n] = HCCTHH + C c , i. e., it has a block Toeplitz structure [94] if we
recall the block Toeplitz matrices C and H from Equations (5.25) and (5.30),
respectively. The auto-covariance matrix C c is also block Toeplitz due to
the definition of the noise vector ηc[n̄] according to Equation (5.29) and the
fact that the noise is stationary. Thus, computationally efficient block Toeplitz
methods [2, 255] as mentioned in the introduction to Section 2.2 can be used
for cheap implementations of the full-rank MWF in Equation (5.50). Never-
theless, since the performance degradation of the identity approximations is
to large in the considered communication system, the block Toeplitz methods
are not discussed in this book.

Table 6.3 summarizes the computational complexities of the different
MWF implementations for the given simulation parameters based on Equa-
tions (2.28), (2.41), and (4.108). Again, we depict the number of FLOPs per
Turbo iteration to equalize all K = 4 blocks each with S = 512 symbols.
Considering Figure 6.14 and Table 6.3 together, we must conclude that the
first step in the direction of low-complexity equalizers should be switching
from TV to time-invariant filters. Whereas the performance degradation can
be neglected, the reduction in computational complexity is immense. For ex-
ample, using the time-invariant MWF instead of the TV MWF decreases the
required number of FLOPs by a factor of more than 500. Even the reduced-
complexity approach of Subsection 2.2.2 which exploits the time-dependency
of the auto-covariance matrices is too computationally intense. Thus, we
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Fig. 6.14. BER performance of time-invariant and Time-Variant (TV) equalizers
in a multiuser system with random channel of an exponential power delay profile
(K = χ = 4, R = 2, F = 25)

restrict ourselves to the discussion of time-invariant equalizers in the sequel
of this chapter.

Next, we investigate the reduced-rank approximations of the MWF based
on the BCG implementation of the MSMWF given by Algorithm 4.3.. In
Table 6.3, it can be seen that the BCG with rank D = 8 has already a smaller
computational complexity than the Cholesky based implementation of the
full-rank MWF which is even further reduced if D < 8. Figure 6.15 presents
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Table 6.3. Computational complexity of different MWF implementations per block
and Turbo iteration (N = RF = 50, M = K = 4, S = 512)

D FLOPs
MWF-TV 50 32 217 600
RCMWF-TV 50 29 271 614
MWF 50 62 925
BCG 8 50 434
BCG 6 37 759
BCG 4 23 538

the BERs of the dimension-flexible BCG algorithm for D ∈ {4, 6, 8}. Note that
the rank D = 6 requires the dimension-flexible extension of the BCG method
as introduced in Subsection 3.4.4. We observe that the BCG with D = 8 is
close to the full-rank MWF only up to 2 dB if we use a receiver without any
Turbo feedback (cf. Figure 6.15(a)). In Turbo receivers though, the rank can
be even decreased more drastically without loosing performance compared to
the full-rank solution. With one Turbo iteration as depicted in Figure 6.15(b),
the rank D = 6 BCG performs almost equally to the full-rank MWF down to
a BER of 10−5, and after two Turbo iterations in Figure 6.15(c), the rank can
be even reduced to D = 4. This is again the trade-off between the equalizer’s
rank and the iterations in Turbo systems as already mentioned in the MSE
analysis of Subsection 6.2.3.

In Figure 6.16, we compare the multiuser equalizer based on the MWF of
Equation (5.50) with the one based on a filter bank with K = 4 VWFs (cf.
Equation 6.5). For the Krylov subspace based reduced-rank approximations
thereof, we choose the rank in the matrix case to be D ∈ {4, 8} and in the
vector case as D ∈ {1, 2}. This misadjustment is necessary to end up in
comparable computational complexities (cf. Tables 6.3 and 6.2). As already
explained at the end of Section 2.1, the MWF and the bank of VWFs perform
equally in receivers without any Turbo feedback (see Figure 6.16(a)). However,
if the extrinsic information from the decoder is used as a priori information
for the equalizer, the VWF can also suppress the MAI from the other users
at time instance n− ν (cf. Subsection 5.3.4) which results in a small log-SNR
improvement up to approximately 1 dB at 10−5 compared to the MWF (cf.
Figures 6.16(b) and (c)). Contrary to the full-rank case, the reduced-rank
approximations of the VWF have a higher BER than the one of the MWF in
receivers without any Turbo feedback as shown in Figure 6.16(a). After one
Turbo iteration though (cf. Figure 6.16(b)), the rank D = 2 VCG is already
better than the MWF but the rank D = 1 VCG performs still worse than the
computationally comparable rank D = 4 BCG for 10 log10(Eb/N0) > 6 dB. In
Figure 6.16(c), i. e., after two Turbo iterations, we see that the convergence of
the MWF approximations is better than the one of the VWF approximations.
Whereas the BER of the rank D = 4 BCG is almost the same as the one of the
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Fig. 6.15. BER performance of the dimension-flexible BCG in a multiuser system
with random channel of an exponential power delay profile (K = χ = 4, R = 2,
F = 25)

full-rank MWF, the BER of the rank D = 1 VCG is still higher than the one
of the full-rank VWF. Nevertheless, the rank D = 1 VCG performs already
better than the full-rank MWF in the given SNR range. If one is interested
in a Turbo system where the number of iterations must be adaptable, the
BCG implementation of the MSMWF is preferable compared to the VCG
implementation of the MSVWF because its gain in the case without any
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feedback is tremendous and its loss when performing Turbo iterations is still
acceptable.
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Fig. 6.16. BER performance of vector and matrix equalizers in a multiuser system
with random channel of an exponential power delay profile (K = χ = 4, R = 2,
F = 25)

Finally, the remaining simulation results investigate the BER performance
of the proposed equalizers if the channel is no longer perfectly known to
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the receiver. As in Subsection 6.2.4, we consider LS channel estimation (cf.,
e. g., [188, 53]) due to its computational efficiency.11

In Figure 6.17 where the channel has been estimated based on 15 training
symbols, the BER performances of the MWF and its reduced-rank approxi-
mations are similar to the ones where the receiver has perfect CSI available
except from the fact that they are shifted by approximately 3 dB to the right.
The further difference is that errors in the channel estimates seem to slow
down the convergence of the BCG to the full-rank solution. Whereas after
two Turbo iterations, the rank D = 4 BCG is already close to the MWF in
case of perfect CSI, the rank D = 4 BCG has a higher BER than the MWF
if the channel is estimated (cf. Figure 6.17(c)).

Figure 6.18 shows the BER performance of a receiver without any Turbo
feedback if the channel is estimated with only 5 training symbols which re-
sults in severe estimation errors. Thus, the BER compared to the case where
15 training symbols have been used (see Figure 6.17(a)) degrades drastically.
However, in this case, we see the regularizing effect of the BCG algorithm as
discussed in Subsection 3.4.3, i. e., the BCG algorithm with D = 8 achieves
amazingly a smaller BER than the full-rank MWF. Note that in Turbo re-
ceivers and for better channel estimations as presented in Figure 6.17, the in-
trinsic regularization of the BCG algorithm is no longer visible. In such cases,
it remains to introduce additional regularization via, e. g., diagonal loading
(see Equation A.24 of Appendix A.4), which can further improve the perfor-
mance as was shown in [119, 43] for systems without any coding and Turbo
feedback.

11 Note that the LS method also requires the solution of a system of linear equa-
tions where the system matrix consists of the training symbols. Thus, if the
training symbols do not change, the inverse of the system matrix can be com-
puted off-line and the channel estimation reduces to a computationally cheap
matrix-vector multiplication. Contrary to the LS method, linear MMSE channel
estimation requires the solution of a system of linear equations each time when
the statistics of the interference and/or noise is changing. Instead of using LS
channel estimation for a low-complexity solution, one could also apply the pro-
posed reduced-complexity methods to the linear MMSE channel estimator [63].
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Fig. 6.17. BER performance of different equalizers in a multiuser system with
random channel of an exponential power delay profile (K = χ = 4, R = 2, F = 25)
assuming perfect or estimated CSI (15 pilot symbols)
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Fig. 6.18. BER performance of different equalizers in a multiuser system with
random channel of an exponential power delay profile (K = χ = 4, R = 2, F = 25)
assuming estimated CSI (5 pilot symbols)



7

Conclusions

The first part of this book considered the linear estimation of multivari-
ate non-zero mean and non-stationary random sequences. The design of the
Mean Square Error (MSE) optimal Matrix Wiener Filter (MWF) lead to
the Wiener–Hopf equation, i. e., a system of linear equations with multiple
right-hand sides. Due to the non-stationarity of the signals, the MWF is time-
variant, i. e., it has to be recomputed at each time index. Thus, low-complexity
solutions of the MWF are of great value.

Besides solving the Wiener–Hopf equation based on the Cholesky method,
we also suggested a reduced-complexity algorithm which exploits the time-
dependent submatrix structure of the auto-covariance matrix of the obser-
vation, i. e., the system matrix of the Wiener–Hopf equation. Moreover, we
discussed iterative block Krylov methods which are popular procedures in nu-
merical linear algebra to solve very large and sparse systems of linear equa-
tions. A detailed convergence analysis of the Block Conjugate Gradient (BCG)
algorithm as one of the considered block Krylov methods has shown that the
BCG method converges linearly to the optimum solution.

Another strategy to reduce computational complexity is given by reduced-
rank signal processing. Contrary to the Principal Component (PC) and Cross-
Spectral (CS) method, the MultiStage MWF (MSMWF) does not approximate
the MWF in an eigensubspace of the auto-covariance matrix of the observa-
tion. This book presented the derivation of the MSMWF in its most general
form leading to the insights that first, the typical structure of the MSMWF
only occurs if it is initialized with the cross-covariance matrix, i. e., the right-
hand side matrix of the Wiener–Hopf equation, and second, the performance of
the MSMWF strongly depends on the choice of the blocking matrices. More-
over, this book revealed the restrictions which are necessary such that the
MSMWF is equal to one of the block Krylov methods. This relationship has
been exploited to get computationally efficient Krylov subspace based imple-
mentations of the MSMWF with a more flexible rank selection than recently
published versions. The detailed investigation of the number of FLoating point
OPerations (FLOPs) required to get the different low-complexity solutions
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showed that the new MSMWF implementations beat the already very efficient
Cholesky based implementation of the MWF if the rank is chosen adequately
small.

The second part of this book included the application of the different MWF
implementations to a iterative or Turbo receiver of a coded Direct Sequence
Code Division Multiple-Access (DS-CDMA) system. The exploitation of the a
priori information obtained from the decoder was the reason for the non-zero
mean and non-stationary signal model in the first part of this book.

The evaluation of the Bit Error Rate (BER) based on Monte Carlo simula-
tions showed that the rank of the MSMWF can be reduced drastically without
changing its performance leading to a computationally efficient reduced-rank
MWF implementation. Moreover, there exists a trade-off between number of
Turbo iterations and the rank of the equalizer, i. e., the higher the number of
iterations the smaller the required rank. We compared also the BER perfor-
mances of the time-variant equalizers with those of the time-invariant approx-
imations thereof which revealed that their BER is almost the same although
the time-invariant approximations are computationally much cheaper. Thus,
it is recommended to use time-invariant equalizer approximations if one is in-
terested in low-complexity receivers. Besides, we simulated the BER of Vector
Wiener Filters (VWFs), i. e., vector versions of the MWF which estimate the
signal of each user separately. Whereas the VWF and its derivates achieve a
smaller BER in systems with many Turbo iterations, the MWF is preferable
in systems where the number of iterations is small. Finally, the BERs are
discussed in the case where the channel is no longer perfectly known at the
receiver but estimated using the Least Squares (LS) method. If the channel
estimation is based on too few training symbols, we observed the regularizing
property of the BCG algorithm which we analyzed by means of filter factors
in the first part of this book. The regularizing effect of the BCG method has
the consequence that a smaller rank than the dimension of the observation
vector leads to a better performance.

Besides the BER performance analysis, we investigated the MSE perfor-
mance of the different reduced-rank MWFs based on EXtrinsic Information
Transfer (EXIT) charts. Here, we calculated the EXIT characteristics of the
proposed equalizers in a semianalytical way without the simulated transmis-
sion of bits. Comparing the MSE performance of the MSMWF with the one
of the eigensubspace methods showed that neither the PC nor the MSE op-
timal CS method are suited for the application to the given communication
system. Finally, the introduction of so-called complexity–performance charts
revealed that it is better to use the MSMWF with a very small rank instead
of reducing the filter order if one is interested in low-complexity receivers.
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Mathematical Basics

A.1 Inverses of Structured Matrices

This subsection presents the inverses of structured matrices which occur fre-
quently in this book. In the following, the matrices A,D ∈ C

M×M and
C,F ∈ C

N×N are Hermitian and invertible, and B ∈ C
N×M , N,M ∈ N.

A.1.1 Inverse of a Schur Complement

If the matrix F is the Schur complement (see, e. g., [210]) of C, i. e.,

F = C − BA−1BH, (A.1)

where the matrices A, B, and C are partitions of a larger matrix (cf. Equa-
tion A.4), its inverse computes as

F−1 = C−1 + C−1BD−1BHC−1, (A.2)

with the matrix
D = A − BHC−1B, (A.3)

being the Schur complement of A. In [210], the inversion of F is presented as
the matrix inversion lemma.

A.1.2 Inverse of a Partitioned Matrix

If the Hermitian and non-singular matrix X ∈ C
(M+N)×(M+N) can be parti-

tioned according to

X =
[
A BH

B C

]
, (A.4)

its inverse computes as
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X−1 =
[

D−1 −A−1BHF−1

−F−1BA−1 F−1

]

=
[

D−1 −D−1BHC−1

−C−1BD−1 F−1

]
,

(A.5)

with the Schur complements D and F as given in Equations (A.3) and (A.1),
respectively. The first line of Equation (A.5) is the well-known inversion
lemma for partitioned matrices (see, e. g., [210]). Note that the second equality
of Equation (A.5) holds if

A−1BHF−1 = D−1BHC−1, (A.6)

which can be easily shown by using Equation (A.2) and the inverse

D−1 = A−1 + A−1BHF−1BA−1, (A.7)

of the Schur complement D of A.
Combining Equation (A.7) with Equation (A.5) yields the following alter-

native representation of the inverse:

X−1 =
[

A−1 0M×N
0N×M 0N×N

]
+
[
A−1BH

−IN

]
F−1

[
BA−1 −IN

]
. (A.8)

A.2 Matrix Norms

Let X,Y ∈ C
N×M , N,M ∈ N, and x ∈ C. Then, ‖·‖ is a matrix norm if the

following conditions are fulfilled (e. g., [237]):

1. ‖X‖ ≥ 0, and ‖X‖ = 0 only if X = 0N×M ,
2. ‖X + Y ‖ ≤ ‖X‖ + ‖Y ‖, and
3. ‖xX‖ = |x| ‖X‖.

The next three subsections review some examples of matrix norms which
are of great importance for this book.

A.2.1 Hilbert–Schmidt or Frobenius norm

The most important matrix norm is the Hilbert–Schmidt or Frobenius norm
defined as

‖X‖F =

√√
√
√
N−1∑

n=0

M−1∑

m=0

|xn,m|2 =
√

tr {XHX}, (A.9)

where xn,m is the element in the (n+1)th row and (m+1)th column of X and
tr{·} denotes the trace of a matrix. If M = 1, i. e., the matrix X ∈ C

N×M
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reduces to the vector x ∈ C
N , the Frobenius norm ‖x‖F is equal to the

Euclidean vector norm or vector 2-norm ‖x‖2, i. e.,

‖x‖2 =

√√
√
√
N−1∑

n=0

|xn|2 =
√

xHx = ‖x‖F , (A.10)

where xn denotes the (n+ 1)th entry in x.

A.2.2 A-norm

If A ∈ C
N×N is Hermitian and positive definite, we define the A-norm of the

matrix X ∈ C
N×M as

‖X‖A =
√

tr {XHAX}. (A.11)

If A = IN , the A-norm and the Frobenius norm are identical, i. e., ‖X‖IN
=

‖X‖F. Note that the A-norm is not defined for arbitrary matrices A.

A.2.3 2-norm

Compared to the Frobenius or A-norm which are general matrix norms, the 2-
norm of a matrix is an induced matrix norm, i. e., it is defined with respect to
the behavior of the matrix as an operator between two normed vector spaces.
The 2-norm of X reads as

‖X‖2 = sup
a 
=0M

‖Xa‖2

‖a‖2

= sup
a∈C

M

‖a‖2=1

‖Xa‖2 , (A.12)

and is equal to the largest singular value σmax(X) of X, i. e., ‖X‖2 =
σmax(X).

With the 2-norm, one can express the condition number κ(X) of a matrix
X as follows:

κ(X) =
σmax(X)
σmin(X)

= ‖X‖2

∥
∥X†

∥
∥

2
, (A.13)

where σmin(X) denotes the smallest singular value of X and X† =
(XHX)−1XH is the left-hand side Moore–Penrose pseudoinverse [167, 168,
184, 97] of X. If X is square and non-singular, κ(X) = ‖X‖2

∥
∥X−1

∥
∥

2
.

A.3 Chebyshev Polynomials

The Chebyshev polynomial T (n)(x) of the first kind and degree n ∈ N0 [28] is
defined as
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T (n)(x) =
1
2

((
x+

(
x2 − 1

) 1
2
)n

+
(
x−

(
x2 − 1

) 1
2
)n)

∈ R, x ∈ R.

(A.14)
With the inverse cosine defined as [1]

arccos (x) = −j log
(
x+

(
x2 − 1

) 1
2
)
∈ C, (A.15)

and due to the fact that (x+(x2−1)1/2)(x−(x2−1)1/2) = 1, Equation (A.14)
can be rewritten as

T (n)(x) =
1
2

(exp (jn arccos (x))) + exp (−jn arccos (x)))) . (A.16)

Finally, with Euler’s formula exp(z) = cos(z) + j sin(z), the cosine can be
replaced by cos(z) = (exp(j z) + exp(−j z))/2, and Equation (A.16) reads as

T (n)(x) = cos (n arccos (x)) ∈ R, x ∈ R, (A.17)

which is an alternative expression of the Chebyshev polynomial of the first
kind and degree n. A third representation of the Chebyshev polynomial
T (n)(x) is given by the recursion formulas (e. g., [1])

T (n)(x) = 2xT (n−1)(x) − T (n−2)(x), n ≥ 2, (A.18)
T (2n)(x) = 2T (n),2(x) − 1, n ≥ 0, (A.19)

initialized with T (0)(x) = 1 and T (1)(x) = x. Figure A.1 depicts exemplarily
the Chebyshev polynomials T (n)(x) of degree n ∈ {2, 3, 8}.

It follows the most important properties of Chebyshev polynomials of the
first kind. From Equation (A.17), we see that |T (n)(x)| ≤ 1 for x ∈ [−1, 1]
and T (n)(0) = 1. Besides, the Chebyshev polynomial T (n)(x) is even or odd,
if n is even or odd, respectively (cf. Equation A.14). Finally, it can be easily
verified that

T (n)(xi) = (−1)i with xi = cos
(
iπ

n

)
, i ∈ {0, 1, . . . , n}, (A.20)

are the n + 1 local extrema of the Chebyshev polynomial T (n)(x) if x is
restricted to the region [−1, 1]. Note that T (n)(−1) = (−1)n and T (n)(1) = 1
are no longer local extrema of T (n)(x) if x ∈ R (cf. also Figure A.1). Since a
polynomial in R of degree n has at most n − 1 extrema and due to the fact
that all of the extrema of T (n)(x) lie in [−1, 1] and |T (n)(±1)| = 1, the values
|T (n)(x)| for x outside of [−1, 1] are larger than one, i. e., |T (n)(x)| > 1 for
|x| > 1.

A.4 Regularization

Given the operator A : X → B, x �→ b, between the abstract vector spaces X
and B, and an output vector b, the inverse problem (e. g., [110]) is to find the
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Fig. A.1. Chebyshev polynomials T (n)(x) of the first kind and degree n ∈ {2, 3, 8}

corresponding input vector x such that the application of A to x results in b.
Although the operator can be either linear or non-linear, we restrict ourselves
in the following to the linear case which is the focus of this book. One example
for a linear inverse problem is to solve the Fredholm integral equation of the
first kind (see, e. g., [99]), i. e.,

1∫

0

A(s, t)x(t) dt = b(s), 0 ≤ s ≤ 1, (A.21)

with respect to the unknown function x : [0, 1] → C, t �→ x(t). Here, the
square integrable kernel function A : [0, 1] × [0, 1] → C, (s, t) �→ A(s, t), and
the right-hand side function b : [0, 1] → C, s �→ b(s), are known functions.
Another example of a linear inverse problem where the vector spaces have the
finite dimension NM , is solving the system

N−1∑

m=0

an,mx̄T
m = b̄T

n , n ∈ {0, 1, . . . , N − 1}, or AX = B, (A.22)

of linear equations with multiple right-hand sides with respect to the unknown
matrix X = [x̄0, x̄1, . . . , x̄N−1]T ∈ C

N×M , N,M ∈ N. The transpose of the
vector x̄m ∈ C

M denotes the (m + 1)th row of the matrix X. Again, the
system matrix A ∈ C

N×N whose element in the (n+ 1)th row and (m+ 1)th
column is denoted as an,m = eT

n+1Aem+1, and the right-hand side matrix B =
[b̄0, b̄1, . . . , b̄N−1]T ∈ C

N×M are known. In the sequel, we restrict ourselves to
the system of linear equations as an example of an inverse problem. However,
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the following derivation can be easily extended to the general inverse problem
defined above.

Solving an inverse problem can be challenging if the problem is either ill-
posed or ill-conditioned. Hadamard [104] defined a problem as ill-posed if no
unique solution exists or if it is not a continuous function in the right-hand
side, i. e., an arbitrarily small error in B can cause an arbitrarily large error
in the solution X. A problem is denoted as ill-conditioned if the condition
number of the system matrix A (cf. Appendix A.2) is very large, i. e., a small
error in B causes a large error in the solution X. Especially, in floating or
fixed point arithmetic, ill-conditioned problems lead to numerical instability.

The method of regularization (e. g., [110]) introduces additional assump-
tions about the solution like, e. g., smoothness or a bounded norm, in order to
handle ill-posed or ill-conditioned problems. In the remainder of this section,
we discuss Tikhonov regularization [234, 235] in order to illustrate the basic
idea of regularizing the solution of an inverse problem. With the system of lin-
ear equations defined in Equation (A.22), the Tikhonov regularized solution
Xreg ∈ C

N×M can be found via the following optimization:

Xreg = argmin
X∈CN×M

(
‖AX − B‖2

F + α ‖X‖2
F

)
. (A.23)

Here, ‖ · ‖F denotes the Frobenius norm as defined in Appendix A.2, and
α ∈ R0,+ is the so-called Tikhonov factor. Finally, the regularized solution
computes as

Xreg =
(
AHA + αIN

)−1
AHB. (A.24)

It remains to choose the factor α properly. Note that if we set α = 0, the
regularized solution in Equation (A.24) reduces to the Least Squares (LS)
solution. Besides heuristic choices for α, it can be derived via a Bayesian
approach if the solution and the right-hand side are assumed to be multivariate
random variables (see, e. g., [235]).

The filter factors are a well-known tool to characterize regularization. If
A = UΛUH denotes the eigen decomposition (see, e. g., [131]) of the sys-
tem matrix (cf. Equation 3.74), the exact solution of Equation (A.22) can be
written as

X = A−1B = UΛ−1UHB. (A.25)

Then, the regularized solution is defined as

Xreg = UFΛ−1UHB, (A.26)

where the diagonal matrix F ∈ R
N×N
+ , in the following denoted as the filter

factor matrix, comprises the filter factors. The diagonal elements in F attenu-
ate the inverse eigenvalues in Λ−1 in order to suppress the eigenmodes which
have the highest influence on the error in the solution. In the case of Tikhonov
regularization, we get (cf. Equation A.24)
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Xreg = U
(
Λ2 + αIN

)−1
ΛUHB, (A.27)

leading to the filter factor matrix

F = (Λ2 + αIN )−1Λ2, with fi = eT
i+1Fei+1 =

λ2
i

λ2
i + α

∈ R+, (A.28)

being the Tikhonov filter factors. We observe that

lim
λi→0

fi = lim
λi

λ2
i

λ2
i + α

= 0, (A.29)

i. e., the filter factors fi corresponding to small eigenvalues are very small.
If we remember that especially errors in the small eigenvalues cause a large
error in the solution due to their inversion in Equation (A.25), we see that
the suppression of the eigenmodes corresponding to small eigenvalues, by the
Tikhonov filter factors decreases the error in the regularized solution Xreg.

A.5 Vector Valued Function of a Matrix and Kronecker
Product

The vector valued function of the matrix A ∈ C
N×M , N,M ∈ N, in the

following denoted as the vec-operation, is defined as (e. g., [17])

vec {A} =

⎡

⎢
⎢
⎢
⎣

a0

a1

...
aM−1

⎤

⎥
⎥
⎥
⎦
∈ C

NM , (A.30)

where the vector am = Aem+1 ∈ C
N , m ∈ {0, 1, . . . ,M − 1}, is the (m+1)th

column of A.
The Kronecker product between the matrix A ∈ C

N×M and the matrix
B ∈ C

Q×P , Q,P ∈ N, is defined as (e. g., [17])

A ⊗ B =

⎡

⎢
⎢
⎢
⎣

a0,0B a0,1B · · · a0,M−1B
a1,0B a1,1B · · · a1,M−1B

...
...

. . .
...

aN−1,0B aN−1,1B · · · aN−1,M−1B

⎤

⎥
⎥
⎥
⎦
∈ C

NQ×MP , (A.31)

where the scalar an,m ∈ C, n ∈ {0, 1, . . . , N − 1}, m ∈ {0, 1, . . . ,M − 1},
denotes the element in the (n + 1)th row and (m + 1)th column of A, i. e.,
an,m = eT

n+1Aem+1.
It follows a summary of the most important properties of the vec-operation

and the Kronecker product which are used in this book. A detailed derivation
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of the formulas can be found in [17]. If A ∈ C
N×M , B ∈ C

Q×P , C ∈ C
M×S ,

D ∈ C
P×R, E ∈ C

S×R, F ∈ C
N×N , and G ∈ C

M×M , S,R ∈ N, with the
latter two matrices being non-singular, i. e., the inverse matrices exist, it holds:

(A ⊗ B) (C ⊗ D) = AC ⊗ BD ∈ C
NQ×SR, (A.32)

vec {ACE} =
(
ET ⊗ A

)
vec {C} ∈ C

NR, (A.33)
(F ⊗ G)−1 = F−1 ⊗ G−1 ∈ C

NM×NM . (A.34)

A.6 Square Root Matrices

Let A ∈ C
N×N , N ∈ N, be a Hermitian and positive semidefinite matrix with

rank R. Then, there exists the eigen decomposition (see, e. g., [131])

A =
R−1∑

i=0

λiuiu
H
i , (A.35)

with the eigenvalues λi ∈ R+, i ∈ {0, 1, . . . , R − 1}, and the corresponding
orthonormal eigenvectors ui ∈ C

N , i. e., uH
i uj = δi,j , i, j ∈ {0, 1, . . . , R − 1}.

Here, δi,j denotes the Kronecker delta being one only for i = j and zero
otherwise. In the following, we review two different definitions of the square
root matrix of A. Note that we assume for all definitions that the square root
matrix is Hermitian.

The general square root matrices
√

A ∈ C
N×N of A with

√
A
√

A =
(
√

A)2 = A are defined as

√
A :=

R−1∑

i=0

±
√
λiuiu

H
i . (A.36)

Due to the fact that the signs of the square roots
√
λi can be chosen arbitrarily

without changing the product (
√

A)2 = A, there exists 2R different general
square root matrices.

If we are interested in a unique definition of the square root matrix of
A, we can restrict it to be not only Hermitian but also positive semidefinite
(see, e. g., [131]), i. e., we choose the one of the general square root matrices
of A where the eigenvalues are non-negative. The unique positive semidefinite
square root matrix reads as

⊕√
A :=

R−1∑

i=0

√
λiuiu

H
i ∈ C

N×N . (A.37)
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A.7 Binary Galois Field

The set F together with the operations ‘ �’ and ‘ �’, in the following denoted
as (F, �, �), is a field if a, b, c ∈ F satisfy the following conditions (e. g., [118]):

1. Closure of F under ‘ �’ and ‘ �’:
a � b ∈ F and a � b ∈ F.

2. Associative law of both operations:
a �(b � c) = (a � b) � c and a �(b � c) = (a � b) � c.

3. Commutative law of both operations:
a � b = b � a and a � b = b � a.

4. Distributive law of ‘ �’ over ‘ �’:
a �(b � c) = (a � b) �(a � c).

5. Existence of an additive and a multiplicative identity:
There exists the zero element or additive identity n ∈ F such that a �n =
a, and the unit element or multiplicative identity e ∈ F such that a � e = a.

6. Existence of additive and multiplicative inverses:
For every a ∈ F, there exists an additive inverse ā such that a � ā = n
and if a 	= n, there exists a multiplicative inverse a such that a � a = e.

The most famous example of a field is (R,+, ·) with the common addition
‘+’, the common multiplication ‘·’, the zero element 0, the unit element 1, the
additive inverse −a of a ∈ R, and the multiplicative inverse 1/a of a ∈ R\{0}.

The field (F, �, �) with a finite set F is called Galois field (e. g., [118]). If
q is the cardinality of F, the respective Galois field is denoted as GF (q). For
example, the field ({0, 1},�,�), i. e., the set {0, 1} together with the modulo
2 addition ‘�’ and the modulo 2 multiplication ‘�’ as defined in Table A.1, is
the binary Galois field GF (2) (cf., e. g., [163, 118]) which plays a fundamental
role in digital communications (see Chapter 5).

Table A.1. Modulo 2 addition ‘�’ and modulo 2 multiplication ‘�’

� 0 1

0 0 1
1 1 0

� 0 1

0 0 0
1 0 1

Note that in GF (2), 0 is the zero element since a � 0 = a, a ∈ {0, 1}, 1
the unit element since a� 1 = a, 0 the additive inverse of 0 since 0 � 0 = 0, 1
the additive inverse of 1 since 1�1 = 0, 1 the multiplicative inverse of 1 since
1 � 1 = 1. Recall that the zero element has no multiplicative inverse. Clearly,
the two elements of the binary Galois field GF (2) could be also represented
by other symbols than ‘0’ and ‘1’ if the operations in Table A.1 are defined
adequately.
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Derivations and Proofs

B.1 Inversion of Hermitian and Positive Definite
Matrices

The procedure to invert a Hermitian and positive definite matrix A ∈ C
N×N ,

N ∈ N, is as follows (see, e. g., [218, 136]):

1. Cholesky Factorization (CF):
Compute the lower triangular matrix L ∈ C

N×N such that A = LLH.
2. Lower Triangular Inversion (LTI):

Compute the inverse L−1 ∈ C
N×N of the lower triangular matrix L.

3. Lower Triangular Product (LTP):
Construct the inverse A−1 via the matrix-matrix product A−1 =
L−1,HL−1.

First, the CF is given by Algorithm 2.1. which has a computational com-
plexity of (cf. Equation 2.23)

ζCF(N) =
1
3
N3 +

1
2
N2 +

1
6
N FLOPs. (B.1)

Second, in order to compute the inverse of the lower triangular matrix L,
we have to solve the system LL−1 = IN of linear equations according to the
lower triangular matrix L−1. For i ∈ {0, 1, . . . , N − 1} and j ∈ {0, 1, . . . , i},
the element in the (i+1)th row and (j+1)th column of LL−1 can be written
as

[L]i,:
[
L−1

]
:,j

= [L]i,j:i
[
L−1

]
j:i,j

= δi,j , (B.2)

with the Kronecker delta δi,j being one only for i = j and zero otherwise,
and the notation for submatrices defined in Subsection 2.2.1 and Section 1.2,
respectively. In Equation (B.2), we exploit the fact that the non-zero entries
of the (i + 1)th row of L and the (j + 1)th column of L−1 whose product
yields the element of the (i+1)th row and (j+1)th column of LL−1, overlap
only from the (j + 1)th element to the (i+ 1)th element (j ≤ i). All elements
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of the (i + 1)th row of L with an index higher than i and all elements of
the (j + 1)th column of L−1 with an index smaller than j are zero due to
the lower triangular structure of L and L−1. Remember that the inverse of
a lower triangular matrix is again lower triangular. If we extract the term
[L]i,i[L−1]i,j from the sum given by Equation (B.2), and resolve the resulting
equation according to [L−1]i,j , we get

[
L−1

]
i,j

=

⎧
⎪⎪⎨

⎪⎪⎩

1
[L]i,i

, j = i,

−
[L]i,j:i−1

[
L−1

]
j:i−1,j

[L]i,i
, j < i, i ∈ N.

(B.3)

Algorithm B.1. computes the inverse of the lower triangular matrix L
based on Equation (B.3) where the number in angle brackets denotes the
number of FLOPs required to perform the respective line of the algorithm.
Recall from Subsection 2.2.1 that the matrix-matrix product of an n × m
matrix by an m× p matrix requires np(2m− 1) FLOPs.

Algorithm B.1. Lower Triangular Inversion (LTI)
for i = 0, 1, . . . , N − 1 do

2: L−1 ← 0N×N

[L−1]i,i ← 1/[L]i,i 〈1〉
4: for j = 0, 1, . . . , i− 1 ∧ i ∈ N do

[L−1]i,j ← −[L]i,j:i−1[L
−1]j:i−1,j/[L]i,i 〈2(i− j)〉

6: end for
end for

The total number of FLOPs needed for LTI performed by Algorithm B.1.,
calculates as

ζLTI(N) =
N−1∑

i=0

⎛

⎜
⎝1 +

i−1∑

j=0
i∈N

2(i− j)

⎞

⎟
⎠ =

1
3
N3 +

2
3
N. (B.4)

Third, it remains to compute the matrix-matrix product L−1,HL−1 which
is the wanted inverse A−1. The element in the (i + 1)th row and (j + 1)th
column of A−1 can be written as

[
A−1

]
i,j

=
[
L−1,H

]
i,:

[
L−1

]
:,j

=
[
L−1

]H
j:N−1,i

[
L−1

]
j:N−1,j

, (B.5)

if i ∈ {0, 1, . . . , N − 1} and j ∈ {i, i + 1, . . . , N − 1}. In Equation (B.5), we
used the lower triangular property of L−1, i. e., for each column with index
i or j, the elements with an index smaller than i or j, respectively, are zero.
Since j ≥ i, the index j determines the first non-zero addend in the sum given
by Equation (B.5). If we exploit additionally the Hermitian structure of A−1,
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Algorithm B.2. Lower Triangular Product (LTP)
for i = 0, 1, . . . , N − 1 do

2: for j = i, i + 1, . . . , N − 1 do
[A−1]i,j ← [L−1]Hj:N−1,i[L

−1]j:N−1,j 〈2(N − j)− 1〉
4: if j �= i then

[A−1]j,i = [A−1]∗i,j
6: end if

end for
8: end for

we get Algorithm B.2.. Note that the inverse operation does not change the
Hermitian property.

The number of FLOPs required to perform the LTP according to Algo-
rithm B.2., is

ζLTP(N) =
N−1∑

i=0

N−1∑

j=i

(2(N − j) − 1) =
1
3
N3 +

1
2
N2 +

1
6
N, (B.6)

which is the same computational complexity as the one of the CF. Finally,
the number of FLOPs needed to invert a Hermitian and positive definite
N × N matrix (Hermitian Inversion, HI) is given by the sum of FLOPs in
Equations (B.1), (B.4), and (B.6), i. e.,

ζHI(N) = ζCF(N) + ζLTI(N) + ζLTP(N)

= N3 +N2 +N.
(B.7)

With this knowledge, it is interesting to discuss the question whether it
is computational cheaper to solve systems of linear equations, i. e., AX =
B ∈ C

N×M , N,M ∈ N, based on the Cholesky factorization as described in
Subsection 2.2.1, or via calculating X = A−1B ∈ C

N×M with the explicit in-
version of A as presented above. Whereas the Cholesky based method requires
ζMWF(N,M) FLOPs as given in Equation (2.28), the HI based approach has
a total computational complexity of ζHI(N) + MN(2N − 1) FLOPs where
the additional term arises from the required multiplication of A−1 ∈ C

N×N

by B ∈ C
N×M . With some straightforward manipulations, it can be easily

shown that

ζHI(N) +MN(2N − 1) > ζMWF(N,M) ⇔ M <
2
3
N2 +

1
2
N +

5
6
. (B.8)

Thus and due the fact that N < 2N2/3+N/2+5/6 for allN ∈ N, the Cholesky
based algorithm is computationally cheaper than the HI based method if
M ≤ N . Further, for values of M which fulfill N < M < 2N2/3 +N/2 + 5/6,
it remains computationally less expensive. However, in the case where M >
2N2/3 + N/2 + 5/6 or if the inverse of the system matrix A is explicitly
needed, it is recommended to use the HI based approach to solve systems of
linear equations.



190 B Derivations and Proofs

B.2 Real-Valued Coefficients of Krylov Subspace
Polynomials

Consider the approximation of the solution x ∈ C
N of the system of linear

equations Ax = b ∈ C
N where A ∈ C

N×N is Hermitian and positive definite,
in the D-dimensional Krylov subspace

K(D) (A, b) = range
{[

b Ab · · · AD−1b
]}
. (B.9)

In other words, the solution x is approximated by the polynomial

x ≈ xD = Ψ (D−1)(A)b =
D−1∑

�=0

ψ�A
�b ∈ C

N . (B.10)

The polynomial coefficients ψ� are chosen to minimize the squared A-norm
of the error vector e′D = x−x′D with x′D =

∑D−1
�=0 ψ′�A

�b (cf. Section 3.4 and
Appendix A.2), i. e.,

(ψ0, ψ1, . . . , ψD−1) = argmin
(ψ′

0,ψ
′
1,...,ψ

′
D−1)

‖e′D‖
2
A . (B.11)

Setting the partial derivatives of

‖eD‖2
A = xHx − xH

D−1∑

�=0

ψ′�A
�b −

D−1∑

�=0

ψ′,∗� bHA�x

+
D−1∑

�=0

D−1∑

m=0

ψ′,∗� bHA�+mbψ′m,

(B.12)

with respect to ψ′,∗� , � ∈ {0, 1, . . . ,D − 1}, equal to zero at ψ′m = ψm, yields
the set of linear equations:

D−1∑

m=0

bHA�+mbψm = bHA�x, � ∈ {0, 1, . . . ,D − 1}, (B.13)

or
D−1∑

m=0

bHA�+mbψm = bHA�−1b, � ∈ {0, 1, . . . ,D − 1}, (B.14)

if we remember that b = Ax. Due to the fact that A is Hermitian and positive
definite, the matrices Ai, i ∈ N0, are also Hermitian and positive definite, and
the terms bHAib are real-valued and positive. Thus, all elements of the linear
system in Equation (B.14) are real-valued and positive and finally, the optimal
coefficients ψ� ∈ R for all � ∈ {0, 1, . . . ,D − 1} (cf. also [67]).
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In the limiting case where D = N , the solution x is exactly represented
by the optimal linear combination of the Krylov basis vectors using only real-
valued coefficients, i. e., x = xN . However, we are not operating in a real-
valued vector space because we still need complex-valued coefficients in order
to reach any x′ ∈ C

N with the linear combination of the Krylov basis vectors b,
Ab, . . ., and AN−1b. Especially, if Ax′ 	= b, minimizing the squared A-norm
of the error between x′N and x′ leads to Equation (B.13) where x is replaced
by x′. In this case, Equation (B.13) cannot be simplified to Equation (B.14)
since b 	= Ax′, and the right-hand sides are no longer real-valued. Thus, the
optimal coefficients ψ� are complex-valued for all � ∈ {0, 1, . . . ,D − 1}. Only
the optimal solution x of the system of linear equations Ax = b can be rep-
resented exactly by the polynomial Ψ (N−1)(A)b with real-valued coefficients
because of the matching between x and the special choice of the Krylov basis
vectors according to the system matrix A and the right-hand side b.

If the Hermitian and positive definite system of linear equations has mul-
tiple right-hand sides, the matrix coefficients have no special structure, i. e.,
they are in general neither Hermitian nor are their elements real-valued.

B.3 QR Factorization

The QR factorization [94, 237] of the matrix A ∈ C
N×M , N,M ∈ N, N ≥M ,

is defined as the decomposition A = QR where Q ∈ C
N×M is a matrix with

mutually orthonormal columns, i. e., QHQ = IM , and R ∈ C
M×M is an upper

triangular matrix. To access the factors Q and R of the QR factorization of
A, we define the operator ‘QR(·)’ such that (Q,R) = QR(A).

The derivation of the QR factorization is very similar to the one of the
block Arnoldi algorithm in Section 3.2. However, instead of orthogonalizing
the basis of the Krylov subspace, the QR factorization orthogonalizes the
columns of the matrix A. If we recall the modified Gram–Schmidt proce-
dure [94, 237] of Equation (3.15) and apply it to orthogonalize the (j + 1)th
column of A, i. e., [A]:,j , j ∈ {0, 1, . . . ,M − 1}, with respect to the already
orthonormal columns of [Q]:,0:j−1, we get

[Q]:,j [R]j,j =

⎛

⎜
⎝
j−1∏

i=0
j∈N

P⊥[Q]:,i

⎞

⎟
⎠ [A]:,j , (B.15)

where P⊥[Q]:,i = IN + [Q]:,i[Q]H:,i ∈ C
N×N is a projector onto the subspace

which is orthogonal to the (i+1)th column of Q, i. e., [Q]:,i, i ∈ {0, 1, . . . , j−1},
j ∈ N. Again, we used the notation for submatrices as defined in Subsec-
tion 2.2.1 and Section 1.2, respectively. Due to the fact that each column of
A is only orthogonalized with respect to the j already computed orthonormal
vectors, the entries of the lower triangular part of R = QHA are equal to
zero.
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Algorithm B.3. performs the QR factorization based on the modified
Gram–Schmidt procedure. Immediately after [Q]:,j is known, the projector
P⊥[Q]:,j = IN + [Q]:,j [Q]H:,j is applied to each column of [A]:,j+1:M−1 (cf. in-
ner for-loop of Algorithm B.3.). Here, the columns of A which are no longer
needed in the subsequent iterations are overwritten to save storage. We refer
to [94, 237] for a detailed derivation of Algorithm B.3..

Algorithm B.3. QR factorization
for j = 0, 1, . . . , M − 1 do

2: [R]j,j ← ‖[A]:,j‖2 〈2N〉
[Q]:,j ← [A]:,j/[R]j,j 〈N〉

4: for i = j + 1, j + 2, . . . , M − 1 ∧ j < M − 1 do
[R]j,i ← [Q]H:,j [A]:,i 〈2N − 1〉

6: [A]:,i ← [A]:,i − [Q]:,j [R]j,i 〈2N〉
end for

8: end for

In each line of Algorithm B.3., the number in angle brackets denotes the
number of FLOPs required to perform the corresponding line of the algorithm.
Remember from Section 2.2 that the scalar product of two n-dimensional vec-
tors needs 2n− 1 FLOPs. Finally, the total number of FLOPs which are nec-
essary to perform the QR factorization based on the modified Gram–Schmidt
procedure according to Algorithm B.3., computes as

ζQR(N,M) =
M−1∑

j=0

⎛

⎜
⎜
⎝3N +

M−1∑

i=j+1
j<M−1

(4N − 1)

⎞

⎟
⎟
⎠

= (2M + 1)MN − 1
2
(M − 1)M.

(B.16)

B.4 Proof of Proposition 3.3

The columns of Q, viz., the vectors qj ∈ C
N , j ∈ {0, 1, . . . ,D − 1}, are

orthonormal due to the Gram–Schmidt procedure. If D is an integer multi-
ple of M , i. e., μ = M , Proposition 3.3 is true because the block Lanczos–
Ruhe algorithm is equal to the block Lanczos procedure by construction
and K(D)

Ruhe(A, q0, q1, . . . , qM−1) = K(D)(A,Q0). It remains to prove Proposi-
tion 3.3 for D 	= dM , i. e., the vectors qj , j ∈ {0, 1, . . . ,D − 1}, are given by
the linear combination



B.4 Proof of Proposition 3.3 193

qj = Ψ
(ι(j)−1)
0,j (A)q0 + Ψ

(ι(j)−1)
1,j (A)q1 + . . .+ Ψ

(ι(j)−1)
�(j)−1,j(A)q�(j)−1

+ Ψ
(ι(j)−2)
�(j),j (A)q�(j) + Ψ

(ι(j)−2)
�(j)+1,j(A)q�(j)+1 + . . .+ Ψ

(ι(j)−2)
M−1,j (A)qM−1

=
�(j)−1∑

k=0

Ψ
(ι(j)−1)
k,j (A)qk +

M−1∑

k=�(j)
�(j)<M

Ψ
(ι(j)−2)
k,j (A)qk ∈ C

N , (B.17)

where the polynomials Ψ (ι(j)−1)
k,j (A), k ∈ {0, 1, . . . , �(j)−1}, of degree ι(j)−1

and the polynomials Ψ (ι(j)−2)
k,j (A), k ∈ {�(j), �(j) + 1, . . . ,M − 1}, of degree

ι(j)−2 are defined analogous to Equation (3.3).1 The graphs of the functions
ι(j) = 
(j+1)/M� ∈ {1, 2, . . . , d}, d = 
D/M�, which is one plus the maximal
polynomial degree, and �(j) = j + 1 − (ι(j) − 1)M ∈ {1, 2, . . . ,M} which is
the number of polynomials with maximal degree ι(j) − 1, are depicted in
Figure B.1.

We prove by induction on j. For j ∈ {0, 1, . . . ,M − 1}, q0 = Ψ
(0)
0,0 (A)q0

with Ψ (0)
0,0 (A) := IN , q1 = Ψ

(0)
0,1 (A)q0 +Ψ

(0)
1,1 (A)q1 with Ψ (0)

0,1 (A) := 0N×N and
Ψ

(0)
1,1 (A) := IN , . . ., and qM−1 =

∑M−1
k=0 Ψ

(0)
k,M−1(A)qk with Ψ

(0)
k,M−1(A) :=

0N×N for k < M−1 and Ψ (0)
M−1,M−1(A) := IN . Assume that Equation (B.17)

is true for all M − 1 ≤ i ≤ j, j ∈ {M − 1,M, . . . ,D − 2}.2 Then, we have to
show that it is also true for i = j + 1. Use Equation (3.25) and replace m by
j −M + 1 to get

qj+1hj+1,j−M+1 = Aqj−M+1 −
j∑

i=j−2M+1
i∈N0

qihi,j−M+1. (B.18)

With the relations ι(j −M + 1) = ι(j + 1)− 1 and �(j −M + 1) = �(j + 1),3
Equation (B.18) may be rewritten as

1 The additional index j in the notation of the polynomials is necessary since the
polynomial coefficients can change even if the degree of the polynomial is not
increasing.

2 Since we have already proven that Equation (B.17) holds for j ∈ {0, 1, . . . , M−1},
it remains to show the induction from j to j + 1 beginning from j = M − 1.
This strategy is necessary because Equation (3.25) which we use to derive the
induction, only holds for j ∈ {M − 1, M, . . . , D − 2}.

3 It holds that ι(j −M + 1) = �(j −M + 2)/M	 = �(j + 2)/M	 − 1 = ι(j + 1)− 1
and therefore, �(j −M + 1) = j −M + 2− (ι(j −M + 1)− 1)M = j −M + 2−
(ι(j + 1)− 2)M = j + 2− (ι(j + 1)− 1)M = �(j + 1).
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qj+1hj+1,j−M+1 = A

⎛

⎜
⎜
⎝

�(j+1)−1∑

k=0

Ψ
(ι(j+1)−2)
k,j−M+1 (A)qk +

M−1∑

k=�(j+1)
�(j+1)<M

Ψ
(ι(j+1)−3)
k,j−M+1 (A)qk

⎞

⎟
⎟
⎠

−
j∑

i=j−2M+1
i∈N0

hi,j−M+1

⎛

⎝
�(i)−1∑

k=0

Ψ
(ι(i)−1)
k,i (A)qk

+
M−1∑

k=�(i)
�(i)<M

Ψ
(ι(i)−2)
k,i (A)qk

⎞

⎟
⎟
⎠ , (B.19)

if we recall the polynomial representation of qj in Equation (B.17). First
consider the case where j = (�+1)M−1, � ∈ {0, 1, . . . , d−2}, i. e., ι(j) = �+1,
ι(j+1) = ι(j)+1 = �+2, �(j) = M , and �(j+1) = 1 (cf. Figure B.1). Hence,

qj+1 = h−1
j+1,j−M+1AΨ

(ι(j+1)−2)
0,j−M+1 (A)q0

︸ ︷︷ ︸
k = 0, degree ι(j + 1)− 1

+ h−1
j+1,j−M+1

M−1∑

k=1

AΨ
(ι(j+1)−3)
k,j−M+1 (A)qk

︸ ︷︷ ︸
k ∈ {1, 2, . . . ,M−1}, maximal degree ι(j+1)−2

−
j∑

i=j−2M+1
i∈N0

hi,j−M+1

hj+1,j−M+1

⎛

⎜
⎜
⎝

�(i)−1∑

k=0

Ψ
(ι(i)−1)
k,i (A)qk +

M−1∑

k=�(i)
�(i)<M

Ψ
(ι(i)−2)
k,i (A)qk

⎞

⎟
⎟
⎠

︸ ︷︷ ︸
k ∈ {0, 1, . . . ,M − 1}, maximal degree ι(j)− 1 = ι(j + 1)− 2

= Ψ
(ι(j+1)−1)
0,j+1 (A)q0 +

M−1∑

k=1

Ψ
(ι(j+1)−2)
k,j+1 (A)qk, (B.20)

which confirms Equation (B.17) for the special case of j = (� + 1)M − 1.
In Equation (B.20), only the terms with k = 0 have a maximal degree of
ι(j+ 1)− 1 which justifies the last equality. It remains to find the polynomial
representation of qj+1 for j 	= (�+ 1)M − 1, � ∈ {0, 1, . . . , d− 2}. In this case,
ι(j + 1) = ι(j) and �(j + 1) = �(j) + 1 (cf. Figure B.1), and Equation (B.19)
reads as
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qj+1hj+1,j−M+1 =
�(j)−1∑

k=0

AΨ
(ι(j+1)−2)
k,j−M+1 (A)qk −

j∑

i=(ι(j)−1)M

hi,j−M+1

�(i)−1∑

k=0

Ψ
(ι(i)−1)
k,i (A)qk

︸ ︷︷ ︸
k ∈ {0, 1, . . . , �(j)− 1}, degree ι(j)− 1 = ι(j + 1)− 1

+ AΨ
(ι(j+1)−2)
�(j),j−M+1(A)q�(j)

︸ ︷︷ ︸
k = �(j), �(j) <

M ,
degree ι(j + 1)− 1

+
M−1∑

k=�(j)+1
�(j)<M−1

AΨ
(ι(j+1)−3)
k,j−M+1 (A)qk

︸ ︷︷ ︸
k ∈ {�(j) + 1, �(j) + 2, . . . ,M −
1}, �(j) < M − 1, degree ι(j +

1)− 2

−
(ι(j)−1)M−1∑

i=j−2M+1
i∈N0

hi,j−M+1

�(i)−1∑

k=0

Ψ
(ι(i)−1)
k,i (A)qk

︸ ︷︷ ︸
k ∈ {0, 1, . . . ,M − 1}, maximal degree ι(j)− 2 = ι(j + 1)− 2

−
j∑

i=j−2M+1
i∈N0

hi,j−M+1

M−1∑

k=�(i)
�(i)<M

Ψ
(ι(i)−2)
k,i (A)qk.

︸ ︷︷ ︸
k ∈ {0, 1, . . . ,M − 1}, maximal degree ι(j)− 2 = ι(j + 1)− 2

(B.21)

Since the degree of the polynomial with k = �(j) = �(j + 1) − 1 is increased
by one, only the terms with k ∈ {0, 1, . . . , �(j + 1) − 1} have the maximal
degree of ι(j + 1) − 1, and we can write

qj+1 =
�(j+1)−1∑

k=0

Ψ
(ι(j+1)−1)
k,j+1 (A)qk +

M−1∑

k=�(j+1)
�(j+1)<M

Ψ
(ι(j+1)−2)
k,j+1 (A)qk, (B.22)

which completes the proof.

B.5 Correlated Subspace

Consider the observation of the unknown vector random sequence x [n] ∈ C
M ,

M ∈ N, with the mean mx ∈ C
M via the vector random sequence y [n] ∈ C

N ,
N ∈ N, N ≥M , with the mean my ∈ C

N (cf. Section 2.1). For simplicity, we
assume in the following considerations that the random sequences are station-
ary. However, the results can be easily generalized to the non-stationary case
by introducing a time-dependency as in Section 2.1. The normalized matrix
matched filter [88] or normalized matrix correlator M ∈ C

N×M with orthonor-
mal columns is defined to maximize the correlation measure Re{tr{Cx̂,x}},
i. e., the real part of the sum of cross-covariances between each element of
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Fig. B.1. Graphs of functions ι(j), i. e., one plus the maximal polynomial degree,
and the number �(j) of polynomials with maximal degree ι(j)− 1

x [n] and the corresponding element of its output x̂ [n] = MHy [n] ∈ C
M .4 The

cross-covariance matrix between x̂ [n] and x [n] reads as Cx̂,x = MHCy ,x =
MH(Ry ,x − mymH

x ).
In the sequel, we are interested in the subspace M ∈ G(N,M) spanned by

the columns of M ∈ C
N×M where G(N,M) denotes the Grassmann manifold

(e. g., [13]), i. e., the set of all M -dimensional subspaces in C
N . We denote

M as the correlated subspace because the projection of the observed vector
random sequence y [n] on M still implies the signal which is maximal corre-
lated to x [n], i. e., which maximizes Re{tr{Cx̂,x}}. If we define the subspace
correlation measure ρ(M′) ∈ R of the subspace M′ ∈ G(N,M) as

4 Note that we choose the real part instead of the absolute value of the sum of
cross-covariances to ensure that the phase of the solution is unique. This choice
forces the output x̂ [n] of the normalized matrix correlator to be in-phase with
x [n] motivated by the trivial case where x̂ [n] = x [n].
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ρ (M′) = max
Ψ ′∈CM×M

Re
{
tr
{
Ψ ′,HM ′,HCy ,x

}}

s. t. range {M ′} = M′ and Ψ ′,HM ′,HM ′Ψ ′ = IM ,
(B.23)

where M ′ ∈ C
N×M is an arbitrary basis of the M -dimensional subspace M′

and Ψ ′ ∈ C
M×M is chosen to maximize the cost function as well as to ensure

that the columns of the matrix M ′Ψ ′ ∈ C
N×M are orthonormal to each other,

the correlated subspace M is the subspace which maximizes ρ(M′) over all
subspaces M′ ∈ G(N,M), i. e.,

M = argmax
M′∈G(N,M)

ρ (M′) . (B.24)

Before solving the optimization in Equation (B.24), we simplify the sub-
space correlation measure ρ(M′) given by Equation (B.23). Partially differ-
entiating the real-valued Lagrangian function

L (Ψ ′,Λ) = Re
{
tr
{
Ψ ′,HM ′,HCy ,x −

(
Ψ ′,HM ′,HM ′Ψ ′ − IM

)
Λ
}}

, (B.25)

Λ ∈ C
M×M , with respect to Ψ ′,∗ and setting the result equal to 0M×M for

Ψ ′ = Ψ , yields

∂L (Ψ ′,Λ)
∂Ψ ′,∗

∣
∣
∣
∣
Ψ ′=Ψ

=
1
2
(
M ′,HCy ,x − M ′,HM ′Ψ

(
Λ + ΛH

)) != 0M×M . (B.26)

With the Hermitian matrix Λ̃ := Λ + ΛH ∈ C
M×M , we get the solution

ΨΛ̃ =
(
M ′,HM ′)−1

M ′,HCy ,x . (B.27)

Note that Λ̃ is not necessarily invertible. It remains to choose Λ̃ such that
ΨHM ′,HM ′Ψ = IM . Multiplying the latter equation with Λ̃ on the left-hand
and right-hand side, and replacing ΨΛ̃ based on Equation (B.27) yields

Λ̃2 = CH
y ,xM

′ (M ′,HM ′)−1
M ′,HCy ,x . (B.28)

With the Hermitian general square root matrix as defined in Appendix A.6
and the projector PM′ = M ′(M ′,HM ′)−1M ′,H projecting onto the subspace
M′, i. e., the subspace spanned by the columns of M ′, we get

Λ̃ =
√

CH
y ,xPM′Cy ,x . (B.29)

On the other hand, if we multiply Equation (B.27) by ΨHM ′,HM ′ on the
left-hand side and exploit again the fact that ΨHM ′,HM ′Ψ = IM , it follows

Λ̃ = ΨHM ′,HCy ,x . (B.30)

Thus, at the optimum, we can replace the term ΨHM ′,HCy ,x in Equa-
tion (B.23) by Λ̃ as given in Equation (B.29). However, the maximum de-
fined by Equation (B.23) can only be achieved by taking the non-negative
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eigenvalues of the general square root matrix which is the same as using the
unique positive semidefinite square root matrix instead of the general square
root matrix (cf. Appendix A.6). Thus, the subspace correlation measure can
finally be written as

ρ (M′) = tr
{

⊕
√

CH
y ,xPM′Cy ,x

}
, (B.31)

and the correlated subspace is the solution of the optimization

M = argmax
M′∈G(N,M)

tr
{

⊕
√

CH
y ,xPM′Cy ,x

}
. (B.32)

In Equation (B.31), we omitted the real part operator because the square root
matrix ⊕

√
CH

y ,xPM′Cy ,x is by definition Hermitian and positive semidefinite
(cf. Appendix A.6), thus, its trace is non-negative real-valued.

It remains to solve the optimization defined by Equation (B.32). With the
parameterization of PM′ = M̄ ′M̄ ′,H where M̄ ′ ∈ C

N×M and M̄ ′,HM̄ ′ = IM ,
the optimal parameter M̄ whose columns span the correlated subspace M,
i. e., M = range{M̄}, is obtained via the optimization

M̄ = argmax
M̄ ′∈CN×M

tr
{

⊕
√

CH
y ,xM̄

′M̄ ′,HCy ,x

}
s. t. M̄ ′,HM̄ ′ = IM . (B.33)

With the singular value decomposition of M̄ ′,HCy ,x = UΣV H where U ∈
C
M×M as well as V ∈ C

M×M are unitary matrices, and Σ ∈ R
M×M
0,+ is

diagonal, it follows

tr
{

⊕
√

CH
y ,xM̄

′M̄ ′,HCy ,x

}
= tr

{
⊕√

V Σ2V H
}

= tr {Σ} , (B.34)

i. e., in Equation (B.33), the matrix M̄ maximizes the sum of singular values of
M̄ ′,HCy ,x over all M̄ ′ ∈ C

N×M . Since UHM̄ ′,HCy ,xV = UHUΣV HV = Σ,
we get further5

tr {Σ} = Re
{
tr
{
V UHM̄ ′,HCy ,x

}}
= Re

{
tr
{

M̆ ′,HCy ,x

}}
, (B.35)

where M̆ ′ := M̄ ′UV H ∈ C
N×M and the real part operator can be introduced

because the sum of singular values is by definition real-valued. Due to the
fact that M̄ ′,HM̄ ′ = IM , it holds also M̆ ′,HM̆ ′ = IM . Clearly, the matrix
UV H which transforms M̄ ′ to M̆ ′ depends on M̄ ′. However, since we are
finally interested in the range space of M̄ ′ and it holds that range{M̄ ′} =
range{M̆ ′}, the matrix

5 Note that tr{AB} = tr{BA} if A ∈ C
m×n and B ∈ C

n×m.
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M̆ = argmax
M̆ ′∈CN×M

Re
{

tr
{

M̆ ′,HCy ,x

}}
s. t. M̆ ′,HM̆ ′ = IM , (B.36)

is also a basis of the correlated subspace M. Differentiating the corresponding
Lagrangian function

L
(
M̆ ′,Λ

)
= Re

{
tr
{

M̆ ′,HCy ,x −
(
M̆ ′,HM̆ ′ − IM

)
Λ
}}

, (B.37)

Λ ∈ C
M×M , with respect to M̆ ′,∗ and setting the result to 0N×M for M̆ ′ =

M̆ , yields
M̆
(
Λ + ΛH

)
= Cy ,x . (B.38)

Again, we are only interested in the subspace spanned by the columns of M̆ .
Due to the fact that the Hermitian matrix Λ+ΛH ∈ C

M×M does not change
the subspace, it holds that range{M̆} = range{Cy ,x} and the correlated sub-
space is finally given by

M = range {Cy ,x} . (B.39)
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Abbreviations and Acronyms

ARQ Automatic Repeat reQuest
AV Auxiliary Vector
AWGN Additive White Gaussian Noise
BCD Block Conjugate Direction
BCG Block Conjugate Gradient
BCJR Bahl–Cocke–Jelinek–Raviv
BER Bit Error Rate
BGMRES Block Generalized Minimal RESidual
Bi-CG Bi-Conjugate Gradient
Bi-CGSTAB Bi-Conjugate Gradient STABilized
bit binary digit
BLR Block Lanczos–Ruhe
BPSK Binary Phase Shift Keying
BS Backward Substitution
CDMA Code Division Multiple-Access
cf. confer (Latin, compare)
CF Cholesky Factorization
CG Conjugate Gradient
CME Conditional Mean Estimator
CS Cross-Spectral
CSI Channel State Information
DFD Decision Feedback Detector
DFE Decision Feedback Equalization
DS Direct Sequence
EDGE Enhanced Data rates for GSM Evolution
e. g. exempli gratia (Latin, for example)
et al. et alii (Latin, and others)
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EXIT EXtrinsic Information Transfer
FEC Forward Error Correction
FFT Fast Fourier Transform
FIR Finite Impulse Response
FLOP FLoating point OPeration
FS Forward Substitution
GMRES Generalized Minimal RESidual
GPS Global Positioning System
GSC Generalized Sidelobe Canceler
GSM Global Systems for Mobile communications
HI Hermitian Inversion
i. e. id est (Latin, that is)
i. i. e. independent and identically distributed
INA Institute for Numerical Analysis
ISI InterSymbol Interference
KLT Karhunen–Loève Transform
LLR Log-Likelihood Ratio
LMS Least Mean Squares
LS Least Squares
LTI Lower Triangular Inversion
LTP Lower Triangular Product
MA Multiple-Access
MAI Multiple-Access Interference
MAP Maximum A Posteriori
MI Mutual Information
MIMO Multiple-Input Multiple-Output
ML Maximum Likelihood
MMSE Minimum Mean Square Error
M -PSK M -ary Phase Shift Keying
M -QAM M -ary Quadrature Amplitude Modulation
MSE Mean Square Error
MSMWF MultiStage Matrix Wiener Filter
MSVWF MultiStage Vector Wiener Filter
MSWF MultiStage Wiener Filter
MUSIC MUltiple SIgnal Classification
MVDR Minimum Variance Distortionless Response
MWF Matrix Wiener Filter
OVSF Orthogonal Variable Spreading Factor
PC Principal Component
QPSK QuadriPhase Shift Keying
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RC Reduced-Complexity
RCMWF Reduced-Complexity Matrix Wiener Filter
RLS Recursive Least Squares
SIMO Single-Input Multiple-Output
SNR Signal-to-Noise Ratio
TV Time-Variant
UCLA University of California, Los Angeles
VCG Vector Conjugate Gradient
VCS Vector Cross-Spectral
viz. videlicet (Latin, namely)
VPC Vector Principal Component
VWF Vector Wiener Filter
WCDMA Wideband Code Division Multiple-Access
WF Wiener Filter
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backward recursion, see MSMWF
backward substitution, see BS
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algorithm, 54
computational complexity

comparison, 107–108
formula, 106

derivation, 46–54
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algorithm, 68
filter factors, 5

derivation, 60–64
example, 66
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Krylov subspace, 52–53
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MSMWF implementation, see
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of Turbo receiver, see Turbo receiver
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bi-conjugate gradient stabilized, see
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algorithm, 40
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algorithm, 43
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block Lanczos–Ruhe, see BLR
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low-complexity, 166
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interpretation, 76
scaled orthonormal, 89, 91, 103

BLR, 5, 98, 133
algorithm, 45
computational complexity

comparison, 107–108
formula, 106

derivation, 43–46
MSMWF implementation, see

MSMWF
system of linear equations, 46

BPSK, 118, 120, 141, 146
BS, 18, 21

algorithm, 22
computational complexity, 22

CDMA, 71, 72, 113, 114
DS, see DS-CDMA
wideband, see WCDMA

cdma2000, 113
CF, 2, 4, 14, 18, 24, 187

algorithm, 20
computational complexity, 21
derivation, 18–21
optimal blocking matrices, 88
outer product version, 21
system of linear equations, 105, 189

CG, 2, 5, 33, 55, 72
as direct method, 34
as iterative method, 34
augmented, 35
bi-, see Bi-CG
block, see BCG
computational complexity, 162
filter factors, 5, 60

derivation, 64–65
example, 65–66
formula, 64

inventors, 34
MSWF connection, see MSWF
MSWF implementation, see MSWF
rate of convergence

derivation, 56–59
superlinear, 59–60
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upper bound, 58
regularization, 60
stabilized bi-, see Bi-CGSTAB
vector, see VCG

channel coding, see encoder
channel encoder, see encoder
channel state information, see CSI
channel type

AWGN, see AWGN
MA-SIMO, see MA-SIMO
Porat, see Porat
Proakis, see Proakis

channel-shortening, 115
Chebyshev polynomial, 57, 59

derivation, 179–180
chip, 115, 121, 122

rate, 123, 144
Cholesky factorization, see CF
CME, 1, 14–15
code division multiple-access, see

CDMA
complex multivariate normal distribu-

tion, see normal distribution
complex normal distribution, see normal

distribution
complexity isoset, 163

definition, 163
complexity–performance chart, 7, 141

derivation, 162–163
computational complexity

FLOP, see FLOP
of BCG, see BCG
of BLR, see BLR
of BS, see BS
of CF, see CF
of CG, see CG
of CS, see CS
of FS, see FS
of HI, see HI
of LTI, see LTI
of LTP, see LTP
of MSMWF, see BCG or BLR
of MSVWF, see CG
of MSWF, see MSWF
of MWF, see MWF
of PC, see PC
of QR factorization, see QR

factorization
of RCMWF, see RCMWF

of VCG, see CG
of VCS, see CS
of VPC, see PC
of VWF, see VWF
of WF, see WF

condition number, 60, 65
definition, 179

conditional mean estimator, see CME
conjugate gradient, see CG
convergence rate, see rate of convergence
convolutional encoder, 153

derivation, 116–118
generator matrix, 117
generator sequence, 116, 117
memory, 116

correlated subspace, 6, 77, 78, 86, 95, 98
derivation, 195–199

correlation measure, 195, 197, 198
definition, 196

correlation-subtraction architecture, see
MSWF

correlator, see matrix correlator
CS, 3, 5, 71, 132

computational complexity, 31, 107
derivation, 30–31
eigensubspace, 3, 30, 31
EXIT characteristic, 153–155
metric, 30
MI performance, 156
MMSE of, 31
MSE performance, 156–158
prefilter formula, 31
regularization, 31
vector, see VCS

CSI, 141
estimated, 165, 171
perfect, 164, 171

decision feedback detector, see DFD
decision feedback equalizer, see DFE
decoder, 127

derivation, see MAP
MAP, see MAP
ML, see ML
soft-input hard-output, 4
soft-input soft-output, 4, 6

demapper, see soft demapper
detector

decision feedback, see DFD
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ML, see ML
MMSE, see MMSE
MU, see MU

DFD, 73, 114
parallel, 7, 114, 138
successive, 114

DFE, 72, 139
diagonal loading, 171
dimension-flexible block conjugate

gradient, see BCG
dimension-flexible block Lanczos, see

BLR
direct sequence, see DS
direct sequence code division multiple-

access, see DS-CDMA
direction matrix, 47, 52, 53, 67, 68, 97

A-conjugate, 50, 51, 67
derivation, 47–50

DS, 113
CDMA, see DS-CDMA

DS-CDMA, 6, 7, 71–73, 121, 139, 141,
152

receiver, see Turbo receiver
spreader, see spreader
transmitter, 115

EDGE, 72
effective free distance criterion, 121
eigen decomposition, 14, 29, 37, 60, 62,

64, 182, 184
definition, 29, 56

eigensubspace, 3, 5, 14, 29, 71, 106, 132
method, see PC or CS

eigenvalue, 3, 29, 30, 59, 60, 63, 65, 66,
182–184, 198

computation, see eigenvalue problems
definition, 29, 56, 184

eigenvalue problems, 5, 35, 72
band Hessenberg structure, 37
solving via Arnoldi, see Arnoldi
solving via block Arnoldi, see block

Arnoldi
solving via block Lanczos, see block

Lanczos
solving via Lanczos, see Lanczos

eigenvector, 3, 29–31, 132, 184
computation, 30
definition, 29, 56

encoder, 6, 115, 118

convolutional, see convolutional
encoder

FEC, see FEC
non-systematic, 116
systematic, 116

enhanced data rates for GSM evolution,
see EDGE

equalizer
decision feedback, see DFE
MAP, see MAP
MU, see MU
Turbo, see Turbo receiver

estimator
conditional mean, see CME
MMSE, see MMSE

Euclidean norm, 4, 8, 179
Euler’s formula, 180
EXIT

characteristic, 7, 141, 153
of CG, see MSWF
of CS, see CS
of MSWF, see MSWF
of PC, see PC
of WF, see WF
semianalytical calculation, 146–152

chart, 7, 141
derivation, 142–145
MSE analysis, see MSE

exponential power delay profile, see
power delay profile

extrapolator, 13
extrinsic, see LLR
extrinsic information transfer, see EXIT

fast Fourier transform, see FFT
FEC, 115, 143
FFT, 14, 18, 60, 115
field, 185

Galois, see Galois field
filter factors

definition, 182
of BCC, see BCG
of CG, see CG
Tikhonov, see Tikhonov

finite impulse response, see FIR
FIR, 118
floating point operation, see FLOP
FLOP, 4, 6

definition, 17–18
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forward error correction, see FEC
forward substitution, see FS
Fredholm integral equation, 181
Frobenius norm, 8

definition, 178–179
FS, 18, 21

algorithm, 21
computational complexity, 21

Galois field, 185
binary, 116, 185

Gauss–Jordan, 1–2
Gauss–Seidel, 2, 34
Gaussian elimination, 1–2, 34
generalized minimal residual, see

GMRES
generalized sidelobe canceler, see GSC
generator matrix, see convolutional

encoder
generator sequence, see convolutional

encoder
global positioning system, see GPS
global systems for mobile communica-

tions, see GSM
GMRES, 2, 34

block, see BGMRES
GPS, 71
Gram–Schmidt

classical, 38, 39
conjugate, 49–51
modified, 39, 42, 191, 192

Grassmann manifold, 26, 196
Gray mapping, see mapper
GSC, 71, 77–78

AV, 72
MSMWF, 78
MSWF, 3, 71

GSM, 72

hard decision, 4, 127
Hermitian inversion, see HI
Hessenberg matrix, 37, 39, 42, 43

band, see band Hessenberg matrix
definition, 37

HI, 25, 104, 106
computational complexity, 189
derivation, 187–189

Hilbert space, 59

Hilbert–Schmidt norm, see Frobenius
norm

Householder reflection, 39
hypothesis testing, 3

i. i. d., 142
ill-conditioned problem, 5, 60, 182

definition, 182
ill-posed problem, 5, 60

definition, 182
independent and identically distributed,

see i. i. d.
induced matrix norm, see 2-norm
interference

intersymbol, see ISI
multiple-access, see MAI

interference cancellation, 139
iterative soft, see iterative soft

interference cancellation
interleaver, 6, 114, 126, 130, 134, 137,

142, 148
bitwise, 118
block, 119
derivation, 118–119
random, 119
S-random, 119
symbolwise, 118

interpolator, 13
intersymbol interference, see ISI
inverse problem, 180–182
IS-95, 113
ISI, 113, 114, 122, 128, 154
iterative receiver, see Turbo receiver
iterative soft interference cancellation,

7, 114, 138, 139, 141, 152

Jacobi, 2

Karhunen–Loève transform, see KLT
KLT, 14, 29, 30
Kronecker delta, 9, 29, 122, 184, 187
Kronecker product, 8, 122, 183

definition, 183
properties, 184

Krylov subspace
BCG, see BCG
definition, 36
MSMWF, see MSMWF
MSWF, see MSWF
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polynomial representation, 36–37

Lagrangian function, 197, 199
Lanczos, 2, 33

bi-orthogonalization, 2, 33
block, see block Lanczos
eigenvalue problems, 30, 33, 37
MSWF implementation, see MSWF
regularization, 60

latency time, 9, 129, 145, 151, 153, 159,
165

least mean squares, see LMS
least squares, see LS
LLR, 128–130, 137, 139, 141, 142

a posteriori, 128, 137
definition, 134, 137

a priori, 128–130, 139
definition, 135, 137
distribution, 142
joint distribution, 147
random variable, 137

AWGN channel, 142
definition, 9, 127
extrinsic, 134, 136, 150

definition, 135, 137
distribution, 150

meaning, 142
LMS, 71
log-likelihood ratio, see LLR
lower triangular inversion, see LTI
lower triangular product, see LTP
LS, 7, 33, 34, 72, 164, 182

channel estimation, 170–171
recursive, see RLS

LSQR, 34
LTI, 24, 187

algorithm, 188
computational complexity, 188

LTP, 187
algorithm, 189
computational complexity, 189

LU factorization, 2

MA, 6, 139
SIMO channel, see MA-SIMO

MA-SIMO, 73, 124, 128
MAI, 113, 114, 122, 128, 139, 146, 168
manifold, see Grassmann manifold
MAP

decoder, 114, 127, 138
derivation, 137–138
soft-input soft-output, 137, 138

equalizer, 114
mapper, 6, 130, 144, 145

definition, 119
derivation, 119–121
Gray, 120

Turbo, 120–121
QPSK, see QPSK

matched filter, 113, 156
matrix, see matrix matched filter

matrix correlator, 5, 6
definition, 77–79, 195–196

matrix inversion, 133
lower triangular, see LTI
partitioned matrix, 177–178
positive definite, see HI
Schur complement, 177

matrix matched filter, 195–196
matrix norm, 59

2-norm, see 2-norm
A-norm, see A-norm
definition, 178
Frobenius, see Frobenius norm
Hilbert–Schmidt, see Frobenius norm
induced, see 2-norm

matrix Wiener filter, see MWF
maximum a posteriori, see MAP
maximum likelihood, see ML
mean square error, see MSE
memory, see convolutional encoder
MI, 141, 145, 153

definition, 142–143
of CS, see CS
of MSWF, see MSWF
of PC, see PC
of WF, see WF
relationship to BER, see BER

MIMO, 73
minimum mean square error, see MMSE
minimum variance distortionless

response, see MVDR
ML, 113

decoder, 138
detector, 113

MMSE
channel estimation, 171
detector, 113, 114, 135
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estimator, 1, 3, 13–15
of CS, see CS
of MSMWF, see MSMWF
of MWF, see MWF
of PC, see PC
of reduced-rank MWF, see reduced-

rank MWF
optimal MSMWF, 90

Monte Carlo
sequential sampling techniques, 115
simulations, 7, 141, 146, 149, 151,

156, 160, 165
Moore–Penrose, see pseudoinverse
MSE, 1, 4, 13, 14, 71

BCG connection, 97
definition, 15
EXIT chart analysis, 141, 145, 149,

156–161
minimum, see MMSE
optimization, 15
reduced-rank optimization, 27

MSMWF, 3, 5, 73, 132
algorithm, 83
backward recursion, 82
BCG connection, 97–98
BCG implementation, 103, 106, 151
BER performance, 165–171
block Arnoldi connection, 95–96, 107
block Lanczos connection, 95–96
BLR implementation, 105

algorithm, 103
derivation, 98–103

computational complexity, see BCG
or BLR

dependency on blocking matrix,
87–90

derivation, 73–80
fundamental properties, 85–90
general version, 77
GSC, see GSC
invariance, 80
Krylov subspace, 91–95
MMSE of, 84
rank-flexible, 83
reduced-rank, 81–85

MSVWF, 159
BER performance, 168–170
computational complexity, see CG
MSE performance, 159–161

VCG implementation, 159
MSWF, 3, 71

AV, 72
CG implementation, 151
computational complexity, 163
correlation-subtraction architecture,

71
EXIT characteristic, 153–155
GSC, see GSC
Krylov subspace, 3, 71, 93
Lanczos implementation, 72
matrix, see MSMWF
MI performance, 156
MSE performance, 156–158

MU detector, 6, 72, 73
iterative, see Turbo receiver

MU equalizer, 127
derivation, 128–133

multiple signal classification, see
MUSIC

multiple-access, see MA
multiple-access interference, see MAI
multiple-input multiple-output, see

MIMO
multistage decomposition, see MSMWF
multistage matrix Wiener filter, see

MSMWF
multistage vector Wiener filter, see

MSVWF
multistage Wiener filter, see MSWF
multiuser detector, see MU detector
multiuser equalizer, see MU equalizer
MUSIC, 14
mutual information, see MI
MVDR, 71, 72, 78
MWF, 1, 4–5, 72, 113, 128

adjusted, 131
BER performance, 165–171
Cholesky based implementation,

18–22
computational complexity

comparison, 107–108
formula, 22

derivation, 14–17
for non-stationary random sequences,

17, 130
for non-zero mean random sequences,

16–17, 130
formula, 16
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formula for equalization, 129
formula of adjusted, 131
formula of reduced-dimension, 27
matrix inversion lemma, 133
MMSE of, 16
multistage, see MSMWF
optimization, 15
reduced-complexity, see RCMWF
reduced-dimension, 26, 27
reduced-rank, see reduced-rank MWF

non-stationary random sequences, see
MWF

non-zero mean random sequences, see
MWF

normal distribution
complex, 89

multivariate, 125
real, 142

normalized matrix correlator, see
matrix correlator

orthogonal variable spreading factor,
see OVSF

outer product version, see CF
overmodeled problem, 26
OVSF, 122, 139, 165

parallel DFD, see DFD
parallel-to-serial conversion, 117, 118
PC, 3, 5, 14, 71, 132

computational complexity, 30, 106
derivation, 29–30
eigensubspace, 3, 30
EXIT characteristic, 153–155
MI performance, 156
MMSE of, 29
MSE performance, 156–158
prefilter formula, 29
vector, see VPC

permutation matrix, 115, 118, 119
phase shift keying, see PSK
polynomial expansion, 33, 72
Porat, 154, 158

definition, 153
power delay profile

exponential, 126, 151, 158, 163, 165
uniform, 126, 163

preconditioning, see BCG

predictor, 13
Proakis

b, 144, 151–154
c, 152, 154, 157
definition, 153

pseudoinverse, 8, 33, 47
definition, 179

PSK, 120

QAM, 120
QPSK, 120, 141, 145–151, 153, 158, 165

mapper, 120
soft demapper, 136, 150
statistics, 130

QR factorization
algorithm, 192
computational complexity, 192
derivation, 191–192

quadrature amplitude modulation, see
QAM

quadriphase shift keying, see QPSK

Rake receiver, 113
random interleaver, see interleaver
random matrix theory, 72
random sequences, see MWF
rate of convergence

of BCG, see BCG
of CG, see CG

RC, 4, 6, 14, 18, 23, 26, 106, 132, 133,
166

MWF, see RCMWF
RCMWF

algorithm, 24
computational complexity

comparison, 107–108
formula, 25

derivation, 22–26
real normal distribution, see normal

distribution
recursive least squares, see RLS
reduced-complexity, see RC
reduced-complexity matrix Wiener

filter, see RCMWF
reduced-rank MSMWF, see MSMWF
reduced-rank MWF, 5

basis invariance, 28
computational efficiency, 28
CS based, see CS
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derivation, 26–29
formula, 27
formula of adjusted, 132
MMSE of, 27
optimization, 27
PC based, see PC
prefilter matrix, 26

regularization
definition, 182
derivation, 180–183
diagonal loading, see diagonal loading
of BCG, see BCG
of CG, see CG
of CS, see CS
of Lanczos, see Lanczos
Tikhonov, see Tikhonov

reorthogonalization, 39, 43
residuum matrix, 47, 49–53, 68, 108

definition, 46
RLS, 71
Ruhe, see BLR

S-random interleaver, see interleaver
sampling techniques, see Monte Carlo
Schur complement, 24, 76, 100, 177, 178

definition, 177
inversion, see matrix inversion

scrambling, 133
sequential Monte Carlo sampling

techniques, see Monte Carlo
set partitioning, 121
signal-to-noise ratio, see SNR
SIMO, see MA-SIMO
single-input multiple-output, see

MA-SIMO
SNR, 153, 156

definition, 144
threshold, 121, 156

soft demapper, 121, 127, 128, 137, 141,
147, 149

derivation, 134–136
for QPSK, see QPSK

soft interference cancellation, see
iterative soft interference
cancellation

soft symbol, 139
spread spectrum techniques, see CDMA
spreader

derivation, 121–124

OVSF, see OVSF
spreading factor, 122, 151

orthogonal variable, see OVSF
square root matrix

general, 8, 197, 198
definition, 184

positive semidefinite, 8, 198
definition, 184

step size matrix, 67, 97
formula, 47, 53
optimization, 47

successive DFD, see DFD
superlinear convergence

of BCG, see BCG
of CG, see CG

symbol mapper, see mapper
symbolwise interleaving, see interleaver

Tikhonov, 182–183
factor, 182
filter factors, 182–183

time-invariant, 133, 148, 151, 156, 159,
165, 166

time-variant, see TV
Toeplitz, 18, 60

block, see block Toeplitz
Trench, 18
tridiagonal matrix, 30, 42, 43

block, see block tridiagonal matrix
Turbo equalizer, see Turbo receiver
Turbo receiver, 4, 6, 114, 141, 145, 146

BER performance, 165–171
complexity analysis, 163–164
derivation, 126–139
EXIT chart analysis, 152

MSE, see MSE
relationship to interference cancella-

tion, 138–139
widely linear processing, 131

TV, 151, 165, 166

uniform power delay profile, see power
delay profile

unit impulse, 9, 116

VCG
computational complexity, see CG
MSVWF implementation, see

MSVWF
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VCS, 31, 159
computational complexity, see CS
MSE performance, 159–161

vector 2-norm, see Euclidean norm
vector conjugate gradient, see VCG
vector cross-spectral, see VCS
vector norm, see Euclidean norm
vector principal component, see VPC
vector Wiener filter, see VWF
Viterbi, 138
VPC, 30, 159

computational complexity, see PC
MSE performance, 159–161

VWF, 17, 139, 144, 146, 159, 176
BER performance, 168–170
CG, see VCG
computational complexity, 160
CS, see VCS
EXIT characteristic, 151
MSE performance, 159–161
multistage, see MSVWF
PC, see VPC

WCDMA, 113

WF, 1, 14, 71, 144, 151
computational complexity, 163
continuous, 13
EXIT characteristic, 144, 151,

153–155
matrix, see MWF
MI performance, 156
MSE performance, 156–158
multistage, see MSWF
multistage matrix, see MSMWF
multistage vector, see MSVWF
vector, see VWF

wideband code division multiple-access,
see WCDMA

widely linear processing, see Turbo
receiver

Wiener filter, see WF
Wiener–Hopf equation, 1, 4, 17, 72

continuous, 13
formula, 16
solving via BCG, 97

zero padding, 123
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